
Preface to the third volume

Mathematical fuzzy logic (MFL) is a subdiscipline of mathematical logic. Compris-
ing the mathematical study of a certain family of formal logical systems whose algebraic
semantics involve some notion of truth degree. The main motivations for MFL, its his-
torical origins, and its later evolution were briefly explained in the preface of the first
volume of this handbook series.

Fuzzy logics can be seen as a particular kind of many-valued logical system where
the intended semantics is typically based on algebras of linearly ordered truth values.
As a subdiscipline of mathematical logic, MFL has acquired the typical core agenda of
this field and is studied by many mathematically-minded researchers regardless of its
original motivations, as witnessed by the plethora of works on a diversity of topics that
have been accumulating over the years.

This handbook series aims to be an up-to-date, systematic presentation of the best
developed areas of MFL. The first two volumes were released in 2011, also in Studies
in Logic, Mathematical Logic and Foundations (vols. 37 and 38), College Publications.
The first volume starts with a gentle introduction to MFL assuming only some basic
knowledge of classical logic. The second chapter presents and develops a general and
uniform framework for MFL based on the notions and methods of abstract algebraic
logic. The third chapter is a presentation of the deeply developed proof theory of fuzzy
logics. The fourth chapter presents the standard algebraic semantics for fuzzy logics
based on classes of semilinear residuated lattices. The fifth chapter closes the first vol-
ume with the study of Hájek’s BL logic and its algebraic counterpart.

The second volume of the series starts with the sixth chapter and is devoted to an-
other widely studied fuzzy logic, Łukasiewicz logic Ł, and MV-algebras as its algebraic
semantics. The seventh chapter deals with a third distinguished fuzzy logic, Gödel–
Dummett logic, and its variants. The eighth chapter studies fuzzy logics in expanded
languages providing greater expressive power. The ninth chapter collects results on
functional representations of fuzzy logics and their free algebras. The last two chapters
are dedicated to complexity issues: Chapter X studies the computational complexity of
propositional fuzzy logics, while Chapter XI is devoted to the arithmetical hierarchy of
first-order predicate fuzzy logics.

Intense research in MFL has continued in recent years, bringing to a higher level of
maturity some of the topics that were omitted from the previous volumes of the hand-
book. This third volume collects chapters on seven such areas. It starts with Chapter XII,
a systematic study of the most prominent part of the algebraic semantics for fuzzy logics:
integral residuated chains. The thirteenth chapter presents a different type of semantics
for some prominent fuzzy logics obtained by extending Hintikka’s and Giles’ semantic
games. In a similar fashion, the fourteenth chapter is devoted to another game-theoretic
interpretation of t-norm-based fuzzy logics, namely, that given by Ulam–Rényi games
arising from the theory of error correcting codes. The fifteenth chapter surveys a series
of works on fuzzy logics with evaluated syntax in which intermediate truth-values are
incorporated as syntactical devices that accompany each formula as a lower bound for
its truth-degree. Chapter XVI surveys another area that has recently been intensively
developed: fuzzy description logics, understood as tractable fragments of first-order
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fuzzy logics amenable to knowledge representation. The seventeenth chapter focuses
on another application of MFL by presenting the theory of MV-algebras endowed with
functions, called states, that allow one to model finitely additive probability measures.
The volume is concluded by Chapter XVIII offering a philosophical discussion of the
role of MFL in the study of vagueness.

It should be emphasized that this is not a handbook written by a single team of
authors, but a collection of chapters prepared by distinguished experts in each area.
Nevertheless, the editors have encouraged a reasonable level of homogeneity between
the chapters, as regards their structure and notation. The series is conceived as a unit
with consecutive page and chapters enumeration. The majority of chapters in this vol-
ume contain a purely theoretical (mathematical) presentation, making it mostly a book
on mathematical logic, focusing on the study of a particular family of many-valued non-
classical logics. However, as briefly outlined before, some chapters feature connections
to other mathematical fields, to applications in computer science and, in the case of the
last chapter, to developments in analytical philosophy. The intended audience of the
book is quite wide, comprising at least the following groups of readers: (1) students of
logic looking for a systematic presentation of MFL where they can study the discipline
from scratch, (2) experts on MFL that may use it as a reference book for consultation,
(3) readers interested in fuzzy set theory and its applications looking for the logical
foundations of (some parts) of the area, and (4) readers interested in philosophical and
linguistic issues related to reasoning in presence of vagueness, looking for a mathemat-
ical apparatus that can be applied to some aspects of those issues.
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Institute for Research and Applications of Fuzzy Modeling
University of Ostrava & NSC IT4Innovations
30. dubna 22
701 03 Ostrava 1, Czech Republic
Email: Vilem.Novak@osu.cz

RAFAEL PEÑALOZA
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Chapter XVI: Fuzzy Description Logics
FERNANDO BOBILLO, MARCO CERAMI, FRANCESC ESTEVA,
ÀNGEL GARCÍA-CERDAÑA, RAFAEL PEÑALOZA,
UMBERTO STRACCIA

1 Introduction

Description Logics (DLs) are a family of well established knowledge representation
formalisms (see [4] for a complete overview on the subject). The languages for DLs
are based on concepts, roles and individuals, that are, according to a well-defined Tarski
style semantics, interpreted as sets (or unary predicates), binary relations (or binary
predicates), and domain elements, respectively. From a suitable set of atomic concepts
and roles, it is possible to build up complex concepts by means of a limited family of
concept constructors. The different languages of DLs are identified by sets of concept
constructors and they are more or less expressive, depending on the concept construc-
tors that are either explicitly present in the language or implicitly definable from other
constructors.

From concepts and roles it is possible to store structured knowledge under the form
of knowledge bases that contain the relevant terminological knowledge about particu-
lar knowledge domains. Knowledge bases contain structured knowledge that gives an
account of functional dependencies between complex concepts, or relations between
individuals and either concepts or roles. In this sense, a knowledge base is usually com-
pounded by a terminological box, or TBox, that contains inclusions between complex
concepts, an assertional box, or ABox, that contains assertions of concepts or roles with
respect to individuals or ordered couples of individuals respectively and, sometimes, by
a relational box, or RBox, that contains inclusions between roles.

Since DLs are mainly oriented to applications, they need to exhibit good computa-
tional behavior. The reasoning services provided have to be decidable and, as much as
possible, computable in a reasonable time. For this reason, historically the research on
DLs has been characterized by the search of a fair trade-off between the expressivity of
the languages considered and the computational complexity of the reasoning services.

There are two possible ways to present DL languages and their semantics. One
way is to present them directly as representation languages as it is usually done. One
example of this kind of presentation can be found in the introductory chapter [8] of the
Description Logic Handbook [4]. Another way is to present basic DLs from the logical
point of view as fragments of first order classical logic [111].

Fuzzy Description Logics (FDLs) were born in the nineties as a generalization of
DLs to the fuzzy framework. The first generalizations consisted in having the same
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structure as DLs, but interpreting concepts and roles as fuzzy sets and fuzzy relations
respectively (see the section on historical remarks at the end of this chapter). Never-
theless these first approaches had no clear logical counterpart. At the end of nineties,
in the framework of Fuzzy Logic, Hájek [78] proposed many-valued residuated logical
systems (studied in this handbook) as the kernel of Fuzzy Logic in narrow sense. This
has been the starting point of that branch of Fuzzy Logic known as Mathematical Fuzzy
Logic (MFL). The important development of this subject, of which the results provided
in this handbook are a clear account, has established different consolidated logical sys-
tems. Within the framework of MFL, Hájek proposes in [80] (see also [82]) to define
FDLs from the logical point of view in an analogous way as DLs could be defined from
classical first order logic.

This chapter is structured as follows: In Section 2 we introduce the algebras of truth
values defined by continuous t-norms (or divisible finite t-norms), their residua and the
standard involutive negation. The semantics of our FDLs are defined as interpretations
over these algebras. This is a technical section that could be omitted in a first read-
ing. The reader can go back to it when she needs some notion or result concerning the
algebras of truth values. In Section 3 we define FDLs taking as constructors the general-
ization of the classical ones. The semantics is defined by means of interpretations in the
algebraic ordered structure defined on the real interval [0, 1] by a continuous t-norm and
its residuum, or in the one defined on a finite chain by a divisible finite t-norm and its
residuum. We study the hierarchy of basic FDL languages, which is more complex than
in the classical case due to the fact that some definabilities between certain construc-
tors are not valid in the fuzzy framework. The axioms in knowledge bases in the fuzzy
setting are graded. Reasoning tasks are also graded. We will be interested in stating sat-
isfiability of a concept or subsumption between concepts in a certain degree. Section 4
is devoted to highlight the relationship among FDLs defined in the previous section and
fuzzy predicate logics studied in the framework of MFL. First, we define logical systems
underlying FDL languages from a semantical point of view as logics arising from partic-
ular algebras of truth values. Then we show that FDL languages defined in the previous
sections can be seen as fragments of these first-order fuzzy logics, according to Hájek’s
proposal in [80]. The chapter follows with a section devoted to Fuzzy description lan-
guages with higher expressivity and a section dealing with different algorithms to decide
the reasoning tasks. Section 7 is devoted to (un)decidability and complexity results. Fi-
nally, the last section contains the historical remarks that summarize the reported results
from a historical point of view.

Let us remark that in this chapter we will pay special attention to the case of finite-
valued FDLs, which seems to be the most interesting in practice since the basic reason-
ing tasks for quite expressive languages are decidable and the computational complexity
of some of them is the same as the corresponding classical DLs.

Finally, let us stress that there are different issues that are treated in the fuzzy setting
that are still not well modeled in the logical setting of MFL. Among the most important
there are fuzzy quantifiers. Expressions like “the majority of . . . ”, “a few . . . ”, etc, that
are crucial in the fuzzy approach are not yet considered in FDLs based in MFL. For an
excellent report about the state of the art about fuzzy quantifiers in fuzzy logic, see [66],
while for fuzzy quantification in FDLs see [109, 110]. Another topic not considered in



Chapter XVI: Fuzzy Description Logics 1107

this chapter is the treatment of uncertainty in FDLs (see [92] and the references therein
for a report about the work done in this topic). Nevertheless, the framework of MFL still
offers formal tools that can be used to try to give a mathematical logic treatment to this
kind of notions. Undoubtedly, the framework of FDLs, above all in the MFL setting,
can be a powerful source of motivation for undertaking this kind of research, as it was
predicted by Hájek in the not so known and frequently visited second part of his seminal
monograph.

2 Algebras of truth values defined by triangular norms

The fuzzy description logics we deal with in this chapter are based on interpreta-
tions on certain linearly ordered algebras of truth values called canonical chains. In
the infinite case these algebras are those defined on the real interval [0, 1] by a con-
tinuous t-norm and its residuum, and by the involutive negation N(x) = 1 − x. In
the finitely-valued case the canonical chains are the ones defined on the finite chain
{0, 1

n−1 , . . . ,
n−2
n−1 , 1} by a divisible finite t-norm, its residuum and the involutive nega-

tion N . In this preliminary section we recall the notions of continuous t-norm and
divisible finite t-norm, and some notions and results about these canonical chains.

2.1 Triangular norms and conorms

For the notions and results presented in this section, a full reference is the book [91].
A triangular norm (or t-norm) is a binary operation defined on the real interval [0, 1]
which is associative, commutative, non-decreasing in both arguments,1 and has 1 as unit
element. If the t-norm ∗ is continuous, we can define the operation⇒∗ satisfying, for all
x, y, z ∈ [ 0, 1], the condition

x ∗ z ≤ y ⇔ z ≤ x⇒∗ y. (1)

This operation is called the residuum of the t-norm and it can be defined by:

x⇒∗ y := max{z | x ∗ z ≤ y}. (2)

PROPOSITION 2.1.1. The following properties hold for any continuous t-norm ∗ and
its residuum⇒∗:

a) x⇒∗ y = 1 if and only if x ≤ y

b) 1⇒∗ x = x

c) min{x, y} = x ∗ (x⇒∗ y) (divisibility)

d) max{x, y} = min{(x⇒∗ y)⇒∗ y, (y ⇒∗ x)⇒∗ x}.

The reason for which property c) in the previous proposition is called divisibility
condition is the fact that this is equivalent to the following one: for every x, y ∈ [0, 1]
with x > y, there exists z ∈ [0, 1] such that x ∗ z = y. Observe that this condition is

1A function f : [0, 1]2 → [0, 1] is non-decreasing in both arguments if for each x, y, z ∈ [0, 1], x ≤ y
implies f(x, z) ≤ f(y, z) and f(z, x) ≤ f(z, y).
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∗ Minimum (Gödel) Product Łukasiewicz

x ∗ y min{x, y} x · y max{0, x+ y − 1}

x⇒∗ y
{

1 if x ≤ y
y otherwise

{
1 if x ≤ y
y/x otherwise

min{1, 1− x+ y}

¬∗
{

1 if x = 0
0 otherwise

{
1 if x = 0
0 otherwise

1− x

Table 1. The three main continuous t-norms

equivalent to the continuity of the functions defined by fy(x) = x∗y for every y ∈ [0, 1]
and also to the continuity of ∗ due to the fact that ∗ is commutative and non-decreasing
in both arguments.

A negation function on [0, 1] is a unary operation n : [0, 1] → [0, 1] satisfying the
following properties:

• n(0) = 1, n(1) = 0, and
• for all x, y ∈ [ 0, 1], x ≤ y ⇒ n(y) ≤ n(x). (antimonotonicity)

We say that n is weak if, for all x ∈ [0, 1], x ≤ n(n(x)); and it is said to be strong or
involutive if, for all x ∈ [0, 1], n(n(x)) = x. The main example of involutive negation
is the so called standard negation function defined as N(x) = 1 − x. Each continuous
t-norm ∗ has an associated negation function defined as ¬∗x = x⇒∗ 0, which is always
a weak negation function and it is involutive if and only if ∗ is the (finite or infinite)
Łukasiewicz t-norm.

Table 1 shows the main continuous t-norms (Minimum, Product and Łukasiewicz)
with their residua and the corresponding associated negations. The three continuous
t-norms in Table 1 are the basic ones since any continuous t-norm can be expressed as an
ordinal sum of copies of them [99]. Indeed, there are the following types of continuous
t-norms that we will use in the chapter (see for instance [69]):

1. Idempotent t-norms: A t-norm is idempotent if for all x ∈ [0, 1], x ∗ x = x.
2. Strict2 t-norms: A t-norm is strict if for every x, y ∈ [ 0, 1] such that x ∗ y = 0,

then x = 0 or y = 0. This is equivalent to the following two conditions:

(a) The associated negation is Gödel negation, i.e., ¬∗0 = 1 and ¬∗x = 0,
otherwise, and

(b) for every x ∈ [0, 1], min{x,¬∗x} = 0.

3. Nilpotent t-norms: A t-norm is nilpotent if for each x ∈ (0, 1) there exists a
natural n such that xn = 0. This is equivalent to the following conditions:

(a) It is isomorphic to the Łukasiewicz t-norm and
(b) the associated negation is involutive.

