Uncertainty and Vagueness Basics



Uncertainty & Vagueness: Basic Concepts

We recall that under:
» Uncertainty:
» a statement is either true or false (all concepts have a
precise definition)
» due to lack of knowledge we can only estimate to which
probability/possibility/necessity degree they are true or false
» We will restrict our attention to Probability Theory

» Vagueness:

» a statement may have a degree of truth in [0, 1], as
concepts without precise definition are involved
» We will restrict our attention to Fuzzy Set Theory



Basic Concepts under Probability Theory

» Let W be a set of possible worlds w € W
» E.g, W={1,23,4,5,6} is the set of possible outcomes in
throwing a dice
» An event E is a subset E C W of possible worlds
» E.g., E={2,4,6} is the event “the outcome is even”

» If E,E’ are events,soare ENE'EUE' E=W\E



Some properties on events

Commutative laws:

E UE
ENE

Associative laws:

Ei U (B2 U E3)
Ey N (B2 N E3)

Distributive laws:

Ey N (E; UE)
Ei U (Ex N E3)

Enw =
Euw =
ENng =
Eup =
ENE =
EUE =
ENE =
EUE =
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E, U E
E> N E

(Ef UE)UE;
(Et N E)NE;

(E1 N Ex) U (Ey N Ey)
(E1 U Ex) N (Ey U E3)



Some properties on events

De Morgan laws:

EUE = EnNE
EENE; = EUE

De Morgan Theorem: For an index set (denumerable set) /

Us = NE&

iel iel

i€l iel



Disjoint or Mutually Exclusive Events

P Events E;, E are disjoint or mutually exclusive iff Ey N E, =

P Events Eq, Ey, . . . are disjoint or mutually exclusive iff E; N Ej = Qforevery i # j

E = (ENEYU(ENE)
0 = (ENE"YN(ENE)
E = ENEfECE

E' = EUE fECE



Event Space

» A set of events £ is an event space iff
1. Weé
2. fEcé& thenEcE
. fE;efand E e &, then EfUE € &

» An event space € is a boolean algebra
1. 0e€

2. fE;efand E; e &, thenEfNE e &
3. fEy,Ep...,Epe & then U EicEand N E €&



Probability Function

» Probability Function: A probability function is a function
Pr: & — [0,1] such that
1. Pr(E)>Oforevery Ec &
2. Pr(W) =1
3. if By, E», ... is an infinite, denumerable sequence of disjoint
events in £ then

PI'(G E,‘) = i PI’(E,')
i=1 i=1



Some Properties

> pPrip)=0
> if Eq{, Es, ..., Eparedisjoint events in £ then
n n
Pr(lJ E) =" Pr(E)
i=1 i=1
» Pr(E) =1 — Pr(E)
» Pr(E) = Pr(ENE') + Pr(ENE’)
P Pr(E \ Ep) = Pr(Ey N Bp) = Pr(Ey) — Pr(Ey N E)
»  Pr(E; U Ep) = Pr(Ey) + Pr(Ey) — Pr(Ey N E)
» Forevents £q, Ep, . . ., Ep,

n
Pr({JE) =D Pr(E)=>_ Pr(ENE)+ > Pr(ENENEL)—.. A (=N PHE NEyN. . .NEp)
i=1 j=1 i<j i<j<k

» If E; C E, then Pr(E;) < Pr(E)
P (Boole’s inequality) if E{,E,...,Epeventsin & then



Finite Possibility World with Equally Likely Worlds

» For many random experiments, there is a finite number of outcomes, i.e.
N = |W]| (the cardinality of W) is finite
» Often it is realistic to assume that the probability of each outcome w € Wis 1/N

» An equally likely probability function Pr is such that
1. Pr({w})=1/|W|forallw e W
2. Pr(E) = |E|/|W]
» E.g., in throwing two dices, the probability that the sum is seven is determined as

follows:
1. W={(x,y)|x,y€{1,2,3,4,56}}
2. Forallwe W, Pr(w) =1/|W|=1/36
3. E is the event “the sum is seven”, i.e,
E={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}

Pr(E) = |E|/|W| =6/36 =1/6



Conditional probability

» The conditional probability of event E4 given event E; is

Pr(EiNEy)
Pr(Ey | B2) = e |fPr(E2.) >0
1 otherwise

» Remark: if Pr(Eq) and Pr(Ey) are nonzero then
Pr(Ey N Ez) = Pr(Eqy | Ez) - Pr(Ez) = Pr(Ez | Ey) - Pr(Ey)

» For equally likely probability functions

[E\NEp|
PrE | Es)={ &1 [MlEe[>0
1 otherwise

» E.g., intossing two coins, what is the probability of two heads given a head of the
first coin?

W={(x.y) | x,y € {T,H}}

Forallwe W, Pr(w) =1/|W|=1/4

E; is the event “head on first coin”, Ey = {(H, H),(H, T)}

E, is the event “head on second coin”, E; = {(H, H), (T, H)}

E is the event “two heads”, E = E; N E; = {(H, H)}

oo~

PrEIE,) — PENE) _|EiNE| _1/4 — 1)
! Pr(Ey) |Eq| 1/2




Conditional probability: Properties

Assume Pr(E) > 0.
» Pr0|E)=0
> if Eq, Ep, ..., Eparedisjoint events in £ then

n
Pr(EyU...UEy | E) =Y Pr(E; | E)
i=1
P> Forevent E/

Pr(E’ | Ey=1— Pr(E' | E)