2 Let us remark that the name strict is used in a different meaning than in [91], where strict means strictly
monotone.
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¬∗(x)

1

a∗

0 a∗ 1

Figure 1. Graph of a residuated negation

The only idempotent continuous t-norm is the minimum and the only nilpotent con-
tinuous t-norm up to isomorphisms is Łukasiewicz. Strict continuous t-norms form a
very large set containing minimum and product and any ordinal sum that has either no
first component or whose first component is not Łukasiewicz t-norm. Finally, we have
the set of non-strict continuous t-norms that contains Łukasiewicz t-norm plus any or-
dinal sum having Łukasiewicz as first component. Therefore, we can associate to each
continuous t-norm ∗ an element, denoted a∗, defined as:

• 0 if ∗ is strict or

• the upper bound of the first component of the ordinal sum of ∗ if ∗ is non-strict.

Notice that a∗ = 1 if and only if ∗ is Łukasiewicz. Let us remark that strict, nilpotent
and non-strict continuous t-norms are characterized by their associated negation:

• The t-norm ∗ is strict if and only if ¬∗ is Gödel negation.

• The t-norm ∗ is nilpotent if and only if ¬∗ is involutive.

• The t-norm ∗ is non-strict if and only if ¬∗ is defined as ¬∗(0) = 1,
¬∗(x) = a∗ − x if x ∈ (0, a∗] and ¬∗(x) = 0 otherwise.

Summarising, all residuated negation functions are definable in the form (see Figure 1):

¬∗(x) =

 1 if x = 0
a∗ − x if x ∈ (0, a∗]
0 otherwise.

Observe that if a∗ = 0, we obtain Gödel negation, and if a∗ = 1, then ¬∗ = N . Observe
also that if ∗ is strict, then the double negation is given by ¬∗¬∗0 = 0 and ¬∗¬∗x = 1
for x 6= 0. Thus ¬∗¬∗ can be seen as a crispification operator that preserves falsity.

The following result is used in Section 3.3 to state the relationship between both
quantifier restrictions in our FDL languages.

PROPOSITION 2.1.2. Let X ⊆ [0, 1]. If ∗ is a continuous t-norm, then

a) ¬∗ supX = inf{¬∗x | x ∈ X}.
b) ¬∗ inf X ≥ sup{¬∗x | x ∈ X}; the equality holds only if ∗ is the Łukasiewicz

t-norm.
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⊕ Maximum Probabilistic sum Łukasiewicz

x⊕ y max{x, y} (x+ y)− (x · y) min{1, x+ y}

Table 2. The dual t-conorms corresponding to the three main continuous t-norms

Proof. By definition, ¬∗ is a decreasing continuous function over the interval (0, 1].
Therefore, if supX 6= 0, then a) is obviously true. Analogously, if inf X 6= 0, then
¬∗ inf X = sup{¬∗x | x ∈ X}. Moreover, if supX = 0, then X can only contain the
element 0 and thus a) holds. Consider now the case where inf X = 0. If 0 ∈ X , then
we have that ¬∗ inf X = sup{¬∗x | x ∈ X}, but if 0 /∈ X , then ¬∗ inf X = 1 and
sup{¬∗x | x ∈ X} = a∗. In both cases, ¬∗ inf X ≥ sup{¬∗x | x ∈ X}, in particular
when a = 1, which is the Łukasiewicz case.

The standard chain relative to the continuous t-norm ∗ is the structure

[0, 1]∗ = 〈[0, 1],max,min, ∗,⇒∗, 0, 1〉.

A triangular co-norm (or t-conorm) is a binary operation defined on [0, 1] that is
associative, commutative, non decreasing in both arguments, and having 0 as neutral
element. We say that a t-norm ∗ and a t-conorm ⊕ are dual with respect to a negation n
if, for every x, y ∈ [0, 1], the De Morgan laws hold:

n(x ∗ y) = n(x)⊕ n(y) n(x⊕ y) = n(x) ∗ n(y).

In Table 2 we show the t-conorms dual (with respect to the standard involutive nega-
tion function N(x) = 1− x) to the three main continuous t-norms.

2.2 Divisible finite t-norms and t-conorms

The notion of t-norm can be extended to bounded finite chains with 0 and 1 as first
and last element respectively (see [94, 95]). We will call this kind of operation finite
t-norm. They fulfill the same properties as t-norms and since they are of finite range all
of them have a residuum.

A finite t-norm satisfying the divisibility condition is called a divisible finite t-norm.
Notice that such a t-norm also satisfies the properties stated for continuous t-norms in
Proposition 2.1.1. In [94] it is shown that any divisible finite t-norm is either a finite
Łukasiewicz t-norm or a finite minimum t-norm or a finite ordinal sum of copies of both
kinds of such finite t-norms. In analogy with the case of t-norms we will consider the
following types of divisible finite t-norms:

1. The only divisible finite idempotent t-norms are the finite minimum t-norms.

2. The divisible finite strict t-norms are the ordinal sums beginning with a finite
minimum component.

3. The only divisible finite nilpotent t-norms are the Łukasiewicz finite t-norms.

4. The divisible finite non strict t-norms are the ordinal sums beginning with a finite
Łukasiewicz component.
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PROPOSITION 2.2.1. Let X ⊆ Cn. If ∗ is a divisible finite t-norm, then

¬∗ supX = inf{¬∗x | x ∈ X} ¬∗ inf X = sup{¬∗x | x ∈ X}.

Proof. It is an easy consequence of Proposition 2.1.2 taking into account that X is finite
and thus infima and suprema are in fact minima and maxima.

Since all chains with n elements are order-isomorphic, without loss of generality
we can take as finite chain of n elements the set:

Cn = {0, 1

n− 1
,

2

n− 1
, . . . ,

n− 2

n− 1
, 1}.

Given a divisible finite t-norm ∗ over Cn, the structure

C∗ = 〈Cn,max,min, ∗,⇒∗, 0, 1〉

is called the standard finite chain relative to ∗. The standard chains of n elements cor-
responding to the finite t-norms of Łukasiewicz and Minimum are restrictions to Cn of
the standard chains respectively defined on [0, 1] by Łukasiewicz and minimum t-norms
and their residua.

The notion of triangular co-norm can also be extended to finite chains. A t-conorm
⊕ defined on a finite chain C is divisible if for every a, b ∈ C such that b ≥ a, there
exists c ∈ C such that b = a⊕ c. We can define the notion of duality for finite t-norms
and finite t-conorms in an analogous way to the case of t-norms and t-conorm.

2.3 Expanding the standard chain with an involutive negation

In this chapter we will deal with different fuzzy description languages provided
with a complementation. In order to interpret complementation we need an involutive
negation in our standard algebra of truth values. Consequently, when the negation ¬∗
is not involutive, we enrich the standard chain [0, 1]∗ or C∗ with the standard involutive
negation N(x) = 1 − x. The structure obtained by enriching a standard chain either
[0, 1]∗ or C∗ with N will be called canonical algebra relative to ∗ and denoted by T∗.
We denote by T the carrier of T∗; thus T means [0, 1] or Cn.

Having the standard involutive negation N allows us to define in T∗:

a) The dual t-conorm x⊕ y := N(N(x) ∗N(y)).

b) The operator known in the literature as Monteiro–Baaz operator, which is denoted
by δ and defined on any chain as δ(1) = 1 and δ(x) = 0 if x 6= 1. This is definable
in the following two cases:

(a) When ∗ is a strict t-norm, by δx = ¬∗(N(x))

(b) When ∗ is a divisible finite t-norm, by δx = (¬∗(N(x)))n.

Finally let us remark that in the canonical chain T∗ defined over the product stan-
dard chain 〈[0, 1],max,min, ∗Π,⇒Π, 0, 1〉, both the Łukasiewicz t-norm ∗Ł and its
residuum ⇒Ł are definable (see Section 4 of Chapter VIII of this Handbook and the
references therein) as:

x ∗Ł y = N(x ∗Π N(x⇒Π y)) x⇒Ł y = x ∗Π N(x⇒Π N(y)).
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Notice that the canonical chain relative to product t-norm embeds the canonical chain
relative to Łukasiewicz t-norm.

2.4 Expanding the standard chain with other operators

There are several extra operators that are interesting in order to interpret some FDL
contructors. Among them we highlight the following ones:

• The Monteiro–Baaz delta operator defined in the previous section. Observe that
the operator δ is a crispification operator (the image is {0, 1}) and it is truth pre-
serving (δ(x) = 1 if and only if x = 1).

• Truth stresser and truth depresser functions:

– A function s : [0, 1] → [0, 1] is a truth stresser if it is non-decreasing and
sub-diagonal (for every x ∈ [0, 1], s(x) ≤ x) and s(1) = 1.

– A function d : [0, 1] → [0, 1] is a truth depresser if it is non-decreasing and
super-diagonal (for every x ∈ [0, 1], d(x) ≥ x) and d(0) = 0.

These operators corresponds to linguistic modifiers (in the sense that composed
with an evaluation we obtain a modified evaluation). For interested readers, see
Chapter VIII of this Handbook or papers [71, 79]. Notice that the function δ is a
particular case of truth stresser.

• Aggregation operators of arity n defined as functions g : [0, 1]n → [0, 1]. The
properties that these functions must satisfy depend on the type of aggregation
operator we are defining. Typical aggregation operators are weighted sum, ordered
weighted averaging (OWA) or more general integrals (see for instance [134]).

3 Introduction to Fuzzy Description Logics

Knowledge used in real applications is usually imperfect and has to address situ-
ations of uncertainty, imprecision and vagueness. From a real world viewpoint, vague
concepts like “patient with a high fever” and “person living near Paris” have to be con-
sidered. Fuzzy Description Logics are natural generalizations of Description Logics to
cope with vague concepts and roles (mainly graded concepts and roles). These gener-
alizations interpret concepts and roles as fuzzy sets and fuzzy relations respectively. In
this interpretation each individual is an instance of a concept in a certain degree, which
is the membership degree in that such individual belongs to the corresponding fuzzy set.
These degrees are values belonging to either the real unit interval [0, 1] or a finite chain.
In order to combine fuzzy concepts and roles in the basic FDL languages, we use the
same basic constructors as in classical DLs but interpreted by means of the operations
that are commonly used to combine fuzzy sets. Accordingly with this choice we will
interpret the intersection of concepts as the intersection of fuzzy sets which is commonly
point-wise defined by means of a continuous (or finite divisible) t-norm (for t-norms and
related notions see Section 2). Given the continuous (or finite divisible) t-norm ∗ used to
interpret concept intersection, and given its residuum ⇒∗, the other basic constructors
are interpreted as follows:
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• Universal and empty concepts are interpreted as the constant functions 1 and 0
respectively.

• The complementation will be interpreted as the standard involutive negation
function N(x) = 1− x.

• The union will be interpreted as the dual t-conorm of ∗ with respect to N ,
denoted ⊕. That is, x⊕ y = N(N(x) ∗N(y)).

• The value restriction ∀R.C is interpreted using the infimum. The degree r in
which an individual a is an instance of ∀R.C is computed as follows:

– For each b in the domain we compute the degree α in which a is related to b
and the degree β in which b is an instance of C.

– Then, r is the infimum of all the values α⇒∗ β computed for each b,
where⇒∗ is the residuum of the t-norm ∗.

• The existential quantification ∃R.C is interpreted using the supremum. The
degree r in which an individual a is an instance of ∃R.C is computed as follows:

– For each b in the domain we compute the degree α in which a is related to b
and the degree β in which b is an instance of C.

– Then, r is the supremum of all the values α ∗ β computed for each b.

Notice that the definitions of quantified concepts are generalizations of the ones in clas-
sical DL since if we reduce the set of truth values to {0, 1}, then we obtain the classical
definitions.

Thus, in order to define an interpretation we need to first fix a chain of truth values
([0, 1] or a finite chain) and a continuous or divisible finite t-norm over that chain. In fact,
interpretations of the FDL languages can be seen as interpretations of the description
language over a canonical chain defined by a t-norm ∗ and the involutive negation N .

If we want to have implication of concepts as a constructor in our basic language
it must be included as a primitive constructor. The natural choice is to interpret the
implication constructor by using the residuum ⇒∗ of the t-norm (see [78, Chapter 2,
2.1.3] for a discussion about this choice in the fuzzy logic setting; see also Section 8.2
for a discussion about this choice in the framework of FDLs), and in general x ⇒∗ y
coincides neither with max{N(x), y} nor with N(min{x,N(y)}) (see Example 3.3.1).
Thus, we cannot define the implication constructor from union and complementation (or
intersection and complementation). Moreover, having implication in the language, we
can define:

• A weak complementation interpreted by the negation function ¬∗x = x⇒∗ 0

• A weak intersection interpreted by the minimum which is definable as
min(x, y) = x ∗ (x⇒∗ y)

• A weak union interpreted by the maximum which is definable as
max(x, y) = min((x⇒∗ y)⇒∗ y, (y ⇒∗ x)⇒∗ x).

Observe that definability of minimum is possible since the t-norm is continuous or
finite divisible.
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3.1 Basic concept constructors in FDLs

Let us define a description signature as a triple D = 〈NI , NA, NR〉, where NI ,
NA and NR are pairwise disjoint sets of individual names, concept names (the atomic
concepts), and role names (the atomic roles), respectively.

Our basic description languages for D will be propositional languages generated
by the set NA of atomic concepts taken as set of propositional letters, and using as
connectives some specific subset of the following set of constructors:

C = {u,t,→,¬,∼,∧,∨} ∪ {⊥,>} ∪ {∀R. | R ∈ NR} ∪ {∃R. | R ∈ NR}.

The set of concepts for each description language is inductively defined by the cor-
responding subset of the following syntactic rules (we use the symbols C,C1, C2 as
metavariables for concepts):

C,C1, C2  A | (atomic concept)
C1 u C2 | (concept strong intersection)
C1 t C2 | (concept strong union)
C1 → C2 | (concept implication)

¬C | (weak complementary concept)
∼C | (strong complementary concept)

C1 ∧ C2 | (concept weak intersection)
C1 ∨ C2 | (concept weak union)

⊥ | (empty concept)
> | (universal concept)

∀R.C | (value restriction)
∃R.C (existential quantification).

EXAMPLE 3.1.1. Consider the atomic concepts LovesCinema and LovesReading and
the atomic role IsFriendOf. Then we can form the concepts:

LovesCinema u ∼ LovesReading

“Person who loves cinema but does not love reading.”

LovesReading u ∃isFriendOf.∼ LovesReading

“Person who loves reading but has a friend who do not love reading.”

∃isFriendOf.LovesReading→ LovesReading

“Person who loves reading if it has a friend who loves reading.”

∀isFriendOf.(LovesCinema t LovesReading)

“Person whose friends either love cinema or love reading.”



Chapter XVI: Fuzzy Description Logics 1115

3.2 Semantics for basic concept constructors

An interpretation for a description signature D = 〈NI , NA, NR〉 is a pair

I = 〈∆I , ·I〉

consisting of a nonempty (crisp) set ∆I (called domain) and of a fuzzy interpretation
function ·I that assigns:

a) To each concept name A ∈ NA a fuzzy set, that is, a function

AI : ∆I → T,

b) To each role name R ∈ NR a fuzzy relation, that is, a function

RI : ∆I ×∆I → T,

c) To each individual name a ∈ NI an object aI ∈ ∆I .