P For two events £y, E,

Pr(Eqy | E) = Pr(Ey N Ey | E) + Pr(E4 ﬁ?2| E)
PHE|UE | E) = PrE; | E)+ Pr(Es | E) — Pr(Ey NEp | E)
Pr(Ey | E) < Pr(E | E) itEy C Ep
» Forevents £, ..., Ep

n
Pr(EyU...UEy | E) < > Pr(E; | E)

i=1



Theorem of Total Probabilities

> If £y, Es, ..., Esare disjoint events in € such that Pr(E;) > 0and W = JI_, E;
then ,
Pr(E)=">_Pr(E | E)- Pr(E)
i=1

» Remark. If Pr(Ez) > 0 then
Pr(Ey) = Pr(Ey | Ez) - Pr(E2) + Pr(Eq | Ez) - Pr(Ez)

» The theorem of total probabilities can be used to combine classifiers
1. Assume we have n different classifiers CL; for category C (e.g. Cis “an
image is about sportcars”)
2. What is the probability of classifying an image object o as being a
sportcar?

n
Pr(C|o)~ > Pr(C|o,CL)- Pr(CL)
i=1

where
> Pr(C | o) is the probability of classifying o in category C
> Pr(C| o, CL)) is the probability that classifier CL; classifies o in
category C
> Pr(CL;) is the overall effectiveness of classifier CL;



Bayes’ Theorem

» Bayes’ Theorem: there are several variants

Pr(Ep | Ey) - Pr(Ey)

Pr(Ey | B2) = PrEy)

» Each term in Bayes’ theorem has a conventional name:
> Pr(Ey) is the prior probability or marginal probability of E;. It is “prior” in
the sense that it does not take into account any information about E,
> Pr(Eq | Ey) is called the posterior probability because it is derived from or
depends upon the specified value of E,
> Pr(Ey) is the prior or marginal probability of E,, and acts as a normalizing
constant



Example: Students

» Students at school
1. There are 60% boys and 40% girls
2. Girl students wear trousers or skirts in equal numbers

3. The boys all wear trousers
» An observer sees a (random) student from a distance wearing trousers
» What is the probability this student is a girl?

1. The event Ais that the student observed is a girl

2. Event B is that the student observed is wearing trousers
3. We want to compute Pr(A | B)

Pr(B|A)-Pr(A) 05-0.4
Pr(B) T 08

Pr(A| B) =0.25

3.1 Pr(A) is the probability that the student is a girl, Pr(A) = 0.4

3.2 Pr(A) is the probability that the student is a boy, Pr(A) = 0.6

3.3 Pr(B| A) is the the probability of the student wearing trousers given
that the student is a girl, Pr(B | A) = 0.5

3.4 Pr(B| A) is the the probability of the student wearing trousers given
that the student is a boy, Pr(B | A) =1.0

3.5 Pr(B) is the probability of a (randomly selected) student wearing
trousers,

Pr(B) = Pr(B | A)-Pr(A)+Pr(B | A)-Pr(A) = 0.5-0.4+1-0.6 = 0.8



Example: Drug test

v

Suppose a certain drug test is 99% sensitive and 99% specific, that is,
> the test will correctly identify a drug user as testing positive 99% of the
time (sensitivity)
> will correctly identify a non-user as testing negative 99% of the time
(specificity)
This would seem to be a relatively accurate test, but Bayes’ theorem will reveal a
potential flaw

A corporation decides to test its employees for opium use, and 0.5% of the
employees use the drug

We want to know the probability that, given a positive drug test, an employee is
actually a drug user

Let D be the event “being a drug user”, let N be the event “not being a drug
user”, and let + be the event “positive drug test”

We want to compute Pr(D | +)



Example: Drug test (cont.)

Pr(+ | D) - P(D)
Pr(+)
Pr(+ | D) - P(D)
Pr(+ | D) - Pr(D) + Pr(+ | N) - Pr(N)
0.99 - 0.005
0.99 - 0.005 + 0.01 - 0.995
0.3322

Pr(D | +)

where

» Pr(D) is the probability that a random employee is a drug user, Pr(D) = 0.005
(0.5% of the employees are drug users)

» Pr(N) is the probability that a random employee is not a drug user,
Pr(N) =1 — Pr(D) = 0.995

» Pr(+ | D) is the probability that the test is positive, given that the employee is a
drug user, Pr(+ | D) = 0.99

» Pr(+ | N) is the probability that the test is positive, given that the employee is
not a drug user, Pr(+ | N) = 0.01 (since the test will produce a false positive for
1% of non-users)

» Pr(+) is the probability of a positive test,

Pr(+) = Pr(+ | D)-Pr(D)+Pr(+ | N)-Pr(N) = 0.99-0.005+0.01-0.995 = 0.495



Bayes’ Theorem (cont.)

» Bayes’ Theorem: there are several variants

Pr(Ez | Ey) - Pr(Ey)

P& &) Pr(E; | Er)- Pr(Er) + Pr(Ez | Er) - Pr(Ey)

> General Bayes’ Theorem If Ey, ... E, are disjoint events such that W = J7_, E;

PF(E | Ek) . PI’(Ek)

Pr(Ex | E) = ST Pr(E| E)) - Pr(E)

» Multiplication Rule. If If Eq, ... En are events such that Pr(EsN...NE,_¢1) >0
then

Pr(EiN...NEp) = Pr(Ey)-Pr(Ez | Ey)-Pr(Es | E\NER)-Pr(En | EyN...NEp_1)
» Useful for experiments defined in terms of stages: Pr(E; | EyN...N E;_4) is the

probability of an event described in terms of what happens on stage j
conditioned on what happens on stages 1,2,...j — 1



Extensions of Bayes’ Theorem

PI’(E) . Pf(E1 | E) . PF(EQ | EinN Eg)

FETENE) = Pr(E:) Pr(E | E1)

Pr(E1 ‘Eﬂ EQ)PI’(E‘ E1)
Pf(E1 ’ Eg)