Let T be the set of truth values, that is, either the real unit interval [0, 1] or a finite chain
Cn = {0, 1

n−1 ,
2

n−1 , . . . ,
n−2
n−1 , 1} and fix a t-norm ∗ over T . Given ∗, and a description

signature D, and an ∗-interpretation is a pair

I∗ = 〈I, ∗〉.

DEFINITION 3.2.1 (Semantics for basic languages). Given an ∗-interpretation I∗, the
interpretation ·I is extended to complex concepts by assigning to every complex concept
D a fuzzy set DI : ∆I → T inductively defined as follows:

DI(x) :=



0 if D = ⊥
1 if D = >
AI(x) if D = A ∈ NA
1− CI(x) if D = ∼C
CI(x)⇒∗ ⊥ if D = ¬C
CI1 (x) ∗ CI2 (x) if D = C1 u C2

min{CI1 (x), CI2 (x)} if D = C1 ∧ C2

CI1 (x)⊕ CI2 (x) if D = C1 t C2

max{CI1 (x), CI2 (x)} if D = C1 ∨ C2

CI1 (x)⇒∗ CI2 (x) if D = C1 → C2

inf{RI(x, y)⇒∗ CI(y) | y ∈ ∆I} if D = ∀R.C
sup{RI(x, y) ∗ CI(y) | y ∈ ∆I} if D = ∃R.C.
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EXAMPLE 3.2.2. Consider the concepts A1 = LovesCinema and A2 = LovesReading
and the atomic role R = isFriendOf from Example 3.1.1; we can form the concept
∀R.(A1 t A2). Now take T = {0, 1

4 ,
2
4 ,

3
4 , 1} and the minimum t-norm. Thus, now we

have that ⊕ = max and ⇒∗ is the residuated implication corresponding to minimum
(see Table 1). Consider now an interpretation I where ∆I is the a set of students of a
postgraduate course in La Sorbone, Paris. Suppose that this set is formed by four stu-
dents marie (a), jacques (b), ivette (c), pierre (d). The interpretations for the concepts
A1, A2 and the role R are the following fuzzy sets and fuzzy relation:

a b c d

AI1 1/2 1/2 1/4 1

AI2 3/4 1/4 3/4 0

R a b c d
a 1 3/4 1 1/4
b 3/4 1 1/2 3/4
c 3/4 1/2 1/2 1
d 1/2 3/4 1 1/2

Let us compute the degree in which student a is an instance of concept ∀R.(A1 tA2):

y RI(a, y) AI1 (y) AI2 (y) RI(a, y)⇒min max{AI1 (y), AI2 (y)}

a 1 1/2 3/4 1⇒min max{1/2, 3/4} = 3/4

b 3/4 1/2 1/4 3/4⇒min max{1/2, 1/4} = 1/2

c 1 1/4 3/4 1⇒min max{1/4, 3/4} = 3/4

d 1/4 1 0 1/4⇒min max{1, 0} = 1

Thus we have:

(∀R.(A1 tA2))I(a) = inf{RI(a, y)⇒min max{AI1 (y), AI2 (y)} | y ∈ ∆I} =
1

2
.

In an analogous way we can compute that the degrees in which students b, c, d are in-
stances of concept ∀R.(A1 tA2) are 1

2 , 1 and 1
2 , respectively.

REMARK 3.2.3. Observe that constructors for classical DLs are the same that the
ones previously defined for FDLs, but without the difference between strong and weak
union, strong and weak intersection, and strong and weak complementation. Indeed, if
in Definition 3.2.1, we substitute T∗ by the Boolean algebra of two elements, we obtain
the usual semantics for basic constructors of classical DLs. For the classical definition
and semantics of basic languages as ALC see for instance [8].

3.3 The hierarchy of fuzzy attributive languages

Next we will describe the hierarchy of FDLs languages that are built using the basic
constructors introduced in previous section. In order to maintain as much as possible
the similarity with classical DL notation, we propose the following fuzzy description
languages:
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• The language EL, as in the classical case, contains

– the universal concept >,

– the strong intersection u, and

– the existential quantification ∃R,

as concept constructors.

• The language NEL is built by adding the weak complementation ¬ to EL.

• The language ELC is built by adding the strong complementation ∼ to EL.

• The language FL0, as in the classical case, contains these concept constructors:

– the universal concept >,

– the strong intersection u, and

– the value restriction ∀R.

• The language FL− is built by adding to the language FL0 the restricted
existential quantification ∃R.>.

• The language AL is built by adding to the language FL− the strong
complementation ∼ applied only to atomic concepts.

• The language ALC is built by adding the full strong complementation ∼
to the language AL.

We will take as minimal languages of our hierarchy EL and AL. Now we will con-
struct the hierarchy of logical based FDL languages beginning withAL. To this end, we
need to introduce explicitly as primitive constructors the following ones: the existential
quantifier (∃R.), the complementation (∼), the implication (→), and the strong union
(t). The presence of each one of these constructors in the language will be denoted by
adding to the acronym of the language the symbols E , C, I,3 and U , respectively.

The hierarchy of languages that we obtain depends on the semantical choice, i.e.,
on the truth values set ([0, 1] or Cn), and the t-norm used to interpret strong conjunction.
We can distinguish two different cases:

1. The hierarchy obtained when strong conjunction is interpreted as (finite or in-
finite) Łukasiewicz t-norm. This is similar to the classical case. Since in this
case both complementations—weak and strong—coincide (see Section 2), other
constructors are definable from intersection and complementation like in the clas-
sical case: (strong) union and existential restriction are definable by duality as
C t D ≡ ¬(¬C u ¬D) and ∃R.C ≡ ¬∀R.¬C respectively, and implication
is definable using (strong) complementation and union (or intersection) by the
equivalence C → D ≡ ¬C tD ≡ ¬(C u ¬D). Taking into account these defin-
abilities, we have that ALUEC = ALC. Thus the graph of FDLs languages is the
one given in Figure 2 that is the same as in the classical case.

3 We have chosen I because the calligraphic I is extensively used in the literature on DLs to denote the
constructor for inverse roles.
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ALC

ELU ALE ALU

EL AL

Figure 2. The hierarchy of basic languages under Łukasiewicz semantics

2. The hierarchy obtained when strong conjunction is interpreted as a (finite or infi-
nite) divisible t-norm different from Łukasiewicz. In these cases, the hierarchy of
basic languages obtained is more cumbersome because we do not have in general
the same possibility of reducing languages as in the classical case. This is because
in the semantics of our logics:

• Although union is definable from conjunction by duality with respect to
strong complementation by C t D ≡ ∼(∼C u ∼D), this is not true for
the duality with respect to weak complementation. The reason is that the
interpretation of ∼ is a continuous function, which is not the case for ¬.

• When the t-norm is different from Łukasiewicz, weak and strong comple-
mentation do not coincide, and implication is not definable from intersection
and complementation, neither the weak nor the strong one (as an illustration
see Example 3.3.1).

• The particular semantics of the universal constructor ∀R. and the existential
constructor ∃R. does not allow to define one in terms of the other by duality
(see Example 3.3.2 and Proposition 3.3.3).

The new hierarchy of FDL languages over the logic of a continuous t-norm be-
ginning with AL is represented in Figure 3, that shows the inclusions among
the languages obtained by successively adding different basic operators. Observe
that, due to the above defined semantics, in our framework the languages ALE
and IAL are not strictly contained in ALC.

EXAMPLE 3.3.1. Let ∗ = min, and take x = 0.2 and y = 0.7. Since x < y, we
have x⇒min y = 1. However we have:

max{¬min(x), y} = max{0, 0.7} = 0.7

max{N(x), y} = max{0.8, 0.7} = 0.8.

Observe that N(0.2) = 0.8 6= 0 = ¬min(0.2).



Chapter XVI: Fuzzy Description Logics 1119

This example shows that Gödel implication is not definable using the standard op-
erators of the Minimum t-norm. The following example shows that the duality of exis-
tential and value restrictions does not hold either.

EXAMPLE 3.3.2. Take a description signature with a unique atomic concept C and a
unique atomic role R. Take T = {0, 1

2 , 1}, and ∗ = min. Now consider a interpreta-
tion I, where ∆I = {a, b, c}, and R and C are interpreted as:

• RI(a, b) = RI(b, c) = 1; RI(a, a) = RI(a, c) = 1
2 ; and RI(x, y) = 0

otherwise.

• CI(b) = 1
2 ; and CI(x) = 1 otherwise.

Then, (∃R.C)I(a) = sup{min{RI(a, y), CI(y)} | y ∈ {a, b, c}} = 1
2 but

(∼∀R.∼C)I(a) = 1− inf{RI(a, y)⇒min (1− CI(y)) | y ∈ {a, b, c}}

= 1− inf{1

2
⇒min 0, 1⇒min

1

2
,

1

2
⇒min 0}

= 1− inf{0, 1

2
, 0} = 1.

PROPOSITION 3.3.3. In any language containing value and existential restrictions and
weak negation among its constructors, for each atomic role R and concept C, it holds
that ¬∃R.C = ∀R.¬C. However, in general, ¬∀R.C is not equal to ∃R.¬C.

Proof. Let a ∈ ∆I . We have:

(¬∃R.C)I(a) = (∃R.C → ⊥)I(a) = (∃R.C)I(a)⇒∗ 0

= sup{RI(a, y) ∗ CI(y) | y ∈ ∆I} ⇒∗ 0.

And now, by applying Proposition 2.1.2 and the properties of residuation, we have:

(¬∃R.C)I(a) = sup{RI(a, y) ∗ CI(y) | y ∈ ∆I} ⇒∗ 0

= inf{(RI(a, y) ∗ CI(y))⇒∗ 0 | y ∈ ∆I}

= inf{RI(a, y)⇒∗ (CI(y)⇒∗ 0) | b ∈ ∆I}

= inf{RI(a, y)⇒∗ (¬C)I(y) | y ∈ ∆I} = (∀R.¬C)I(a).

Take now the language considered in Example 3.3.2, interpreting R as the same fuzzy
relation and C as CI(a) = 1

2 , C
I(b) = 1, CI(c) = 0. Then,

(∃R.¬C)I(a) = sup{min{RI(a, y), (¬C)I(y)} | y ∈ {a, b, c}} =
1

2

but

(¬∀R.C)I(a) = ¬min inf{RI(a, y)⇒min C
I(y) | y ∈ {a, b, c}} = 1.
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Figure 3. Hierarchy of languages under t-norm based logics different from Łukasiewicz

Since in languages with complementation ∼, the strong union t is definable from
the strong intersection u and ∼, then the language ALU is strictly contained in the
language ALC = ALCU . Following our convention to denote languages, the top of
the hierarchy in Figure 3 (corresponding to ALC in the classical case) is called in our
framework IALCE . In papers on FDLs (specially the initial ones) it is common the use
of ALC for the top of the hierarchy which is acceptable in a broad sense, but if we want
to make explicit which are the constructors, then we need to be more accurate in the
cases having non-Łukasiewicz semantics.

An analogous hierarchy can be built from EL, the main difference being that we
need to change the role played by existential quantification for an analogous role for
value restriction (universal quantification). Indeed, using V for universal quantification,4

the language IELV (obtained by adding ⊥, universal quantification and implication to
EL) coincides with the language IALE of Figure 3. Notice that NEL is an intermediate
language between EL and IEL.

4 The ‘V’ in this case stands for ‘value restriction.’
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Finally, let us remark that some FDL languages have other constructors like modi-
fiers, crispificaction, or aggregation (for definitions of these additional constructors see
Section 5.1). In these cases, if we want to be accurate, we need to introduce some letter
for each one of these constructors, for exampleM, D or G respectively.

3.4 Knowledge bases

Like in classical DLs, knowledge bases are formed by two finite sets:

• A TBox (Terminological Box), which contains graded inclusion axioms stating
that certain concept is subsumed by another at least in a given degree.

• An ABox (Assertional Box), which contains graded assertion axioms stating that,
at least in a given degree, an individual is an instance of some concept, or a pair
of individuals is an instance of some role.

A knowledge base is a pair K = 〈T ,A〉, where the first component is a TBox and
the second one is an ABox. LetC,D be concepts,R be an atomic role, a, b be individual
names and r ∈ T .

A graded concept inclusion axiom is an expression of the form:

〈C v D, r〉.

A graded concept assertion axiom is an expression of the form:

〈C(a), r〉.

A graded role assertion axiom is an expression of the form:

〈R(a, b), r〉.

Fix a set of truth values T and a t-norm ∗ defined on T , and let I be an interpretation.

• We say that I satisfies the graded concept inclusion axiom 〈C v D, r〉 when

inf{CI(x)⇒∗ DI(x) | x ∈ ∆I} ≥ r.

• We say that I satisfies the graded concept assertion axiom 〈C(a), r〉 when

CI(aI) ≥ r.

• We say that I satisfies the graded concept inclusion axiom 〈R(a, b), r〉 when

RI(aI , bI) ≥ r.

• We say that a graded axiom is ∗-satisfiable if there exists an interpretation I which
satisfies that axiom.
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When I satisfies a graded axiom 〈α, r〉 we say that I is an ∗-model (or simply a model)
of 〈α, r〉, and we write I |=∗ 〈α, r〉 (or simply I |= 〈α, r〉 when the t-norm is clear from
the context). We write I 6|=∗ 〈α, r〉 otherwise. We will say that an interpretation I is a
model of a knowledge base K if I is a model of all the axioms in K.

For instance, in the setting of Example 3.2.2, the axioms:

〈LovesCinema(marie),
3

4
〉, 〈LovesReading(jacques),

1

4
〉, 〈isFriendOf(ivette,marie),

1

4
〉

are possible graded assertion axioms. Observe that for the interpretation I given in such
example, we have:

I 6|= 〈LovesCinema(marie),
3

4
〉 and I |= 〈LovesReading(jacques),

1

4
〉.

We also have that I |= 〈isFriendOf(ivette,marie), 1
4 〉. Therefore, I does not satisfy an

ABox containing all these three graded assertion axioms. A possible graded inclusion
axiom is 〈LovesReading v LovesCinema, 1

4 〉. Observe that the interpretation I satisfies
it since:

inf{LovesReadingI(x)⇒∗ LovesCinemaI(x) | x ∈ ∆I} =
1

4
.

3.5 Reasoning tasks

Reasoning in FDLs involves the same kind of tasks as in the classical case but their
results depend on the chosen truth values set T and t-norm ∗. We consider graded
notions of reasoning tasks. Given a knowledge base, K, concepts C and D, and a truth
value r ∈ T , we define:

1. K is ∗-consistent if all the axioms in K are ∗-satisfiable, i.e., if there is a model
of K.

2. C is ∗-satisfiable to a degree greater than or equal to r with respect to K if
there exists a model I of K, and an element u ∈ ∆I such that CI(u) ≥ r.
In particular, C is positively ∗-satisfiable with respect to K if it is ∗-satisfiable to
a degree strictly greater than 0 with respect to K.

3. C is ∗-subsumed by D to a degree greater than or equal to r with respect to K if,
for every model I of K, inf{CI(x)⇒∗ DI(x) | x ∈ ∆I} ≥ r.5

4. An axiom is ∗-entailed by K if it is ∗-satisfied in every model of K.

5. The Best Entailment Degree (BED) of τ ∈ {C(a), R(a, b), C v D} with respect
to K is the maximum degree r such that 〈τ, r〉 is ∗-entailed by K.