Pf'(E| E; mEg) =



Independence of Events

» Events E;, E, are independent iff one of the following conditions hold

PI'(E1 N E2) = PI’(E1) . PI’(EQ)
Pr(Ei | E2) = Pr(E), if Pr(E2) >0
Pr(E; | Ey) = Pr(Ep), if Pr(Eq) >0

» Events Eq, E,, ..., Ey are independent iff

Pr(EiNE;)) = Pr(E)- Pr(g), fori#j
Pr(E;n E;jN Ex) Pr(E;) - Pr(Ej) - Pr(Ex), fori#j,i#k j#k

Pr(ﬁ E) = ﬁPr(E,-)
i=1 i=1

» If E; and E, are independent , then
1. Ey and E, are independent, E; and E; are independent
2. Pf(E1 U E2) = Pf(E1) + PF(EZ) — PI’(E1) . PI’(Ez)



Discrete distributions

> Assume W is a countable set of possible worlds. We may assume that W C N
» A discrete probability distribution over W is a function p : W — [0, 1] such that

> n(x) =1

xew
» u(x) indicates the probability that the world x € W is indeed the actual one
Pr({x}) = u(x)
» Uniform distribution: W finite and all worlds are equal likely
u(x) =1/IW|

» Probability of event E under distribution :

Pr(E) = > nu(x)

xeE

P> Expectation of event E under distribution p:

D> o x-p(x)

xXeE

E[E]



Example

> Throwing two dices and take the sum
W={1,2,3,4,56,7,8,9,10,11,12}
Probability distribution:

vy

[ [ 1 [ 2 ] 3 ] 4 ] 5 ] 6 ] 7 ] 8 ] 9 ] 10 ] 11 ] 12
[ a(x) | 0 | 1/36 | 2/36 | 3/36 | 4/36 | 5/36 | 6/36 | 5/36 | 4/36 | 3/26 | 2/36 | 1/36 |

P Let E be the event “the sum is at most 5", E = {1,2,3,4,5}

Pr(E) 37 u(x) o+1+2+3+4 10 0.2777
T = X) = —_ —_ —_ — = — =0.
a 3 36 36 36 36

xe€E
1 2 3 4 40
e = ZX uwx)=1-042- —+3.- —+4. —45. — = — =1.1111
XcE 36 36 36 36 36
P Remark
Pr(W) = > ux) =1
xXeW
EW] = D x-p(x)=7

xew



Probability & Logic

» Any statement ¢ is either true or false

» Due to lack of knowledge we can only estimate to which probability
degree they are true or false

» Usually we have a possible world semantics with a distribution over
possible worlds

> Possible world: any classical interpretation /, mapping any statement ¢
into {0,1}

W = {l classical interpretation}, I(¢) € {0,1}
» Probability distribution: a mapping
p: W—10,1], u(l) €[0,1]
such that

S () =1

lew

» (/) indicates the probability that the world / is indeed the actual one



» A statement ¢ corresponds to the event M, “the set of models of

@7, i.e.
My = {11 ¢}

» The probability of a statement ¢ is determined as

Pr() = Pr(M,) = u(l)
I=e



Example

Probabilistic setting:

@ = sprinklerOn v wet

W | sprinklerOn | wet |

14 0 0 |01
I 0 1 102
Is 1 0 |04
Iy 1 1 103
1= u(h
leWw

Pr(‘/’) = Pr({127 I3a /4})
024+04+03=0.9



Properties of probabilistic formulae

Prip ny) = Pr(e) + Pr(w) Pr(p Vv 1)
Pr(e nvy) < min(Pr(yp), Pr(y))

Pr(o Av) > max(0, Pr(e) + Pr(y) — 1)
Pripvy) = Pr(e)+ Pr(v) — Pr(e Ay)
Pr(pv) < min(1, Pr(e) + Pr(v)
Pr(evy) = max(Pr(y), Pr(y))

Pr(=¢) = 1—Pr(y)

Pr(L) =0

1



Probabilistic Knowledge Bases

v

Finite nonempty set of basic events ® ={py,...,pn}.

v

Event ¢: Boolean combination of basic events

v

Logical constraint ¢ < : events ¢ and ¢: “p implies "

v

Conditional constraint (¢|)[/, u]: events ¢» and ¢, and
I,ue[0,1]: “conditional probability of ¢ given ¢ is in [/, u]”.

¥ > lis a shortcut for (| T)[/,1], v» < u is a shortcut for
(4[T)I0, u]
» Probabilistic knowledge base KB = (L, P):

v

» finite set of logical constraints L,
» finite set of conditional constraints P.



Example

Probabilistic knowledge base KB = (L, P):
» L = {bird < eagle}:
“Eagles are birds”.
» P = {(have_legs | bird)[1,1], (fly | bird)[0.95,1]}:

“Birds have legs”.
“Birds fly with a probability of at least 0.95”.



» World /: truth assignment to all basic events in .
» To: all worlds for ¢.

» Probabilistic interpretation Pr: probability distribution on
iy

» Pr(¢) : sumof all Pr(/) suchthat | € Zy and / = .

> Pr(v|): if Pr(p)>0,then Pr(v|e)=Pr(y A v)/ Pr(y).
» Truth under Pr:
» Pri=yv <o iff Pr(vAe)=Pr(y)
(iff Pr(yp =¢)=1).
» Pri= (o)l u] iff Pr(v Ap)ell,u]- Pr(e)
(iff either Pr(yp)=0 or Pr(vy|¢) €[/, u]).