6. The Best Satisfiability Degree (BSD) of C with respect to K is the maximum
degree r such that C is ∗-satisfiable to a degree greater than or equal to r.

In what follows, we will asume that r > 0 for ∗-satisfiability (consistency, subsumption)
since otherwise the result of the reasoning test is trivially true.

5 Observe that the logical notion of validity applied to a concept C can be expressed in FDL as the fact that
C ∗-subsumes > to degree 1.
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4 Fuzzy Description Logics from the point of view of MFL

In [80] (see also [82]) Hájek proposes to define FDLs from a logical point of view
in an analogous way as DLs can be defined from classical first order logic. It is well
known that classical ALC can be interpreted as a fragment of first order classical logic
(see [111]). In a similar way, the fuzzy description logic IALCE can be interpreted as
a fragment of certain fuzzy first order logics. The fuzzy logics used in this interpreta-
tion are semantically defined as multi-valued logics that are complete with respect to
interpretations on the algebraic structure defined on the chain either [0, 1] or Cn by a
divisible t-norm and its residuum and the involutive negation function N . It is worth
to notice that the way we define these logical systems is different from the axiomatic
approach mainly followed in the overall Handbook. Thus, we introduce them in next
sections. We define the logics (propositional and first-order) where the description logic
IALCE is interpreted. In Section 4.3 we introduce the notion of instance of a descrip-
tion as a first-order open formula associated with it and we prove that the semantical
interpretation of a concept coincides with the semantical interpretation of its instance in
first-order logic.

4.1 A logical framework for FDLs: The propositional logics

Let us consider the language L inductively built from a countable set of proposi-
tional variables Φ = {pj | j ∈ J} using the connectives ∨, ∧, Y, &,→, ¬, ∼, and the
constants 0̄ and and 1̄. Note that we have considered all possible connectives; in fact &,
→, ∼, and 0̄ would be enough since the others are definable from them.

A propositional evaluation for the L-formulas over the canonical chain T∗ is a map
e : Φ→ T which is extended to all formulas by setting:

e(ϕ ∧ ψ) = min{e(ϕ), e(ψ)} e(¬ϕ) = e(ϕ)→∗ 0

e(ϕ ∨ ψ) = max{e(ϕ), e(ψ)} e(∼ϕ) = 1− e(ϕ)

e(ϕ& ψ) = e(ϕ) ∗ e(ψ) e(0̄) = 0

e(ϕ Y ψ) = e(ϕ)⊕ e(ψ) e(1̄) = 1

e(ϕ→ ψ) = e(ϕ)→∗ e(ψ).

Given the propositional language L, we define the logic Λ∗ semantically as the con-
sequence relation associated with evaluations on the canonical chain T∗ by putting, for
all sets Γ ∪ {ϕ} of L-formulas,

Γ |=Λ∗ ϕ iff for every evaluation e over T∗, e(γ) = 1 for all γ ∈ Γ implies e(ϕ) = 1.

REMARK 4.1.1. The first logic used in FDLs was the so-called Zadeh logic, seman-
tically defined on the chain 〈[0, 1],max,min,→, N, 0, 1〉, where → is the so-called
S-implication defined as x → y = max(N(x), y), and N is the standard negation
N(x) = 1−x. This logical system is not residuated and not considered in MFL (see the
historical remarks for a discussion about the reasons for such decision). Nevertheless
some earlier results on FDLs based on Zadeh logic are presented in this chapter since
they are interesting for further results in the FDLs based on MFL.
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We could introduce some other connectives whose semantics is a function of the
corresponding arity on the canonical chain. That is the case of the Monteiro–Baaz ∆,
that corresponds to crispification and whose semantics is defined by the function δ, or
hedges, which interpret linguistic modifiers and whose semantics are the unary functions
called truth stressers or truth depressers. Another expansions can be obtained by adding
aggregation operators, which are semantically defined as aggregation functions of the
corresponding arity.

4.2 A logical framework for FDLs: The predicate logics

From the propositional logics defined above we can define their first order versions.
As defined in Chapter I of this Handbook, a predicate language or first order signature is
a triple Σ = 〈P,F ,ar〉, whereP = {P,Q, . . .} is a non empty set of predicate symbols,
F = {f, g, . . .} is a set (disjoint from P) of functional symbols, and ar is a function
assigning to each predicate and function symbol a natural number called the arity of the
symbol. The functional symbols of arity 0 are called object constants. The predicate
symbols of arity 0 are called truth constants. We will consider that the set of nullary
predicates is parametrized by a subalgebra S of T∗. Indeed this set will be denoted as
{r̄ | r ∈ S}.

Let V = {x, y, . . . } be a countable set of objects whose elements are called object
variables. The set of Σ-terms is the least set X such that V ⊆ X , and if f is a k-ary
functional symbol and t1, . . . , tk ∈ X , then f(t1, . . . , tk) ∈ X . An atomic Σ-formula
is an expression of the form P (t1, . . . , tk), where P is a k-ary predicate symbol and
t1, . . . , tk are Σ-terms. Atomic Σ-formulas and nullary logical connectives of L are
called atomic 〈L,Σ〉-formulas. The set of 〈L,Σ〉-formulas is the least set such that:

• X contains the atomic 〈L,Σ〉-formulas,

• X is closed under the logical connectives of L, and

• if α ∈ X and x is an object variable, then (∀x)α, (∃x)α ∈ X .

An 〈L,Σ〉-theory is a set of 〈L,Σ〉-formulas. For the sake of simplicity, since the
propositional language is fixed, we will speak about Σ-formulas and Σ-theories. An
occurrence of a variable x in a formula ϕ is bound if it is in the scope of some quantifier
over x; otherwise it is called a free occurrence. A variable is free in a formula ϕ if it has
a free occurrence in ϕ. A term is closed if it contains no variables. A formula is closed
if it has no free variables; closed formulas are also called sentences.

A T∗-structure for the predicate language Σ is a tuple

M = 〈M, {PM | P ∈ P}, {fM | f ∈ F} 〉, where

1) M is a non-empty set, called the universe of the structure.

2) For each k-ary predicate symbol P ∈ P , with k ≥ 1, PM is a fuzzy k-ary relation
defined on M , that is, a function PM : Mk → T , and an element r ∈ S ⊆ T if P
is the truth constant r̄.

3) For each k-ary functional symbol f ∈ F , with k ≥ 1, fM is a function
fM : Mk →M , and an element of M if f is an object constant.
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Given a T∗-structure M, a map v assigning an element v(x) ∈M to each variable x
is called an assignment of the variables in M (an M-assignment). Given M and v, the
value of a term t in M, denoted by ‖t‖M,v , is defined as v(x) when t is a variable x,
and as aM when t is a constant a, and as fM(‖t1‖M,v, . . . , ‖tk‖M,v) when t is of the
form f(t1, . . . , tk). In order to emphasize that a formula α has its free variables in
{x1, . . . , xn}, we will denote it by α(x1, . . . , xn). Let v be an M-assignation such that
v(x1) = b1, . . . , v(xn) = bn. The truth value in M over the canonical chain T∗ of
the predicate formula ϕ(x1, . . . , xn) for the assignation v, denoted by ‖ϕ‖∗M,v or by
‖ϕ(b1, . . . , bn)‖∗M, is a value in the carrier T of the canonical chain defined inductively
as follows:

PM(‖t1‖M,v, . . . , ‖tk‖M,v) if ϕ = P (t1, . . . , tk)

r if ϕ = r̄

1− ‖α‖∗M,v if ϕ = ∼α
max{‖α‖∗M,v, ‖β‖

∗
M,v} if ϕ = α ∨ β

min{‖α‖∗M,v, ‖β‖
∗
M,v} if ϕ = α ∧ β

‖α‖∗M,v ∗ ‖β‖
∗
M,v if ϕ = α&β

‖α‖∗M,v ⇒∗ ‖β‖
∗
M,v if ϕ = α→ β

inf{‖α(a, b1, . . . , bn)‖∗M | a ∈M} if ϕ = (∀x)α(x, x1, . . . , xn)

sup{‖α(a, b1, . . . , bn)‖∗M | a ∈M} if ϕ = (∃x)α(x, x1, . . . , xn).

We will write 〈T∗,M〉 |= ϕ if ‖ϕ‖∗M,v = 1 for every M-assignation v. When T∗
is known from the context, then we simply write M |= ϕ. If 〈T∗,M〉 |= ϕ for each
T∗-structure M, then we say that ϕ is a T∗-tautology and we write T∗ |= ϕ. A T∗-
structure M is a T∗-model, or simply a model of a first order theory, of a theory Γ if
〈T∗,M〉 |= ϕ for each ϕ ∈ Γ. If Γ = {ϕ}, we say that M is a model of ϕ. We will say
that a formula ϕ is 1-satisfiable if there is a T∗-model of ϕ. We will say that a formula
ϕ is s-satisfiable if there exists a T∗-structure M, a value s ∈ T , and an assignation v
such that ‖ϕ‖∗M,v = s.

We define the logic Λ∗∀ in the following way: Given a set Γ ∪ {ϕ} of 〈L,Σ〉-
formulas, we say that: ϕ is a consequence of the theory Γ in Λ∗∀, and we write Γ |=∗ ϕ
whenever every T∗-model of Γ is also a T∗-model of ϕ.

Motivated by his studies on fuzzy description logics, Hájek introduced in [80] the
notion of witnessed models. In what follows we present this notion because it is used in
further sections of this chapter.

An interpretation M is witnessed if, for every formula ϕ(x, y1, . . . , yj) and any
choice w1, . . . , wj ∈M of values of y1, . . . , yj , there exists w ∈M such that

‖(∀x)ϕ(x,w1, . . . , wj)‖∗M = ‖ϕ(w,w1, . . . , wj)‖∗M,

and there exists w′ ∈M such that

‖(∃x)ϕ(x,w1, . . . , wj)‖∗M = ‖ϕ(w′, w1, . . . , wj)‖
∗
M.
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REMARK 4.2.1. For people acquainted with MFL it is interesting to notice that the
logic of a t-norm as defined in MFL does not coincide with the logic Λ∗. The logic of a
t-norm ∗ defined in the MFL setting (see Section 5 of Chapter V of this Handbook) is the
fuzzy logic whose associated variety is the one generated by [0, 1]∗ while the logic Λ∗

is the fuzzy logic semantically defined by evaluations on [0, 1]∗. These two logics only
coincide when the logic of a t-norm ∗ is standard complete. This is the case for both
Gödel logic (the logic of minimum t-norm) and the logic of a finite divisible t-norm.
The fact that, in general, Λ∗ does not coincide with the logic of a continuous t-norm
is the main motivation to define the logic Λ∗ in this chapter. Notice also that the logic
of a continuous t-norm (over [0, 1] or finite) is finitely axiomatizable even for its first-
order version. This is not the case in general for logics Λ∗ and Λ∗∀. Indeed, the logic
Λ∗∀ when ∗ is the Łukasiewicz t-norm is not recursively enumerable and when ∗ is the
product t-norm is even not arithmetical (see Section 3 of Chapter XI of this Handbook).

4.3 Basic fuzzy description logics as fragments of fuzzy first-order logics

In order to interpret our fuzzy description logics as fragments of a predicate logic
Λ∗∀, we associate any description signature:

D = 〈NI , NA, NR〉,

to the first-order signature ΣD = 〈CD,PD〉, being CD = NI and PD = NA ∪ NR, in
such a way that we interpret each individual name in NI as an object constant, each
atomic concept in NA as a unary predicate symbol, and each atomic role in NR as a
binary predicate symbol.

Now we introduce the notion of instance of a description as a first-order open for-
mula associated with it. Then, we will prove that the semantical interpretation of a
concept coincides with the semantical interpretation of its instance in first-order logic.

DEFINITION 4.3.1 (Instance of a description). Let D be a description signature. To
each concept we assign a first order formula, its instance, in the following way: Given a
term t and a concept D, the instance D(t) of D is defined as follows:

A(t) if D is an atomic concept A
C1(t)&C2(t) if D = C1 u C2

C1(t) Y C2(t) if D = C1 t C2

C1(t)→ C2(t) if D = C1 → C2

¬C(t) if D = ¬C
∼C(t) if D = ∼C

C1(t) ∧ C2(t) if D = C1 ∧ C2

C1(t) ∨ C2(t) if D = C1 ∨ C2

0̄ if D = ⊥
1̄ if D = >

(∀y)(R(t, y)→ C(y)) if D = ∀R.C
(∃y)(R(t, y)&C(y)) if D = ∃R.C.

Finally, an instance of an atomic role R is any atomic first order formula R(t1, t2),
where t1 and t2 are terms.
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The next proposition states the relationship between interpretations of concepts in
a description logic and interpretations of their instances in the corresponding first-order
logic.

PROPOSITION 4.3.2. Let D = 〈NI , NA, NR〉 be a description signature, and ∗ be a
continuous or divisible finite t-norm.

a) Given an interpretation I = 〈∆I , ·I〉 for the signature D, extended to complex
concepts by using ∗, we define the T∗-interpretation:

MI = 〈∆I , {AI | A ∈ NA} ∪ {RI | R ∈ NR}, {aI | a ∈ NI}〉.

Then, for every x ∈ ∆I ,
||C(x)||∗MI = CI(x).

b) Given a T∗-interpretation for the signature D,

M = 〈M, {AM | A ∈ NA} ∪ {RM | R ∈ NR}, {aM | a ∈ NI}〉,

we define the interpretation: IM = 〈∆IM , ·IM〉, where ∆IM = M , AIM = AM,
RIM = RM, and aIM = aM. Then, for every w ∈M ,

CIM(w) = ||C(w)||∗M.

c) For every interpretation I for the signature D extended to complex concepts by
using ∗, the following holds:

IMI = I.

d) For every T∗-interpretation M for the signature D, the following holds:

MIM = M.

Proof. Items a) and b) are proved by an easy induction. Items c) and d) are trivial.

Therefore, the notion of instance allows us to understand description languages as
fragments of predicate fuzzy logics. This means that we have a translation of our de-
scription languages into first-order fuzzy logic.6 This translation can be extended to
satisfiability of axioms of a knowledge base as stated in the following proposition.

PROPOSITION 4.3.3. Given an interpretation I = 〈∆I , ·I〉 for the signature D and
its corresponding T∗-interpretation MI , then

a) I |=∗ 〈C v D, r〉 if and only if 〈T∗,MI〉 |=∗ r̄ → (∀x)(C(x)→ D(x)).

b) I |=∗ 〈C(a), r〉 if and only if 〈T∗,MI〉 |=∗ r̄ → C(a).

c) I |=∗ 〈R(a, b), r〉 if and only if 〈T∗,MI〉 |=∗ r̄ → R(a, b).
6 In [54] direct translations of the considered description languages to the corresponding first order logics

are given in a similar way as it is done in the classical case (see [30]).
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Proof. We prove only a). The other items are proved analogously.

I |=∗ 〈C v D, r〉 ⇔ inf{CI(x)⇒∗ DI(x) | x ∈ ∆I} ≥ r

⇔ inf{r ⇒∗ (CI(x)⇒∗ DI(x)) | x ∈MI} = 1

⇔ ‖r̄ → (∀x)(C(x)→ D(x))‖∗MI = 1

⇔ 〈T∗,MI〉 |=∗ r̄ → (∀x)(C(x)→ D(x)).