Example

» Set of basic propositions ¢ = {bird, fly}.
Ze contains exactly the worlds K, kb, I3, and Iy over ¢:

»

vV vyvyy

Some probabilistic interpretations:

| | fly | ~fly ]
bird I1 /2
—-bird /3 /4

] Pr, H fly \ —fly \ ] Pry H fly \ ﬂfly\
bird 19/40 | 1/40 bird 0 1/3
-bird || 10/40 | 10/40 -bird || 1/3 | 1/3

Pr+(fly A bird) =19/40 and Prq(bird)=20/40.
Prao(fly A bird) =0 and Pro(bird)=1/3.

—fly< bird is false in Pry, but true in Pr».
(fly | bird)[.95, 1] is true in Pry, but false in Prs.



Satisfiability and Logical Entailment

» Prisamodel of KB = (L, P)iff Pri= Fforall FeLUP.
» KB is satisfiable iff a model of KB exists.

» KB|= (v]o)[l, ul: (v])[l, u] is a logical consequence of KB
iff every model of KB is also a model of (v|¢)[/, u].

> KB |=ignt (]0)[1 ul: (¥]9)ll, u] is a tight logical
consequence of KB iff | (resp., u) is the infimum (resp.,
supremum) of Pr(v|¢) subject to all models Pr of KB with
Pr(y) > 0.



Example

» Probabilistic knowledge base:
KB = ({bird < eagle} ,
{(have_legs | bird)[1,1], (fly | bird)[0.95,1]}).
» KB is satisfiable, since

Pr with Pr(bird A eagle A have_legs A fly) = 1 is a model.

» Some conclusions under logical entailment:
KB |=(have_legs | bird)[0.3,1], KB|=(fly | bird)[0.6,1].

» Tight conclusions under logical entailment:

KB ||:t,-ght(have_legs | bird)[1,1], KB “:tight(ﬂy | bird)[0.95, 1],
KB |=tight (have_legs | eagle)[1,1], KB =4ignt (fly | eagle)[0. 1].



Exercise

Encode the Student Example



Deciding Model Existence / Satisfiability

Theorem: The probabilistic knowledge base KB= (L, P) has a
model Pr iff the following system of linear constraints over the
variables y; (r€ R), where R={l€Zs | | = L}, is solvable:

> e+ X =Dy =20 (V) ul€P)
reR, r=e—-vyAp reR, r=yAg

> uyr+ > (u=1)y =20 (Y[l uleP)
reR, r=—yAp reR, r=eyAp

> =1

reR, r=a
yr > 0 (forallreR)



Explanation

P> A probability distribution Pr is a model of (¢ |)[/, u] iff

Prigp | @) € [l it Pr(y A )/Pr(e) € [1,u]
itt  Pr(¢ A ) €[l Pr(ep),u- Pr(y)]
it Pr(yp Ap)>1-Pr(e)and, Pr(yp A @) < u- Pr(y)
Pr(y A @) > |- Pr() it Pr(y A @) —1- Pr(p) >0

it Pr(Myag) — - Pr(My) >
it Pr(Myng) — |- Pr(Myap U Mww) >0
it Pr(Mypag) — 1 Pr(MwW)_/ Pr(M_ynp) > 0

ifft  (1—1)- Pr(M¢A¢) (Mﬁw/\@) >0
io(—=n > wn-1 3 un=o0
rEyAe /r% YA
Y (—hun+ X (—hu(n) =0
rEd A IE=YAe

P As we are looking for the values of w(r), by setting yr = (r), any solution to the variables y, under

Z (1 ="Nyr+ Z (=hyr > 0

rEvAg [T
o= 1
rew

yr

v

Oforallr e W

is a probabilistic model of (1|¢)[/, 1]. The equations for the upper bound are derived similarly.



Computing Tight Logical Consequences

Theorem: Suppose KB = (L, P) has a model Pr such that
Pr(a) > 0. Then, / (resp., u) such that KB [=qignt (B|a)[l, u] is
given by the optimal value of the following linear program over
the variables y, (r€ R), where R={l€Zy | | = L}:

minimize (resp., maximize) > y, subjectto

reR,r = BAa
> e+ X (=Nyr =20 (V) uleP)
reR, re—yYAp reR, reyAe
2. uyr+ > (u=1)y =20 (Y&l uleP)
reR, r=—yAp reR, r=yAp
>y =1
reR, r=a

yr > 0 (forallreR)



Bayesian Networks

Bayesian network (BN): compact specification of a joint distribution, based on
a graphical notation for conditional independencies:

» a set of nodes; each node represents a random variable
» adirected, acyclic graph (link ~ “directly influences”)
» a conditional distribution for each node given its parents:
P(Xi|Parents(X;))
>
Pr(Xi,...,Xs) = MLy Pr(X; | parents(X;)) .

Any joint distribution can be represented as a BN.



SPRINKLER

RAIN| T F
SPRINKLER
F 0.4 0.6

T 001 0.98

GRASS WET
SPRINKLER RAIN| T F
F F 0.0 1.0
F T 08 0.2
T F 0.8 0.1
T T 088 001
Joint probability function is
Pr(GrassWet, Sprinkler, Rain) = Pr(GrassWet | Sprinkler, Rain) (2)

-Pr(sprinkler | Rain) - Pr(Rain) .

The model can answer questions like “What is the probability that it is raining, given the grass is wet?”

Pr(Rain = T, GrassWet = T)

Pr(Rain = T | GrassWiet = T) = Pr( 7
r(GrasswWet =

EYE{T,F} Pr(Rain = T, GrassWet = T, Sprinkler = Y)

ZY1 Yo €{T,F} Pr(GrasswWet = T, (Rain = Yj, Sprinkler = Y5))
0.99-0.01-0.2+0.8-0.99-0.2

0.99-.0.01-0.24+09-04-08+0.8-099-02+0-0.6-0.8
~ 0.3577.




Encoding of Bayesian Network in Probabilistic
Propositional Logic

vvyyvyy

For every node a, we use a propositional letters a(T) (a s true),
We also need (a(T) — —a(F)) =1)

If a node a has no parents: a(T) = p, where p is its associated probability

a(F) (ais false)

If a node has parents, we encode its associated conditional probability table using conditional probability

formulae

(sprinkler(T) | Rain(F))
(sprinkler(T) | Rain(T))

(GrassWet(T) | Sprinkler(F) A Rain(F))
(GrasswWet(T) | sprinkler(F) A Rain(T))
(GrassWet(T) | sprinkler(T) A Rain(F))
(GrassWet(T) | sprinkler(T) A Rain(T))

0.4
0.01

0.0
0.8
0.9
0.99.



Independent Choice Logic: Propositional Case

P Aknowledge base KB = (P, C) is a set of propositional formulae P together with a choice space C

P> A choice space C is a set C of choices of the form {(Ay : a1), ..., (An : an)}, where A; is an atom and
the aj sum-up to 1

P> Atotal choice T is a set of atoms such that from each choice CJ € C there is exactly one atom A{ € C,- inT

P The probability of a total choice T is Pr(T) = Pr(/\AfeTAj") = HA/eT of
i i

i

A query is a propositional formula q. The probability of g w.r.t. KB is

Pr(q | KB) = 3 Pr(T)
{TIPUT=q}

»  Example:
— c,b—c}

P={a
c={C;={a:0.7,-a:0.3},Co={b:0.6,-b:0.4}}

Total Choice ~ Pr(T)
7 {a, b} 0.42
To {a, b} 0.28
T3 {—a, b} 0.18
Ts {—a, -b} 0.12

Pr(c | KB) = Pr(Ty) + Pr(T2) + Pr(T3) =1 — Pr(T4) = 0.88



Exercise

Show that Bayesian Networks may be simulated using ICL



Vagueness & Logic

» Statements involve concepts for which there is no exact
definition, such as

» tall, small, close, far, cheap, expensive, “is about”, “similar
to”.

» A statements is true to some degree, which is taken from a
truth space

» E.g., “Hotel Verdi is close to the train station to degree
0.83”

» E.g., “The image is about a sun set to degree 0.75”
» Truth space: set of truth values L and an partial order <

» Many-valued Interpretation: a function / mapping formulae
into L, i.e. I(p) € L

» Mathematical Fuzzy Logic: L = [0, 1], but also {n, A
for an integer n>1



v

v

v

v

v

Problem: what is the interpretation of e.g. ¢ A ¥?

» E.g.,if I(¢) = 0.83 and /() = 0.2, what is the result of 0.83 A 0.27
More generally, what is the result of nA m, for n,m € [0, 1]?
The choice cannot be any arbitrary computable function,
but has to reflect some basic properties that one expects to
hold for a “conjunction”

Norms: functions that are used to interpret connectives
such as A, V, -, —

» t-norm: interprets conjunction

» s-norm: interprets disjunction

Norms are compatible with classical two-valued logic



Axioms for t-norms and s-norms

Axiom Name T-norm S-norm

Tautology / Contradiction aA0=0 avi=A1

Identity anl=a av0=a
Commutativity anb=bAa avb=»bva
Associativity (anb)nc=an(bAc) (avb)vec=av(bvec)

Monotonicity

iftb<c,thenanb<aAnc

iftb<c,thenavb<avc




Axioms for implication and negation functions

Axiom Name Implication Function Negation Function
Tautology / Contradiction 0 — b =1 -0=1, -1=0
a—1=1
Antitonicity ifa<b,thena—c>b—c ifa<bthen—-a>-b
Monotonicity ifb<cthena—b<a—c
Usually,

a— b=sup{c:arnc<b}

is used and is called r-implication and depends on the t-norm
only



Typical norms

Lukasiewicz Logic Godel Logic Product Logic Zadeh
1 _x if x = 0 then 1 if x = 0 then 1 1_x
X B else 0 else 0
XNy max(x +y —1,0) min(x, y) X-y min(x, y)
xXVy min(x + y, 1) max(Xx, y) X+y—x-y max(Xx, y)
if x < ythen1 if x < ythen1 ifx < ythent -
x=y elsel —x+y else y else y/x max(1 — X, y)

Note: for Lukasiewicz Logic and Zadeh, x = y = —x V y

» Any other t-norm can be obtained as a combination of
Lukasiewicz, Gédel and Product t-norm

» Zadeh: not interesting for mathematical fuzzy logicians: its
a sub-logic of Lukasiewicz and, thus, rarely considered by
fuzzy logicians

XNzYy

XNp (X =y )

X—=zy = XV} y




Some additional properties of t-norms, s-norms, implication
functions, and negation functions of various fuzzy logics.

Property [ tukasiewicz Logic | Gédel Logic [ ProductLogic | Zadeh Logic |
XAN—-x=0 . o .
XV -ox=1 .
XANX=X 3 .
XVX=x . .
X=X . .
X=>y=—-xVy . .
“(xX=y)=xA-y . )
S(XAYy)=-XV oy . . . )
S (XVy)=-XA-y . . . .
XA(yV2)=xAYy)V(xA2) 0 .
XVyAz)=(xVy)A(xV2) ‘ L ‘ ‘ L ‘

» Note: If all conditions in the upper part of a column have to
be satisfied then we collapse to classical two-valued logic,
ie. L={0,1}



Propositional Fuzzy Logic

vV vV v v Vv

Formulae: propositional formulae

Truth space is [0, 1]

Formulae have a a degree of truth in [0, 1]
Interpretation: is a mapping Z : Atoms — [0, 1]

Interpretations are extended to formulae using norms to interpret
connectives A, V, —, —

(e NY) = I(p) NI(v)
(eVy) = I(p) VI(Y)
(e =) = I(p) = I(¥)
Z(~p) = ~I(p

Rational r € [0, 1] may appear as atom in formula, where
(rn=r



Example

In Lukasiewicz logic:

» = Cold A Cloudy

7 | Cold | Cloudy Z(p)

Zy| O 0.1 max(0,0+ 0.1 —1) =0.0

I, | 0.3 04 |max(0,03+04—-1)=0.0

I3 | 0.7 0.8 |max(0,0.7+08—-1)=05
=1.0

1

max(O0, 1+1—1) 1.