Since graded axioms are interpreted as first order sentences, we have that a knowl-
edge base is interpreted as a first-order theory. Accordingly, we say that an interpre-
tation M is a model of a knowledge base K if it satisfies all the first-order sentences
corresponding to axioms of K. As an easy consequence of the previous proposition we
have that reasoning tasks can be fairly translated to first-order problems with respect to
a theory.

Observe that the first order formulas corresponding to axioms of knowledge bases
have the form of the so-called evaluated formulas in the setting of Mathematical Fuzzy
Logic. Indeed, the truth constants appear only in the antecedent of implications in the
formulas corresponding to the axioms.

Finally, it is interesting to remark the relationship between description and modal
logics. It is well known that there exists a translation between the classical description
logicALC and the multi-modal logic Km (see [112]). It is worth to say that there exists
a similar translation between the FDL language IALCE and a multi-modal many-valued
logic (see [54, 57] for an extensive account on this subject).

5 Fuzzy Description Logic languages with higher expressivity

In Section 3.3 we have defined several FDL languages, the most expressive of them
being IALCE . In classical DLs it is usual to consider even more expressive languages.
In fact, the standard language for (crisp) ontology representation, OWL 2 [64], is based
on the DL SROIQ(D), which is an extension ofALC (recall that in the classical case,
IALCE and ALC are equivalent). The purpose of this section is to discuss similar
extensions of IALCE in the fuzzy case.

FDLs described so far consider well-known logical connectives. However, the ex-
tension of more expressive DLs to the fuzzy case is not always unique. For instance,
there could be different ways to extend the notion of cardinality in fuzzy logic. In this
section, we will focus on the most common definitions in the FDL literature which often
correspond to the most direct extensions [132].

The section is divided into five parts. The first four parts describe new concept
constructors, role constructors, datatypes, and axioms, respectively. The fifth part sum-
marizes some important expressive DL languages.

5.1 Fuzzy concept constructors

In this subsection we include fuzzy versions of the concept constructors correspon-
ding to the DL SROIQ(D) together with some fuzzy concept constructors that do not
have an equivalent in the classical case. More examples of new fuzzy concepts that do
not have a crisp counterpart can be found in [23].



Chapter XVI: Fuzzy Description Logics 1129

5.1.1 Nominals
The first extension that we will consider are nominals, which make it possible to

give concept definitions by extension, using an enumeration of their instances. This
constructor is denoted with the letterO. Let a be an individual name and let r ∈ T . The
syntax of concepts is extended with a new case:

C  {r/a} (nominal)

and the semantics is the following:

{r/a}I(x) =

{
r if x = aI

0 otherwise.

The idea is that if x is interpreted as the same element of the domain than a, then the
concept is evaluated as r. Otherwise, the concept is evaluated to 0. Although nominals
can take an arbitrary truth degree r, in the literature they are usually restricted to the case
where r = 1.

For example, the {1/germany} t {1/austria} t {0.67/switzerland} denotes the
fuzzy concept of German-speaking country, to which germany and austria belong with
degree 1 and switzerland, with 4 official languages, belongs with degree 0.67.

5.1.2 Unqualified cardinality restrictions
Cardinality restrictions (also called number restrictions) describe the number of

R-successors that an element of the domain can have, for a given role R. Using these
constructors, we can refer to those elements that have at most or at least a given number
of successors through the roleR. Logics allowing these concept constructors are denoted
with the letter N .

To allow for unqualified cardinality restrictions, the syntax of the language is ex-
tended to include the constructors

C  ≥ n R | (minimal cardinality restriction)
≤ n R (maximal cardinality restriction),

where R ∈ NR and n ∈ N. These restrictions are called unqualified because we do not
impose any other restriction on the objects of the relation. Following Example 3.1.1,
≥ 2 isFriendOf denotes the fuzzy set of people having at least 2 friends.

It is worth to note that the semantics of this concept constructor is particularly debat-
able, since there exist a lot of definitions of cardinality of fuzzy sets. We will consider
here the following translations to first order logic (although alternative definitions are
possible):

(≥ n R) 7→ (∃y1) . . . (∃yn)

R(x, y1) ∧ · · · ∧R(x, yn) ∧ ∧
1≤i<j≤n

yi 6= yj



(≤ n R) 7→ (∀y1) . . . (∀yn+1)

R(x, y1) ∧ · · · ∧R(x, yn+1)→
∨

1≤j<k≤n+1

yj = yk

 .
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In fact, it is more common in the FDLs literature to interpret some of the conjunc-
tions as strong conjunctions and not as weak ones. Recall that we are assuming that
individual equality is a yes-no question, so the expressions yi 6= yj and yj = yk are
evaluated in {0, 1}.

It is also possible to define exact cardinality restrictions (= n R) combining a
maximal and a minimal cardinality restriction: (≥ nR)u(≤ nR). Moreover, functional
roles can also be expressed in any logic that allows for unqualified number restrictions.
Indeed, the axiom 〈> v (≤ 1 R), 1〉 restricts the role R to be interpreted as a functional
role (see Section 5.4.2 for a definition of functional roles).

5.1.3 Qualified cardinality restrictions
Qualified cardinality restrictions generalized the restrictions from Section 5.1.2 to

consider only those R-successors that are elements of a specific concept C. The use
of these constructors is denoted with the letter Q. Languages with qualified number
restrictions allow in their syntax the constructors

C  ≥ n R.C | (minimal qualified cardinality restriction)
≤ n R.C (maximal qualified cardinality restriction).

whereR ∈ NR, n ∈ N, andC is a concept from this language. For example, the concept
≥ 2 R.Blond denotes the fuzzy set of people having at least 2 blond friends.

As in the previous case, an exact qualified cardinality restriction = n R.C can be
defined as (≥ n R.C) u (≤ n R.C), and a possible semantics is obtained by translating
these concepts to the following first order formulas:

(≥ nR.C) 7→(∃y1) . . . (∃yn)(R(x, y1) ∧ C(y1) ∧ · · · ∧R(x, yn) ∧ C(yn)∧∧
1≤i<j≤n

yi 6= yj)

(≤ nR.C) 7→(∀y1) . . . (∀yn+1)(R(x, y1) ∧ C(y1) ∧ · · · ∧R(x, yn+1) ∧ C(yn+1)→∨
1≤j<k≤n+1

yj = yk).

Clearly, unqualified number restrictions are just special cases of qualified number
restrictions; for instance, the concept (≤ R) is equivalent to (≤ R.>).

Whenever we consider number restrictions, it is useful to allow for additional ax-
ioms for stating explicitly whether two individuals are equivalent (i.e., interpreted as the
same element of the domain), or different. These axioms are introduced in Section 5.4.6.

5.1.4 Local reflexivity concepts
Local reflexivity concepts allow expressing that an individual is related to itself via

some role R, without implying that the role is globally reflexive. To have them in the
language, the syntax of concepts is extended as follows:

C  ∃R.Self (local reflexivity concept)

and the semantics is (∃R.Self)I(x) = RI(x, x). For example, ∃likes.Self denotes
narcisists, i.e., people who like themselves.
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5.1.5 Fuzzy modified concepts
In fuzzy logic it is usually desirable to consider language hedges (or fuzzy mod-

ifiers) interpreting linguistic modifiers. Given a hedge h : T → T , it is possible to
apply it to change the membership of a fuzzy concept, thus obtaining a fuzzy modified
concept [128]. Given an hedge h, the syntax of concepts is extended as follows:

C  h(C) (fuzzy modified concept)

and the semantics is (h(C))I(x) = h(CI(x)). For example, we can apply the hedge
very to the concept Tall to define very(Tall), denoting the fuzzy set of very tall people.

These concepts do not have an equivalent in classical DLs, since in classical logics
no grading is possible. A particular case of fuzzy modifier is the constructor ∆. Observe
that the semantics is given by (∆(C))I(x) = δ(CI(x)) (see Section 2.4).

5.1.6 Aggregated concepts
Fuzzy aggregation operators @: Tn → T are used to aggregate n values into a

single one. In particular, they could be used to aggregate the evaluation of n fuzzy
concepts. The application of an aggregation operator to several concepts produce an
aggregated concept [77]. Examples of these aggregation operators are the weighted
sum, the Ordered Weighted Averaging (OWA) operator or more general fuzzy integrals.
Given an aggregation operator @, the syntax of concepts is extended as follows:

C1, . . . , Cn  @(C1, . . . , Cn) (aggregated concept)

and the semantics is (@(C1, . . . , Cn))I(x) = @(CI1 (x), . . . , CIn (x)). This concept
does not have an equivalent in classical DLs.

For example, given the fuzzy concepts Tall and Blonde, we can define the fuzzy
concept WS[0.67,0.33](Tall,Blonde) which denotes the fuzzy set of tall blonde people,
where the degree of being tall has double the importance than the degree of being blonde.

5.2 Fuzzy role constructors

In this subsection we include fuzzy versions of the role constructors in the DL
SROIQ(D) together with some fuzzy roles without an equivalent in the classical case.

5.2.1 Inverse roles
The inverse relations of the roles in the language are called inverse roles. This

constructor is denoted by appending I to the language name. Up to now, we assumed
that every role is atomic, that is, a member of NR. To support inverse roles, the syntax
need to be extended to allow roles of the form

R  R− (inverse role),

where R is an atomic role. For example, the roles hasParent and hasChild are in-
verse. To interpret these complex roles, we extend the interpretation function to define
(R−)I(x, y) = RI(y, x). Note that (R−)− is equivalent to R, and thus we can restrict
without loss of generality to inverse of atomic roles.
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5.2.2 Universal role
The universal role is similar to the top concept. It is denoted with the letter U and

is interpreted as UI(x, y) = 1 for all elements x, y in the domain. Its use is often
restricted, depending on the particular DL language (see [88] for details).

5.2.3 Fuzzy modified roles
Similarly to the case of fuzzy modified concepts, given an hedge h, the syntax of

roles can be extended as follows:

R  h(R) (fuzzy modified role).

The semantics is (h(R))I(x, y) = h(RI(x, y)). For example, we can apply the hedge
very to the role isFriendOf to define very(isFriendOf), denoting the fuzzy relation of
very good friends. This role constructor does not have an equivalent in classical DLs.

5.3 Fuzzy datatypes

Up to now, the object of every relation is an individual of the world. The idea behind
datatypes, also known as concrete domains, is to allow individuals having relations (e.g.
“to have age”) with certain kinds of data (e.g. the number “47”) that do not belong
to the represented domain, rather to a different domain that is already structured and
whose structure is already known to the machine (for this reason it is “concrete”). These
kinds of individuals, called data values can be numerical or textual, among many other
possibilities. Clearly data values could be introduced as usual individuals with their
attributes, but since their structure is already known for the machine (e.g. the machine
already knows that 3 < 5), in this way there is no need of introducing an ontology to fix
the structure of datatypes. Possible datatypes include numbers (real, rational, integer,
non-negative, etc.), strings, booleans, dates, times, or XML literals.

In the fuzzy case, in addition to relating an individual with some data value dv, it
is possible to relate it with a fuzzy membership function d. Typical examples of fuzzy
datatypes, when the datatype domain is a dense total order, are the trapezoidal, trian-
gular, left-shoulder or right-shoulder membership functions. For example, the datatype
hasAgeAround(n) can be defined using a triangular membership function with param-
eters (max{0, n − 3}, n, n + 3). This constructor is denoted by appending (D) to the
name of the language, e.g. ALC(D).

Datatypes can be used in complex concepts that use a role, namely in existential
quantification, value restriction and, if allowed in the language, qualified cardinality
restrictions. Hence, the syntax of the concept is extended as follows:

C  ∀R.d | (data value restriction)
∃R.d | (data existential quantification)

≥ n R.d | (minimal qualified data cardinality restriction)
≤ n R.d (maximal qualified data cardinality restriction).

The semantics are similar to those of the respective cases ∀R.C, ∃R.C, ≥ n R.C and
≤ n R.C but replacing the interpretation (instantiation) of C on an element y ∈M with
the interpretation (instantiation) of d on a data value dv.
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5.4 New axioms

We will consider in this subsection fuzzy versions of the axioms in the description
logic SROIQ(D).

5.4.1 Transitive roles
The first extension regarding axioms that we are going to explore is the introduction

of transitive roles in the language. For example, the role isSimilarTo can be considered
as transitive. This element can be denoted by adding R+ to the language name. For
example, the extension of ALC with transitive roles is denoted as ALCR+. In classical
DLs, ALCR+ is usually shortened to S due to its equivalence with the modal logic S4.
In FDLs, we prefer to use S to denote the extension of IALCE with transitive roles.

In order to have transitive roles in the language, one must extend the syntax of the
language to have another type of axioms of the form trans(R), where R is a role. Its
corresponding first order sentence is

(∀x)(∀y)(∀z)(R(x, z) & R(z, y)→ R(x, y)).

Since the first order sentence should take value 1, an interpretation I satisfies an
axiom trans(R) if and only if it verifies that for every x, y ∈M,

RI(x, y) ≥ sup
z∈M

RI(x, z) ∗RI(z, y).

5.4.2 Functional roles
In classical DLs, a roleR is called functional if any object of the domain can have at

most one successor via the relationR. The use of this constructor in a DL is denoted with
the letter F . In the fuzzy case, we can assert that the concrete role livesInMainResidence
is functional, because everybody has a unique main residence place, but this relation is
graded to differentiate people who live always in their main residence from people who
spend a lot of time out of their home.

Syntactically, functional roles are just a special kind of role. When defining an FDL
that allows for functional roles, we simply assume that the set NR of role names is par-
titioned into two sets NFR and NGR of functional roles and general roles, respectively.
Semantically, interpretations are required to treat the roles R ∈ NFR as fuzzy partial
functions. While there are several possible ways in which partial functionality can be
defined in the fuzzy setting, the most usual in the FDL literature is that an interpretation
must satisfy the first order formula

(∀y1)(∀y2)
(
(R(x, y1) ∧R(x, y2))→ (y1 = y2)

)
,

for all functional roles R ∈ NFR. Recall that y1 = y2 is evaluated in {0, 1}.
5.4.3 Role inclusions

It is also natural to consider role inclusions (or role hierarchies) as part of the lan-
guage in a similar way as it contains concept inclusions. For instance, the role hasSon
is more specific than the role hasChild. This is denoted by appending H (as the initial
letter of hierarchies) to the language name. In the fuzzy case, these inclusions can be
graded, of course.
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Let R,S be two roles and let r ∈ T . A graded role inclusion axiom is an expression
of one of the form

〈R v S, r〉,

whose corresponding first order sentence is

r̄ → (∀x)(∀y)(R(x, y)→ S(x, y)).

5.4.4 More axioms involving roles
Traditionally, DLs have paid much more attention to the expressivity of concepts

than to that of roles. Recently, several new axioms involving roles (and 5 other types of
axioms) have been proposed [88]. These new axioms can be extended to the fuzzy case.
Let R,S be roles and a, b be individuals. The syntax of axioms is extended as follows:

〈¬R(a, b), r〉 | (weakly complemented role assertion)
〈∼R(a, b), r〉 | (strongly complemented role assertion)

〈R1 . . . Rm v S, r〉 | (role inclusion axiom)
dis(R,S) | (disjoint roles)

ref(R) (reflexive role).