» Note:

I(r—p)=1 |iff I(y)

>r
I(e—r)=1 |iff IZ(p)<Tr

» We use ¢ > r as an abbreviation of r — ¢ and ¢ < r as an
abbreviation of p — r

» Semantics:

l=o iff T(p) =1
TE=KB iff T gforallyeKB
KBl=y iff forallZ.ifZ = KBthenT |= ¢

» Deduction rule is valid: for r,s € [0,1]:
r—e.s—(e—-v)E(rAs) =1
Informally,

Fromy >rand (¢ — ¢) > sinfery > rAs



Example

In Lukasiewicz logic:
¢ = 0.4 — (Cold A Cloudy)
Read: Cold A Cloudy > 0.4

7 | Cold | Cloudy I(y)

;| 0 01 |0.4—0.0=min(i,1—04+0.0)
To| 03 | 04 |04—0.0=min(1,1—-04+0.0)
T3] 07 | 08 |04—05=min(1,1—0.4+05)=
Ty | A 1 |04—1.0=min(1,1-04+1.0)

4
I

&
SRR
€666

14



P> Let
bsd(KB, ¢) = sup{Z(¢) | T |= KB} (Best Satisfiability Degree (BSD))

bed(KB, ¢) = sup{r | KB = ¢ > r} (Best Entailment Degree (BED))

P> Then
bed(KB, ¢) = min x. such that KB U {¢ < x} satisfiable.

P Assume KBis a set of formulae ¢ > nor¢ < n
P For a formula ¢ consider a variable X4 (that the degree of truth of ¢ is greater or equal to x,)
P E.g., for Lukasiewicz logic, use Mixed Integer Linear Programming

bed(KB, ¢) = min x. such that x € [0, 1], X, < X, o(¢),
forall ¢’ > n € KB, xy > n,o(¢'),
forall ¢’ < n e KB,x, < n,o(¢')

xp € [0,1] it ¢=p
Xr=r it ¢=rrel0,1]
Xyt = OXgp, Xp € [0,1] it ¢=-9¢

o(¢) = Xpy ® Xgp = Xg,

a(d1),o(d2) xp €[0,1] T ¢ PN

Xpy © Xp, = Xg it ¢=¢1V 2

o(=¢1 V ¢2) it ¢=0¢1 — d2.
where

XX =6Xx +— Xxx=1—x

XNOx=z — {y<zxx+x>2y,z<xi+txx<z+y,ye{0,1}}
XN®x=z — {zZyx+x—-12y,z-y<xg+x—-1<2zye{0,1}}



> In a similar way, we may determine bsd(KB, ¢) as

min —x. such that x € [0, 1], x4 > X, o(¢),
forall ¢’ > ne KB, xy > n,o(¢'),
forall ' < ne KB,xy < n,o(¢)



Example

P Consider KB = {p > 0.6,p — g > 0.7}
P Let us show that bed(q, KB) = 0.3

P Recall that bed(q, KB) is
min x. such that x € [0, 1], Xq < x
forall¢’ > n e KB, x4r > n, o
forall¢’ < n¢e KB, Xy <

p>06 —  Xp>0.6,% €[0,1]

p—q>07 +— Xpq>07,%-q€[0,1],0(p—q)

o(q) —  xq€[0,1]

a(p—q) —  X-pvg = Xp—g; o(—P V q)

a(-pV Q) = Xop + Xg = X-pvq, o(=p), (q), X~pvg € [0,1]
o (—p) —  Xp=1—Xx-p,Xp €[0,1]

It follows that 0.3 = minx. . ..



Fuzzy Concrete Domains

P Allows us to deal with concepts such as young, cheap, cold, etc.

P> We allow also crisp constraints such as AlarmSystem A (price > 26,000),
AlarmSystem — (deliverytime > 30)

P Fuzzy membership functions: usually of the form

° a b c d X 0 a b c X ° a b %
(@) (b) (©

Figure: (a) Trapezoidal function trz(a, b, ¢, d), (b) triangular function tri(a, b, c), (c) left shoulder
function /s(a, b), and (d) right shoulder function rs(a, b).

P For instance, AlarmSystem A (price /s(18000, 22000))



Fuzzy Concrete Domains (cont.)