Let us consider some examples. The assertion 〈¬isFriendOf(alice, bob), 0.5〉 states that
alice and bob cannot be considered friends with degree greater or equal than 0.5. The
axiom 〈hasMotherhasSister v hasAunt, 1〉 states the sister of one’s mother is his/her
aunt. The roles hasMother and hasFather are disjoint. Finally, the fuzzy role isCloseTo
is reflexive.

The corresponding first order sentences are the following ones:

〈¬R(a, b), r〉  r → ¬R(a, b)

〈∼R(a, b), r〉  r → ∼R(a, b)

〈R1 . . . Rm v S, r〉  r → (∀x1) · · · (∀xm+1)
(
(∃x2) · · · (∃xm)

(R1(x1, x2) & · · ·&Rm(xm, xm+1))→ S(x1, xm+1)
)

dis(R,S)  (∀x)(∀y)(R(x, y) ∧ S(x, y)→ 0)

ref(R)  1̄→ (∀x)R(x, x).

It is worth noticing that role inclusion axioms are strictly more expressive than role
hierarchies. Moreover, irreflexive, symmetric, asymmetric and transitive roles can be
simulated using the constructors and axioms introduced in this section. Let R be a role,
then R is

irreflexive if 〈> v ¬∃R.Self, 1〉
symmetric if 〈R v R−, 1〉

asymmetric if dis(R,R−)

transitive if 〈RR v R, 1〉.

There are some additional syntactic restrictions to guarantee decidability. The interested
reader is referred to [26, 132].
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5.4.5 Crispification axioms
In some applications, it is important to restrict some concepts and roles to be crisp;

that is, interpreted in such a way that all elements belong to them to a degree in {0, 1}.
We can achieve this by including axioms of the form crisp(C) and crisp(R) where C
and R are (possibly complex) concepts and roles. An interpretation I satisfies such
axioms if (crisp(C))I(x) ∈ {0, 1} holds for all x, and (crisp(R))I(x, y) ∈ {0, 1}
holds for all x, y, respectively.

Notice that in FDL languages containing ∆ these axioms can be formulated as
∆(C) = C and ∆(R) = R respectively.

5.4.6 Individual restrictions
It is sometimes convenient to express that two individual names correspond to the

same element of the domain, or that they must be interpreted as different elements. This
can be achieved by allowing individual restrictions of the form a = b and a 6= b, where
a, b are two individual names. The semantics of these axioms is the obvious one: the
interpretation I satisfies a = b if aI = bI ; it satisfies a 6= b if aI 6= bI .

5.5 Some important languages

To conclude this section, we will highlight some important languages whose classi-
cal versions are important from a practical point of view.

• The classical language SHOIN (D) is the logical counterpart behind the Web
Ontology Language (OWL). SHOIN (D) is the extension of ALC with transi-
tive roles, role hierarchies, nominals, inverse roles, cardinality restrictions, and
datatypes. OWL was the standard ontology language until December 2012, when
it was replaced by its successor OWL 2.

• Crisp SROIQ(D) is equivalent to the language OWL 2, the current standard
language for (crisp) ontology representation. SROIQ(D) is the extension of
SHOIN (D) with local reflexivity concepts, qualified cardinality restrictions, the
universal role, complemented role assertions, role inclusion axioms, disjoint roles
and reflexive roles.

The standardisation of OWL and OWL 2 has given rise to a massive increase of the
development of crisp ontologies and tools,7 such as reasoners, editors or APIs. In the
fuzzy case, no standard language has been defined yet.

6 Reasoning algorithms

We start this section by discussing the equivalences between different reasoning
tasks. This way, it is sufficient to provide a reasoning algorithm for only one of them.
Then we provide an overview of the most important existing reasoning algorithms.

6.1 Equivalences between reasoning tasks in finitely-valued FDLs

In classical DLs, it is possible to show the inter-definability of the different reason-
ing tasks. In FDLs, this is not always the case, as depending on the fuzzy operators

7 See http://wiki.opensemanticframework.org/index.php/Ontology_Tools for examples.
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some of the reductions may not hold. In this subsection, we will restrict our attention to
FDLs with the finitely-valued property and show the reduction of every reasoning task to
∗-consistency. To achieve this, we will assume that the language contains ∗, ∼, and→.

Assuming a finite number of degrees makes it possible to reduce some tasks to a
binary search over the degrees and consider the predecessor of every degree of truth.
Furthermore, infinitely-valued DLs with GCIs are undecidable if ∗ is different from
Gödel t-norm, as we will see in Section 7.

For every r ∈ T, r > 0, we use pred(r) to denote its predecessor, and then we
define r− = pred(r). This way, 〈∼C(a), r−〉 requires that the value of C(a) is strictly
smaller than r. Now, the following result can easily be shown:

THEOREM 6.1.1. Let K be a knowledge base and r 6= 0. In IALCE , the following
equivalences between reasoning tasks hold:

• C is ∗-satisfiable to a degree greater than or equal to r with respect to K if and
only if K ∪ {〈C(a), r〉} is ∗-consistent, where a is an individual not appearing
in K.

• C is ∗-subsumed by D to a degree greater than or equal to r with respect to K
if and only if K ∪ {〈(∼(C → D))(a), r−〉} is not ∗-consistent, where a is an
individual not appearing in K.

• K entails:

a) A graded concept assertion 〈C(a), r〉 if and only if K ∪ {〈(∼C)(a), r−〉}
is not ∗-consistent.

b) A graded role assertion 〈R(a, b), r〉 if and only if

K ∪ {〈(∼(∃R.B))(a), r−〉, 〈B(b), 1〉}

is not ∗-consistent, where B is an atomic concept not appearing in K.

c) A graded concept inclusion 〈C v D, r〉 if and only if

K ∪ {〈(∼(C → D))(a), r−〉}

is not ∗-consistent, where a is an individual not appearing in K.

• The BED of an axiom τ can be computed as a binary search over the degrees
in the finite chain of the maximum value r ∈ T such that K entails 〈τ, r〉, and
entailment can be reduced to ∗-consistency.

• The BSD of a concept C can be computed as a binary search over the degrees
in the finite chain of the maximum value r ∈ T such that K ∪ {〈C(a), r〉} is
∗-consistent, where a is an individual not appearing in K.

Note the implicit assumptions of having existential restriction, concept implication,
and involutive negation in the language. It is also worth to note that the BED and the
BSD problems can be computed in a more efficient way by developing a specific reaso-
ning algorithm, such as those described in Section 6.2.2, that requires to solve one single
test instead of several ones.



Chapter XVI: Fuzzy Description Logics 1137

6.2 Types of algorithms

The literature includes a substantial amount of work on proof methods for first order
fuzzy logics. The interested reader is referred to [97] and, for the particularly interesting
case of finite fuzzy logics, to [13]. Many specific algorithms to reason with FDLs have
been proposed in the literature. They can be classified in the following categories:

• Tableaux algorithms, extending the tableaux algorithms for classical DLs to the
fuzzy case.

• Tableaux algorithms and optimization problems, using a tableaux algorithm to
reduce the reasoning to an optimization problem.

• Automata-based algorithms, adopting ideas similar to those used to prove
complexity results in the classical case.

• Reduction to classical DLs, for which existing reasoning algorithms are known.

• Reduction to propositional fuzzy logics, for which reasoning has been studied.

• Structural subsumption algorithms, extending the structural subsumption
algorithms for classical DLs with low expressivity to the fuzzy case.

In the rest of this section, we give a deeper look into each of these families of algo-
rithms, discussing their advantages and limitations, and one salient example of algorithm
of the family. For simplicity, we will consider algorithms for relatively simple logics.
The most important results, involving more expressive logics, can be found in Section 8.

6.2.1 Tableau-based algorithms
Tableaux algorithms are the most popular solution to decide satisfiability or con-

sistency in classical DLs [12]. Although these algorithms usually have a sub-optimal
worst-case complexity, they typically behave well in practice.

Given a KB, tableau-based algorithms try to build a data structure (called a tableau)
representing a finite description of a model of the KB and from which it is immediate
to build a complete model. This structure is typically a graph where the nodes represent
individuals of the domain (annotated with a list of concepts that the individual belongs
to) and the arcs represent roles establishing relations between two individuals.

The graph is initialized using the assertions that appear in the KB. Then, tableau-
expansion rules are used to decompose complex concepts into simpler ones. For ins-
tance, the conjunction rule decomposes a conceptCuD into bothC andD. Some of the
rules are non-deterministic, making it sometimes necessary to try several possibilities.
For instance, the disjunction rule decompose a conceptCtD by producing two possible
tableaux, one where C is added to the node and another one where D is added. In most
DLs, due to the presence of cycles in the axioms, it is also necessary to use a blocking
mechanism to guarantee termination of the approach.

After all the possible rules have fired, the tableau is completely expanded and it only
remains to check for obvious contradictions. For instance, if a node belongs to both a
concept and its complement, then the result of the algorithm outputs as an answer that
the input KB is inconsistent. Otherwise, the algorithm yields a positive answer to the
consistency of the input KB.
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Algorithm 1 Consistency checking in Z-ALC without a TBox
Require: A fuzzy KB K
Ensure: true if K is ∗-consistent; false otherwise

1: for each concept assertion 〈C(a), r〉 ∈ K do
2: K ← (K \ {〈C(a), r〉}) ∪ {〈nnf(C)(a), r〉} {Negation Normal Form}
3: end for
{Initialization of the forest}

4: create an empty forest F
5: for each concept assertion 〈C(a), r〉 ∈ K do
6: create a node va in F if it does not exist
7: L(va)← L(va) ∪ {〈C ≥ r〉}
8: end for
9: for each role assertion 〈R(a, b), r〉 ∈ K do

10: create nodes va, vb in F if they do not exist
11: create an edge 〈va, vb〉 in F if it does not exist
12: L(〈va, vb〉) = L(〈va, vb〉) ∪ {〈R ≥ r〉}
13: end for
{Tableaux rules}

14: for each rule application to F do
15: F ′ ← F

{build a completion graph of F ′}
16: while some tableaux rule is applicable to some node v in F ′ do
17: apply one of the rules in Table 3 to v
18: mark the applied rule as not applicable to node v

{Stop when a clash is found }
19: if there is not some node of F ′ with a clash then
20: continue with the next iteration of the for loop
21: end if
22: end while

{There is a clash-free completion graph }
23: if there is not any node in F ′ with a clash then
24: return true
25: end if
26: end for
{There are no clash-free completion graphs }

27: return false

It is sometimes possible to extend these algorithms to work with FDLs. The main
idea is that every node is annotated with restrictions of the form 〈C ≥ r〉 or 〈C ≤ r〉,
where C is a concept and r ∈ T , stating that the individual nodes belong to the concept
C at least with degree r. The rules are updated to take into account the semantics of the
concepts in the fuzzy case. For instance, 〈C ∧D ≥ r〉 is decomposed into both 〈C ≥ r〉
and 〈D ≥ r〉. The notion of contradiction is updated as well since now it is usually
possible that a node belongs to some degree to both a concept and its complement.
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preconditions actions

(¬+) 〈¬C ≥ ti〉 ∈ L(v) L(v) = L(v) ∪ {〈C ≤ tn−i〉}
(¬−) 〈¬C ≤ ti〉 ∈ L(v) L(v) = L(v) ∪ {〈C ≥ tn−i〉}
(u+) 〈C uD ≥ ti〉 ∈ L(v) L(v) = L(v) ∪ {〈C ≥ ti〉, 〈D ≥ ti〉}
(u−) 〈C uD ≤ ti〉 ∈ L(v) L(v) = L(v) ∪ {X}

for some X ∈ {〈C ≤ ti〉, 〈D ≤ ti〉}
(t+) 〈C tD ≥ ti〉 ∈ L(v) L(v) = L(v) ∪ {X}

for some X ∈ {〈C ≥ ti〉, 〈D ≥ ti〉}
(t−) 〈C tD ≤ ti〉 ∈ L(v) L(v) = L(v) ∪ {〈C ≤ ti〉, 〈D ≤ ti〉}
(∃+) 〈∃R.C ≥ ti〉 ∈ L(v) create a new node w

6 ∃y with 〈R ≥ tj〉 ∈ L(〈v, y〉) L(〈v, w〉) = {〈R ≥ ti〉}
〈C ≥ tk〉 ∈ L(y), j, k ≥ i L(w) = {〈C ≥ ti〉}

(∃−) 〈∃R.C ≤ ti〉 ∈ L(v)

〈R ≥ tj〉 ∈ L(〈v, w〉, j > i L(w) = L(w) ∪ {〈C ≤ ti〉}
(∀+) 〈∀R.C ≥ ti〉 ∈ L(v)

〈R ≥ tj〉 ∈ L(〈v, w〉, j > n− i L(w) = L(w) ∪ {〈C ≥ ti〉}
(∀−) 〈∀R.C ≤ ti〉 ∈ L(v) create a new node w

6 ∃y with 〈R ≥ tn−j〉 ∈ L(〈v, y〉) L(〈v, w〉) = {〈R ≥ tn−i〉}
〈C ≤ tk〉 ∈ L(y), j, k ≤ i L(w) = {〈C ≥ ti〉}

Table 3. Rules of the tableaux algorithm

In the case of FDLs the obtained tableau has a contradiction if a node has two pairs
〈C ≥ r1〉 and 〈C ≤ r2〉 with r1 < r2.

This family of algorithms can be used to decide ∗-consistency in Zadeh FDLs or if
the degrees of truth is taken from a residuated De Morgan lattice, as we will describe
below. Indeed, in all these FDLs the weak and the strong conjunction coincide, and
then its semantics is the minimum and thus 〈C ∧D ≥ r〉 can be decomposed into both
〈C ≥ r〉 and 〈D ≥ r〉. In more general cases, tableaux algorithms are combined with
an optimization problem, as we will see in the next subsection.

Let us see in detail Algorithm 1 to decide the consistency of the fuzzy knowledge
base K in Z-ALC with an empty TBox. For simplicity, we will restrict to a chain
T = {t0, t1, . . . , tn} of degrees of truth, but the extension to [0, 1] is easy [125].

Like most of the tableaux algorithms, the algorithm works on completion-forests
since an ABox might contain several individuals with arbitrary roles connecting them.
A completion-forest F for K is a collection of nodes arbitrarily connected by edges.

• Each node v is labeled with a set L(v) of expressions of the form 〈C ≥ ti〉 and
〈D ≤ tj〉, meaning that v is an instance of C to degree greater than or equal to ti
and an instance of D to degree less or equal than tj .

• Each edge 〈v, w〉 is labeled with a set L(〈v, w〉) of expressions of the form
〈R ≥ ti〉 and 〈R ≤ tj〉.
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F is then expanded by repeatedly applying the tableaux rules in Table 3. Note that
there are two non-deterministic rules, namely (t+) and (u−). In classical DLs, the
conjunction does not generate a non-deterministic rule. Similarly, the rules (∃+) and
(∀−) generate new individuals; while in classical DLs only existential restrictions do.

If the rules can be applied in such a way that they yield a complete and clash-free
completion-forest, K is ∗-consistent. Otherwise, K is not ∗-consistent. Since there
are non-deterministic rules, there are many possible ways to apply the rules, so the
algorithm must consider each possible rule application until a clash-free completion-
forest is found. This can be computed by using a search with backtracking. A node v
contains a clash in any of the following situations:

• 〈⊥ ≥ ti〉 ∈ L(v), i > 0,

• 〈> ≤ ti〉 ∈ L(v), i < n, or

• 〈C ≥ ti〉 ∈ L(v), 〈C ≤ tj〉 ∈ L(v), j < i.

Under Zadeh fuzzy logic, we can assume w.l.o.g. that concept are in Negation Nor-
mal Form (NNF) where the negation only appears before an atomic concept. In fact, a
fuzzy concept ¬C can be transformed into NNF by recursively applying the function nnf
defined as follows: nnf(¬>) = ⊥, nnf(¬⊥) = >, nnf(¬A) = ¬A, nnf(¬¬C) = C,
nnf(¬(C uD)) = ¬C t ¬D, nnf(¬(C tD)) = ¬C u ¬D, nnf(¬∃R.C) = ∀R.¬C,
and nnf(¬∀R.C) = ∃R.¬C.

EXAMPLE 6.2.1. Consider the chain of 11 degrees of truth and the fuzzy KB

{〈(∀R.C)(a), 0.7〉, 〈R(a, b), 0.6〉, 〈(¬C)(b), 0.8〉}.

The completion graph after the initialization and the application of the rules (¬) and (∀)
can be depicted as:

a L(a)={〈∀R.C≥0.7〉}

L(a,b)={〈R≥0.6〉}

L(b)={〈¬C≥0.8〉,〈C≤0.2〉,〈C≥0.7〉}��
b

It can be seen that the KB is ∗-inconsistent because there is a clash: node b contains
both 〈C ≤ 0.2〉 and 〈C ≥ 0.7〉.

6.2.2 Tableaux algorithms and optimization problems
In general, the tableaux algorithms already described are not appropriate for other

t-norms different from Gödel or to manage fuzzy datatypes or fuzzy concepts without
a counterpart in crisp DLs, such as fuzzy modified concepts or aggregated concepts.
Intuitively, given 〈C u D ≥ r〉 we cannot infer both 〈C ≥ r〉 and 〈D ≥ r〉, but
only 〈C ≥ r1〉 and 〈D ≥ r2〉 for r1, r2 ∈ T such that r1 ∗ r2 ≥ r. Hence, the
tableau rules not only decompose complex concept expressions into simpler ones but
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also generate a system of constraints. For example, in the case of the Łukasiewicz
t-norm, the restriction r1 ∗Ł r2 ≥ r can be encoded using the set of linear constraints
{y ≤ 1 − r, r1 + r2 − 1 ≥ r − y, y ∈ {0, 1}}. In this case, the tableau rules
are deterministic and only one optimization problem is obtained. Indeed, in the pre-
vious example the two possibilities y = 0 and y = 1 encode the non-deterministic
choice.

After the tableau is completely expanded, an optimization problem must be solved
before obtaining the final solution. The optimization problem has a solution iff the fuzzy
KB is consistent. Note that we are using the reduction from entailment to inconsistency
provided by Theorem 6.1.1. In general, the algorithm produces a bounded Mixed In-
teger Non Linear Programming (bMINLP) optimization problem. In some particular
cases, an easier problem is obtained, such as a bounded Mixed Integer Linear Program-
ming (bMILP) problem in Łukasiewicz DLs, or a bounded Mixed Integer Quadratically
Constrained Programming (MIQCP) problem in Product DLs.

Now we discuss in detail Algorithm 2 to compute the BED of C(a) with respect
to K in Ł-ALC with an empty TBox [60]. In order to determine the BED problem of
C(a) with respect to K, we consider an expression of the form 〈(¬C)(a), 1− x〉 (infor-
mally, 〈C(a) ≤ x〉), where x is a [0, 1]-valued variable. Then we construct a tableaux
for K′ = K ∪ {〈(¬C)(a), 1− x〉} in which the application of satisfiability preserving
rules generates new fuzzy assertion axioms together with inequations over [0, 1]-valued
variables. These inequations have to hold in order to respect the semantics of the DL
constructors. Hence, we minimize the original variable x such that all constraints are
satisfied.

Like most of the tableaux algorithms, our algorithm works on completion-forests
since an ABox might contain several individuals with arbitrary roles connecting them.

A completion-forest F for K is a collection of trees whose distinguished roots are
arbitrarily connected by edges.

• Each node v is labeled with a set L(v) of concepts C. If C ∈ L(v) then we
consider a variable xC(v). The intuition is that v is an instance of C to degree
equal or greater than the value of the variable xC(v).

• Each edge 〈v, w〉 is labeled with a set L(〈v, w〉) of roles R and if R ∈ L(〈v, w〉)
then we consider a variable xR(v,w) representing the degree of being 〈v, w〉 and
instance of R.

The forest has associated a set CF of constraints of the form l ≤ l′, l = l′,
xi ∈ [0, 1], yi ∈ {0, 1}, where l, l′ are linear expressions using the variables occurring
in the forest. F is then expanded by repeatedly applying the tableaux rules in Table 4.
We note that x1 → x2 ≥ z can be encoded as 1 − x1 ⊕ x2 ≥ z and that x1 ⊗ x2 ≥ z,
x1 ⊗ x2 ≤ z and x1 ⊕ x2 ≥ z, (x1, x2, z ∈ [0, 1]) can be encoded in MILP as follows:

• x1 ⊗ x2 ≥ z 7→ {y ≤ 1− z, x1 + x2 − 1 ≥ z − y, y ∈ {0, 1}}, where y is a new
variable.

• x1 ⊗ x2 ≤ z 7→ {x1 + x2 − 1 ≤ z}.
• x1 ⊕ x2 ≥ z 7→ {x1 + x2 ≥ z}.
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Algorithm 2 Computation of the BED of C(a) in ŁALC without a TBox
Require: A concept assertion C(a), a fuzzy KB K
Ensure: BED of C(a) with respect to K

1: K ← K ∪ {〈nnf(¬C)(a), 1− x〉}
{Negation Normal Form}

2: for each concept assertion 〈C(a), r〉 ∈ K do
3: K ← (K \ {〈C(a), r〉}) ∪ {〈nnf(C)(a), r〉}
4: end for
{Initialization of the forest}

5: create an empty forest F
6: CF ← ∅
7: for each concept assertion 〈C(a), r〉 ∈ K do
8: create a node va in F if it does not exist
9: L(va)← L(va) ∪ {C}

10: CF ← CF ∪ {xC(va) ≥ r}
11: end for
12: for each role assertion 〈R(a, b), r〉 ∈ K do
13: create nodes va, vb in F if they do not exist
14: create an edge 〈va, vb〉 in F if it does not exist
15: L(〈va, vb〉)← L(〈va, vb〉) ∪ {R}
16: CF ← CF ∪ {xR(va,vb) ≥ r}
17: end for
{Tableaux rules}

18: while some tableaux rule is applicable to some node in F do
19: apply one of the rules in Table 4 to a node v
20: mark the applied rule as not applicable to node v
21: end while
{Solve the optimization problem}

22: for each variable x of the forms xC(v) or xR(v,w) ∈ K do
23: CF = CF ∪ {x ∈ [0, 1]}
24: end for
25: if CF has a solution then
26: solve the optimization problem
27: return x
28: else
29: return 1 {K is inconsistent}
30: end if

Taking into account that the residuated negation in Łukasiewicz is involutive, we
can use the recursive definition of nnf to transform any concept into Negation Normal
Form, where the negation only appears before an atomic concept (see pag. 1140).

Another important observation is that since there is not a TBox, there is a model of
K iff there is a witnessed model of K [80].
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preconditions actions

(⊥) ⊥ ∈ L(v) CF = CF ∪ {xv:⊥ = 0}
(>) > ∈ L(v) CF = CF ∪ {xv:> = 1}
(¬) ¬A ∈ L(v) CF = CF ∪ {xv:¬C = 1− xv:C}
(u) C uD ∈ L(v) L(v) = L(v) ∪ {C,D}

CF = CF ∪ {xv:C ⊗ xv:D ≥ xv:C uD}
(t) C tD ∈ L(v) L(v) = L(v) ∪ {C,D}

CF = CF ∪ {xv:C ⊕ xv:D ≥ xv:C tD}
(∃) ∃R.C ∈ L(v) create a new node w

L(〈v, w〉) = L(〈v, w〉) ∪ {R}, and
L(w) = L(w) ∪ {C}, and
CF = CF ∪ {x(v, w):R ⊗ xw:C ≥ xv:∃R.C}

(∀) ∀R.C ∈ L(v) L(w) = L(w) ∪ {C}
R ∈ L(〈v, w〉 CF = CF ∪ {xw:C ≥ xv:∀R.C ⊗ x(v, w):R}

Table 4. Rules of the tableaux algorithm combined with an optimization problem

EXAMPLE 6.2.2. Consider the fuzzy KB

{〈(∀R.C)(a), 0.7〉, 〈R(a, b), 0.6〉, 〈¬C(b), 0.8〉}.

The completion graph after the initialization and the application of the rules (¬) and (∀)
can be depicted as:

a L(a)={∀R.C}

L(a,b)={R}

L(b)={¬C,C}��
b

where CF = {x(∀R.C)(a) ∈ [0, 1], xR(a,b) ∈ [0, 1], x(¬C)(b) ∈ [0, 1], xC(b) ∈ [0, 1],
x(∀R.C)(a) ≥ 0.7, xR(a,b) ≥ 0.6, x(¬C)(b) ≥ 0.8, x(¬C)(b) = 1− xC(b), xC(b) ≥
x(∀R.C)(a) ⊗ xR(a,b)}.

It can be seen that this system of constraints has no solution since

xC(b) ≥ x(∀R.C)(a) ⊗ xR(a,b) ≥ 0.7⊗ 0.6 = 0.3 and

xC(b) = 1− x(¬C)(b) ≤ 1− 0.8 = 0.2.

Hence, the KB is inconsistent.

Although the complexity of these algorithms has not been deeply studied, bMINLP
and bMILP problems are NP-HARD problems, so these families have a high worst-case
computational complexity.
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6.2.3 Automata-based algorithms
Another important approach for reasoning in classical DLs is to reduce the reaso-

ning problem to decide whether the language accepted by an automaton is empty or
not. An advantage of this approach is that automata can handle non-determinism and
infinite structures in a simple and elegant way. Thus, automata-based methods do not
need complex blocking conditions or backtracking to ensure that a model exists. The
reduction to automata has been successfully used to prove tight complexity bounds for a
large family of classical DLs [1, 5]. Recently, it has been also explored for reasoning in
FDLs. The main idea is to exploit the fact that many of these logics enjoy the tree-model
property: a KB has a model iff it has a well-structured tree-shaped model. In order to
decide ∗-consistency, one only needs to decide the existence of one such model.

The typical approach is to abstract even further and construct an automaton whose
runs describe so-called Hintikka trees. Hintikka trees can be seen as an abstract repre-
sentation of the tree-shaped models, in which the membership degree of all relevant
concepts is explicitly stated. More precisely, a Hintikka tree is a labeled infinite tree in
which every node is labeled with a partial function, called the Hintikka function, from
the set of all concepts appearing in the KB to the set of membership degrees, and every
edge is labeled with a membership degree. The function at each node needs to be lo-
cally consistent; that is, the membership degree of e.g. the concept C u D needs to be
consistent with the membership degrees of C and D at each node of the tree. Likewise,
it must be consistent with every GCI in the KB. This ensures that the semantics are lo-
cally preserved at every node. To handle existential and value restrictions, the functions
associated at each node and its successors are also restricted in an appropriate manner;
this restriction is called the Hintikka condition. Each such Hintikka tree represents a set
of infinite models, that have as domain all the nodes in the tree, and the concept names
and role names are interpreted according to their respective labels in the tree.

Since all the conditions are local, it is easy to build an automaton that receives as
input an unlabeled infinite tree, and labels it through its runs in a way that successful
runs correspond exactly to the set of Hintikka trees: the states are the locally consistent
Hintikka functions, and the transitions are those tuples satisfying the Hintikka condition.
Thus, the input KB is consistent iff this automaton has a successful run. The latter
problem is known to be decidable in polynomial time on the size of the automaton.

Automata-based algorithms to decide witnessed ∗-consistency for the logics bet-
ween fuzzy ALC and SHI with GCIs for any finite residuated De Morgan lattice with
a t-norm ∗ are summarized in [42]. Using more advanced automata-based techniques, it
can be shown that the complexity in these logics is preserved.

Using an automata-based method to decide witnessed G-consistency for IALCE in
exponential time has been discussed in [35]. In this case, a model cannot be built directly,
since that would require an automaton with infinitely many states. Instead, a novel idea
is used, based on the defining properties of the minimum t-norm. The main insight is that
the operators of this logic are invariant w.r.t. the specific membership degrees used, but
depend only on the order between them. Thus, in this case it is possible to use preorders
between the concepts, rather than explicit membership degrees, to label the nodes of the
Hintikka tree. Each such Hintikka tree potentially represents uncountably many models,
namely all those that share the exact same ordering among the relevant concepts.
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While automata-based methods are useful for proving tight complexity bounds, they
are not used in practical applications. The reason for this is that their worst-case beha-
vior, used for providing complexity upper bounds, matches its best-case behavior. Be-
fore any reasoning step can be done, an automaton that is typically of exponential size
needs to be constructed. Thus, even for simple input KBs, an exponential runtime cannot
be avoided.

EXAMPLE 6.2.3. Consider the fuzzy KB

{〈∀R.C(a), 0.8〉, 〈> v C(b), 0.7〉}.

Three possible Hintikka functions are

H0 := ∀r.C 7→ 0.8, C 7→ 1, ρ 7→ 1,

H1 := C 7→ 0.7, ρ 7→ 0.9,

H2 := ρ 7→ 0.

Hintikka trees for this KB have arity 1, since only one quantified concept exists. One
possible such tree can be depicted as:

a
H0(∀R.C(a))=0.8, H0(C(a))=1

H1(ρ)=0.9

H1(C(b))=0.7��
b

Recall that Hintikka trees are infinite by definition; in this case, the node b has a
successor labeled with the Hintikka function H2, which means that it is a successor to
degree 0. Thus, it is not depicted in the figure. The Hintikka automaton for this very
small KB contains over 16 states.

6.2.4 Reduction to classical DLs
The idea of this family of algorithms is to reduce fuzzy reasoning to finitely many

crisp DL reasoning tasks. If the number of degrees is finite, it is possible to simulate
fuzzy concepts and fuzzy roles using several α-cuts of the fuzzy sets and the fuzzy
properties. The α-cut of a fuzzy set X is the crisp set that contains all the elements
which belong to X with a degree greater than or equal to α. In this way, every axiom in
the fuzzy ontology can be represented using these α-cuts. It can be shown that a fuzzy
KB is ∗-consistent if and only if its equivalent crisp KB is; other reasoning tasks can be
reduced to ∗- consistency.