Definition (The language P(N))
Let A be a set of propositional atoms, and F a set of pairs (f, Dy) each made of a feature name and an associated
concrete domain Dy, and let k be a value in Dy. Then the following formulae are in P(N):

1. everyatom A € Ais aformula

2. if(f,Df) € F,k € Dr,and ¢ € {>, <, =} then (f ¢ k) is a formula

3. if (f, Df) € F and cis of the form Is(a, b), rs(a, b), tri(a, b, ¢), trz(a, b, ¢, d) then (f c) is a formula

4. if+ and ¢ are formulae and n € [0, 1] then so are =, Y A ¢, 9 V ¢, 9 — . We use ip < ¢ in place

of (1 — @) A (@ — ),
if 11,...,%n are formulae, then wy - ¥4 + ... + Wy - ¢ is a formula, where w; € [0, 1] and >=; w; < 1
if 1 is a formula and n € [0, 1] then (+, n) is a formula in P(N). If nis omitted, then (+, 1) is assumed

o o

Definition (Interpretation and models)

An interpretation Z for P(N) is a function (denoted as a superscript L onits argument) that maps each atom in A

into a truth value AZ € [0, 1], each feature name f into a value fZ € Dy, and assigns truth values in [0, 1] to
formulas as follows:

P> for hard constraints, (f ¢ k)T = 1 iff the relation % ¢ k is true in Dy, (f ¢ k)T = 0 otherwise

P> for soft constraints, (f )T = c(f7), i.e., the result of evaluating the fuzzy membership function ¢ on the
value £

> ()T = T (WA e) T =T AT, (Vo) =T Vel (¥ — )T = v = T and
(wy - 9y +~<-+Wn'wn)I:ZiWi‘1/),'I

» T = (4, n)iffwT > n



Example: Matchmaking

» Suppose we have a buyer and a seller (agents)

» A car seller sells a sedan car

A buyer is looking for a second hand passenger car
Both the buyer as well as the seller have preferences
(restrictions)

There is some background knowledge

v

v

v

» The objective is determine “an optimal” (Pareto optimal)
agreement among the two



Matchmaking Example: the Background Knowledge

1. A sedan is a passenger car
2. A satellite alarm system is an alarm system

3. The navigator pack is a satellite alarm system with a GPS
system

4. The Insurance Plus package is a driver insurance together with
a theft insurance

5. The car colours are black or grey



Matchmaking Example: Buyer’s preferences

1. He does not want to pay more than 26000 euro (buyer
reservation value)

2. He wants an alarm system in the car and he is completely
satisfied with paying no more than 23000 euro, but he can go up
to 26000 euro to a lesser degree of satisfaction

3. He wants a driver insurance and either a theft insurance or a fire
insurance

4. He wants air conditioning and the external colour should be
either black or grey

5. Preferably the price is no more than 22000 euro, but he can go
up to 24000 euro to a lesser degree of satisfaction

6. The kilometer warranty is preferrably at least 140000, but he
may go down to 160000 to a lesser degree of satisfaction

7. The weights of the preferences 2-6 are, (0.1, 0.2, 0.1, 0.2, 0.4).
The higher the value the more important is the preference



Matchmaking Example: Seller’'s preferences

1. He wants to sell no less than 24000 euro (seller reservation
value)

2. If there is an navigator pack system in the car then he is
completely satisfied with selling no less than 26000 euro, but he
can go down to 24000 euro to a lesser degree of satisfaction

3. Preferably the seller sells the Insurance Plus package

4. The kilometer warranty is preferrably at most 150000, but he
may go up to 170000 to a lesser degree of satisfaction

5. If the color is black then the car has air conditioning

6. The weights of the preferences 2-5 are, (0.3, 0.1, 0.4, 0.2). The
higher the value the more important is the preference



Matchmaking Example: Encoding

Sedan — PassengerCar

ExternalColorBlack — —ExternalColorGray
SatelliteAlarm — AlarmSystem

InsurancePlus < Driverlnsurance A Theftlnsurance
NavigatorPack < SatelliteAlarm A GPS_system

Buyer’s request:
3 = PassengerCar A price < 26000
B1 = AlarmSystem =- (price , Is(23000, 26000))
B2 = Driverinsurance A (Theftinsurance Vv Firelnsurance)
B3 = AirConditioning A (ExternalColorBlack \ ExternalColorGray)
B4 = (price , 1s(22000, 24000))
Bs = (km_warranty , rs(140000, 160000))
B=01-81+02 -6, +01-83+0.2:-54+0.2: 5
Let

Seller’s request:

o = Sedan A price > 24000

o4 = NavigatorPack A (price , rs(24000, 26000))
oy = InsurancePlus

o3 = (km_warranty , Is(150000, 170000))

o4 = ExternalColorBlack A AirConditioning
§=083:-01+01-00+04:-03+0.2:0y4

KB =T U{B,0} U {buy — B,sell - S}

Pareto optimal solution:
bsd(KB, buy Ap sell) = 0.651

In particular, the final agreement is:

Sedan? = 1.0, PassengerCar” = 1.0, InsurancePlus® = 1.0, AlarmSystem” = 1.0,
Driverlnsurance” = 1.0, AirConditioning” = 1.0, NavigatorPack” = 1.0,

(km_warranty Is(150000, 170000))% = 0.5, i.e. km_warranty” = 160000,

(price, Is(23000, 26000))% = 0.33, i.e. price” = 24000, ) )
Theftinsurance” = 1.0, Firelnsurance” = 1.0, ExternalColorBlackZ = 1.0, ExternaIColorGrayI =0.0.



Example: (Fuzzy) Multi-Criteria Decision Making

» We have to decide which offer to choose for the
development of a Public School

» There are 3 offers (Alternatives), which have been
evaluated by an expert according to 3 Criteria

» Cost, DeliveryTime, Quality



Preliminaries: MCDM Basics

>

Alternatives A;: different choices of action available to the decision
maker to be ranked

Decision criteria C;: different dimensions from which the alternatives
can be viewed and evaluated

Decision weights w;: importance of a criteria

Performance weights a;: performance of alternative w.r.t. a decision
criteria

[ Criteria
wi [ wp, [ - [ - T wm
Alternatives Ci [ G| - [ - [ Cm
X1 A ai | a2 : : aim ®
X2 Az ap | ax : : a2m
Xn An ant | anp : : anm

Final ranking value x;:
m
X=_ aw
j=1

Optimal alternative A*:
A* = arg max xi



Preliminaries: Fuzzy MCDM Basics

» Principal difference: weights w; and performance a; are fuzzy numbers
» Fuzzy number n: fuzzy set over relas with triangular membership function
tri(a, b, ¢). Intended being an approximation of the number b

1

y Y >
a b c X
» Any real value nis seen as the fuzzy number tri(n, n, n)

» Arithmetic operators +, —, - and + are extended to fuzzy numbers
» Forx e {—I—, -}, N o*xp = tri(a1 * dp, by * bo, C * Cz)
» Forx e {—, =}, N« o = tri(a) x Co, by % bo, €y * &)
» Final ranking value x;: fuzzy number

» Optimal alternative A*:
A* = arg max X;
i

using some fuzzy number ranking method. E.g., Best Non-Fuzzy Performance
(BNP): (a+b+c¢)/3



Example: (Fuzzy) Multi-Criteria Decision Making

P> We have to decide which offer to choose for the development of a Public School

P There are 3 offers (Alternatives), which have been evaluated by an expert according to 3 Criteria

P The importance of alternative A; against criteria Cjis aj € {VeryPoor, Poor, Fair, Good, VeryGood}
P The importance of the criteria is weighted wj € [0,1], 37w =1(wy = 0.3, wp = 0.2, w3 = 0.5)

Offer Cost DeliveryTime | Quality
0.3 0.2 0.5
Ay VeryPoor Fair Good
Ao Good VeryGood Poor
As Fair Fair Poor
KB = {A1, Ao, A3} where

A;j < wy - (hasScore aj;) + wy - (hasScore ajp) + ws - (hasScore aj3)

P The Final Rank Value, rn(KB, A;), of alternative A; is defined as the Middle of Maxima (MOM)
de-fuzzification method

1.0

ol 1 2 3 4 5 6 7 8 9 10

Mom = (x1 +x2)12

(KB, Ay) = 0.75, rn(KB, Ap) = 0.25, rn(KB, Az) = 0.375
P So, we may choose offer A



Note: Computing Middle of Maxima (MOM)

P Middle of Maxima (MOM) = (Largest of Maxima (LOM) + Smallest of Maxima (SOM))/2

P LOM is implemented in the following steps
1. Compute n = bsd(A;, KB)
2. Maximise the value of the (internal) variable representing the value of hasScore, i.e. the variable
XnasScore» given KB U {A; > n}
P SOM is implemented in the following steps
1. Compute n = bsd(A;, KB)
2. Minimise the variable x,,¢5c0re. 9iven KB U {A; > n}

P MOM is implemented in the following steps

1. Compute n = bsd(A;, KB)

2. Maximise the variable xhasscore> 9iven KB U {A; > n}
3. Minimise the variable X,555¢0re: 9iven KB U {A; > n}
4

Take the average of the two values obtained from the two maximisation and minimisation problems



Predicate Fuzzy Logics Basics

P Formulae: First-Order Logic formulae, terms are either variables or constants

> we may introduce functions symbols as well, with crisp semantics (but uninteresting), or we need to

discuss also fuzzy equality (which we leave out here)

P Truth space is [0, 1]
P Formulae have a a degree of truth in [0, 1]
P Interpretation: is a mapping Z : Atoms — [0, 1]
P> Interpretations are extended to formulae as follows:
I(~¢) = I(¢) —0
(e Ay) = Z(6) ANI(Y)
(¢ — ) = Z(¢) = Z(¥)
I(3Ex¢) = sup IJ(9)
cenT
I(Vx¢) = inf_ ZS(¢)
cenT

where Z¢ is as T, except that variable x is mapped into individual ¢

P Definitions of T = (¢, n), T |= T, T = (¢, n), bed(KB, ¢) and bsd(KB, ¢) are as for the propositional
case



P WX o(x) = 3x —p(x) true in £, but does not hold for logic G and N

P> (=Vxp(x)) A (=3x =p(x)) has no classical model. In Godel logic it has no finite model, but has an infinite
model: for integer n > 1, let Z such that Z(p(n)) = 1/n
IZ(Vxp(x)) = ir’17f1/n: 0
Z(3x—p(x)) = sup—1/n=sup0=0
n

P Note: If T |= 3x ¢(x) then not necessarily there is ¢ € AT such that Z |= ¢(c).

Az = {n] integern > 1}
Z(p(n)) = 1—1/n< 1, foralln
Z(3xp(x)) = supl—1/n=1
n

P Witnessed formula: 3x ¢(x) is witnessed in Z iff there is ¢ € Az such that Z(3x $(x)) = Z(¢(c))
(similarly for Vx ¢(x))

> Witnessed interpretation: Z witnessed if all quantified formulae are witnessed in Z

Proposition

In t, ¢ is satisfiable iff there is a witnessed model of ¢.

The proposition does not hold for logic G and I



Fuzzy Concrete Domains

P Allows us to deal with concepts such as young, cheap, cold, etc.

P Fuzzy membership functions: usually of the form

| A ] A | l
° a b c d x 0 a b c X ° a b %
(a) (b) (©)

Figure: (a) Trapezoidal function trz(a, b, c, d), (b) triangular function tri(a, b, c), (c) left shoulder
function /s(a, b), and (d) right shoulder function rs(a, b).

P Works similarly as for propositional case:
> We consider a concrete domain over rational numbers with concrete predicates:
> (%, ¥), < (x,¥), = (x,¥), Is(a, b)(x), rs(a, b)(x), tri(a, b, ¢)(x), trz(a, b, ¢, d)(x)

> Formulae may contain concrete predicates as atom
> There are variables and constants for rational numbers
> Formula example

(3r.AlarmSystem(avs) A price(avs, r) A Is(350, 500)(r), n)

P> The semantics is an obvious extension of the fuzzy FOL case