In general, the translation of the equivalent crisp KBs grows exponentially with the
size of the fuzzy KB. This approach is theoretically interesting to prove the decidability
of FDLs. From an implementation point of view, it makes it possible to reuse exist-
ing crisp reasoners but since the translation to the crisp case is exponential it does not
provide a tight complexity bound.
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Algorithm 3 Reduction of a finitely-valued fuzzy ALCH KB into a crisp KB
Require: A fuzzy KB K
Ensure: true if K is ∗-consistent; false otherwise

1: crisp(K)← ∅
{Axioms to keep the semantics of the new crisp concepts and roles}

2: for i := 1 to n− 1 do
3: for each A ∈ NA do
4: crisp(K)← crisp(K) ∪ {A≥ti+1 v A≥ti}
5: end for
6: for each R ∈ NR do
7: crisp(K)← crisp(K) ∪ {R≥ti+1

v R≥ti}
8: end for
9: end for
{Crisp reduction of the axioms in the fuzzy KB}

10: for each axiom of the form 〈τ, r〉 ∈ K do
11: crisp(K)← crisp(K) ∪ κ(〈τ, r〉)
12: end for
13: if crisp(K) is consistent then
14: return true
15: else
16: return false
17: end if

To illustrate this family of algorithms, Algorithm 3 shows the process of reducing a
ALCH KB in finite Gödel extended with an involutive negation to an equivalent crisp
KB. It is an adaptation of the more general algorithm proposed in [18].

It is convenient to recall that NA is the set of atomic concepts and NR the set of
atomic roles in a fuzzy knowledge base K, that we assume a finite chain of degrees of
truth T = {t0, t1, . . . , tn} with t0 = 0 and tn = 1, and that axioms of the form 〈τ, t0〉
are not allowed as they are tautologies. We will use T+ to denote T \ {t0}.

First, some new crisp concepts and roles representing α-cuts of the fuzzy concepts
and roles are introduced. Having assumed a finite number of degrees of truth makes it
possible to add α-cuts for every possible degree. The semantics of these newly intro-
duced atomic concepts and roles is preserved by some new axioms (Lines 2–9). The
idea is that an α-cut is subsumed by a β-cut if β ≤ α. Then, a mapping κ represents
every axiom in the fuzzy KB using a crisp axiom that relies on these new crisp elements.
Formally, the definition of κ is the following:

κ(〈C(a), r〉) = {ρ(C ≥ r)(a)}
κ(〈R(a, b), r〉) = {ρ(R ≥ r)(a, b)}
κ(〈C v D, r〉) =

⋃
tj∈T+,tj≤r{ρ(C ≥ tj) v ρ(D ≥ tj)}

κ(〈R v S, r〉) =
⋃
tj∈T+,tj≤r{ρ(R ≥ tj) v ρ(S ≥ tj)}.
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ρ(> ≥ ti) = >
ρ(> ≤ ti) = ⊥
ρ(⊥ ≥ ti) = ⊥
ρ(⊥ ≤ ti) = >
ρ(A ≥ ti) = A≥ti

ρ(A ≤ ti) = ¬A≥ti+1

ρ(¬C ≥ ti) = ρ(C ≤ tn−i)
ρ(¬C ≤ ti) = ρ(C ≥ tn−i)
ρ(∼ C ≥ ti) = ρ(C ≤ t0)

ρ(∼ C ≤ ti) = ρ(C ≥ t1)

ρ(C uD ≥ ti) = ρ(C ≥ ti) u ρ(D ≥ ti)
ρ(C uD ≤ ti) = ρ(C ≤ ti) t ρ(D ≤ ti)
ρ(C tD ≥ ti) = ρ(C ≥ ti) t ρ(D ≥ ti)
ρ(C tD ≤ ti) = ρ(C ≤ ti) u ρ(D ≤ ti)
ρ(C → D ≥ ti) = utj∈T+,tj≤ti

(
¬ρ(C ≥ tj) t ρ(D ≥ tj)

)
ρ(C → D ≤ ti) = ttj∈T,tj≤ti

(
ρ(C ≥ tj+1) u ρ(D ≤ tj)

)
ρ(∀R.C ≥ ti) = utj∈T+,tj≤ti

(
∀ρ(R ≥ tj).ρ(C ≥ tj)

)
ρ(∀R.C ≤ ti) = ttj∈T,tj≤ti

(
∃ρ(R ≥ tj+1).ρ(C ≤ tj)

)
ρ(∃R.C ≥ ti) = ∃ρ(R ≥ ti).ρ(C ≥ ti)
ρ(∃R.C ≤ ti) = ∀ρ(R ≥ ti+1).ρ(C ≤ ti)

ρ(R ≥ ti) = R≥ti

Table 5. Mapping of concept and role expressions

κ needs an auxiliary mapping ρ. Given a fuzzy concept C, ρ(C ≥ ti) is a crisp
set containing all the elements which belong to C with a degree greater than or equal
to ti. ρ(R ≥ ti) is defined in a similar way for fuzzy roles, and ρ(C ≤ ti) constains
individuals belonging to C with a degree less or equal than ti. Formally, the definition
of ρ can be found in Table 5.

EXAMPLE 6.2.4. Assume a set of degrees of truth {0, 1/3, 2/3, 1}. In Gödel fuzzy
logic, the fuzzy knowledge base F = {〈C(a), 1/3〉, 〈C(b), 2/3〉} is equivalent to the
crisp knowledge base

K = {C1/3(a), C2/3(b), C2/3 v C1/3, C1 v C2/3},

where C1/3, C2/3, C1 are crisp concepts.
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Algorithm 4 Reduction into a crisp KB for t-norms without zero divisors
Require: A fuzzy KB K
Ensure: true if K is ∗-consistent; false otherwise

1: crisp(K)← ∅
2: for each axiom of the form 〈τ, r〉 ∈ K do
3: crisp(K)← crisp(K) ∪ {τ}
4: end for
5: if crisp(K) is consistent then
6: return true
7: else
8: return false
9: end if

Another alternative is to ignore fuzziness by just discarding the degree of truth in the
fuzzy axioms (the details of this process are provided in Lemma 7.3.1). In some cases,
it can be shown that KB ∗-consistency is trivially reducible to crisp reasoning. Hence,
KB ∗-consistency and crisp consistency have the same computational complexity. It
is not possible if the language contains an involutive negation or has upper bounds in
the axioms, i.e., axioms of the form 〈τ ≤ r〉. If this is not the case and we consider
a strict t-norm ∗ (that is, if ∗ is an ordinal sum that does not start with a Łukasiewicz
component), a fuzzy KB in SHOI is ∗-consistent if and only if it has a crisp model [34].
Algorithm 4 illustrates this result. The same idea can be applied to the concept ∗-satis-
fiability but not to ∗-subsumption. In the less expressive FDL EL, the same result does
hold for ∗-subsumption [43].

EXAMPLE 6.2.5. In Gödel fuzzy logic, the fuzzy knowledge base

F = {〈C(a), 1/3〉, 〈C(b), 2/3〉}

is equivalent to the crisp base K = {C(a), C(b)}, where C is a crisp concept.

6.2.5 Reduction to propositional fuzzy logics
P. Hájek proposed a reduction of FDL concepts into propositional fuzzy formu-

las [80]. In particular, he considered the FDL IALUE under arbitrary continuous
t-norms and defined a reasoning algorithm for witnessed ∗- satisfiability and ∗-validity
of concepts based on a reduction to BL. Please note that the involutive negation is not
part the language when the semantics is not based on Łukasiewicz t-norm. The strong
disjunction was also not considered in the original formulation, but, since the algorithm
presented in [80] is based on a reduction to the respective propositional calculus, it can
be easily expanded in order to cope with the strong disjunction too. The same author
extended the results by introducing rational truth degrees, and thus making it possible to
have ABoxes [81].

This approach also has some limitations: the translation is more than exponential in
the size of the fuzzy concept (see [54] for a detailed proof), it only works for witnessed
concept satisfiability, and it does not consider TBoxes in the language.
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Let us now describe in detail Hájek’s algorithm [80]. To decide the satisfiability
of a concept C, we start with an instance of the form C(a) for a new individual a.
Next, a finite witnessing theory T (C(a)) is computed from C(a). C(a) can be seen
as a propositional combination of instances of non-quantified concepts and instances of
quantified concepts. The idea is that for every instance of a quantified concept, a new
witness individual and some instances keeping the semantics of the quantified concept
are created. The new instances are quantifier-free formulas. This is similar to what
tableaux algorithms do. However, instead of looking for a clash-free completion forest,
all the instances are reduced to a propositional fuzzy logic formula.

Firstly, we will show how to compute a finite theory T (C(a)) from an instance
C(a). Then, we will show how to compute a propositional formula prop(C(a)) for
every instance C(a). T (C(a)) can be computed as shown in Algorithm 5. It uses an
iterative process that is repeated n times, where n is the degree of nesting of quantifiers
in C, denoted nest(C) and defined as follows:

nest(A) = 0

nest(∼C) = nest(C)

nest(C uD) = nest(C ∨D) = nest(C ∧D) = max{nest(C),nest(D)}
nest(∀R.C) = nest(∃R.C) = 1 + nest(C).

Every step i creates a set of new individuals (denoted Ii), adds new axioms to the
theory (denoted T (C(a))), and introduces new instances to be processed by the next step
(denoted Si). The i-th step considers the set of instances Si introduced in the previous
step and produces a new set with a degree of nesting n− i. The algorithm starts with the
initial instance C(a). Instances α of the forms (∃R.C)(b) and (∀R.C)(b) can generate
new individuals dα which are witnesses of the existential and universal restrictions. All
the individuals created in the i-th step are collected in a set Ii and will be revisited to
add some new axioms, keeping the semantics of existential and universal restrictions.
The axiom x ≡ y is used as a shorthand for the pair of formulas x→ y and y → x.

Now, it remains to show how to compute prop(C(a)). These formulas are de-
fined by induction, where the base case are atomic concepts, existential quantifications
and value restrictions, which are assigned a propositional variable pC,a. In particular,
prop(C(a)) is defined as follows:

prop(A(a)) = pA,a

prop(∃R.C(a)) = p∃R.C,a

prop(∀R.C(a)) = p∀R.C,a

prop((⊥)(a)) = 0̄

prop(C uD(a)) = prop(C(a)) & prop(D(a))

prop(C ∧D(a)) = prop(C)(a) & (prop(C(a))→ prop(D(a)))

prop(C ∨D(a)) = prop((C → D)→ D(a)) &

(prop((C → D)→ D(a))→ prop((D → C)→ C(a)))

prop((C → D(a)) = prop(C(a)) → prop(D(a))

prop(¬C(a)) = prop(C(a)) → 0̄.
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Algorithm 5 Hájek’s reduction to propositional fuzzy logics
Require: C
Ensure: true if C is ∗-satisfiable; false otherwise

1: a← some constant
2: S0 ← {C(a)}
{Compute T (C(a))}

3: for i := 1 to nest(C) do
4: Ii ← ∅
5: T (C(a))← ∅
6: Si ← ∅

{Create witnesses and add witnessing axioms}
7: for each α ∈ Si−1 do
8: if α of the form ∀R.D(b) then
9: create a new individual dα

10: Ii ← Ii ∪ {dα}
11: T (C(a))← T (C(a)) ∪ {∀R.D(b) ≡ (R(b, dα)→ D(dα))}
12: Si ← Si ∪ {D(dα)}
13: else if α is of the form ∃R.D(b) then
14: create a new individual dα
15: Ii ← Ii ∪ {dα}
16: T (C(a))← T (C(a)) ∪ {∃R.D(b) ≡ (R(b, dα) &D(dα))}
17: Si ← Si ∪ {D(dα)}
18: end if
19: end for

{Apply restrictions to each individual generated in this step using the same role}
20: for each α ∈ Si−1 of the form (∀R.D)(b) and each dβ ∈ Ii with α 6= β do
21: if β has the form ∃R.X(b) or ∀R.X(b) and α 6= β then
22: T (C(a))← T (C(a)) ∪ {∀R.D(b)→ (R(b, dβ)→ D(dβ))}
23: Si ← Si ∪ {C(dβ)}
24: end if
25: end for
26: for each α ∈ Si−1 of the form ∃R.D(b) and each dβ ∈ Ii with α 6= β do
27: if β has the form ∃R.X(b) or ∀R.X(b) and α 6= β then
28: T (C(a))← T (C(a)) ∪ {(R(b, dβ) &D(dβ))→ ∃R.D(b)}
29: Si ← Si ∪ {C(dβ)}
30: end if
31: end for
32: end for
33: return T (C(a))
{Solve the propositionally equivalent formula}

34: if prop(C(a)) ∪ prop(T (C(a))) is ∗- satisfiable then
35: return true
36: else
37: return false
38: end if
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EXAMPLE 6.2.6. Consider the concept

∀R.C u ∃R.¬C.

According to Algorithm 5, the list of propositional formulas produced from the
above KB at the end of the process is the following:

1. p∀R.C & p∃R.¬C

2. p∀R.C(d) ≡ pR(d,d∀R.C(b)) → pC(d∀R.C(b))

3. p∃R.¬C(d) ≡ pR(d,d∃R.¬C(b)) & ¬pC(d∃R.¬C(b))

4. p∀R.C(d) → (pR(d,d∃R.¬C(b)) → pC(d∃R.¬C(b)))

5. (pR(d,d∀R.C(b)) & ¬pC(d∀R.C(b)))→ p∃R.¬C(d).

We show that the propositional theory above is not 1-satisfiable; suppose that there
exists a propositional evaluation e such that e(p∀R.C & p∃R.¬C) = 1, then

• by 1. both e(p∀R.C) = 1 and e(p∃R.¬C) = 1, hence

• by 3. both e(pR(d,d∃R.¬C(b))) = 1 and e(pC(d∃R.¬C(b))) = 0, therefore

• by 4. e(p∀R.C(d)) = 0, a contradiction.

6.2.6 Structural subsumption algorithms

A structural subsumption algorithm is a relatively simple algorithm suited for solv-
ing subsumption with respect to empty knowledge bases in very basic FDLs. Both in
the case of classical DLs and of FDLs it has been historically the first algorithm to be
designed (see Section 8 for more historical details). Its problem is that it turns out to be
incomplete for more expressive languages.

Let us now describe in detail the structural subsumption algorithm for subsumption
with respect to empty knowledge bases in language FL−, from [61]. To decide if a con-
cept C is subsumed by a concept D, we recursively build a set of matrices EC,D. These
matrices contain a row for each value restriction ∀R.F which is a conjunct of D and a
column for each value restriction ∀R.E which is a conjunct of C. In particular, if there
are multiple occurrences of the same expression then there are multiple rows for them.
The same observation applies for the columns in EC,D. The only non-deterministic
problem is to decide whether every value restriction ∀R.F which is a conjunct of a
given subconcept D′ of D is subsumed by a different value restriction ∀R.E which is
a conjunct of a given subconcept C ′ of C. But, as in [108], instead of checking out
this fact for different non-deterministic guesses, a suitable procedure for the bipartite
matching problem (see [86] for example) can give an answer in polynomial time.
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Algorithm 6 Computing structural subsumption for Łn-FL−

Require: C,D
Ensure: true if C is 1-subsumed by D; false otherwise

if there is an occurrence of an atomic or existential conjunct A of D that is not in C
where concept A appears in C strictly less n− 1 times then

return false
else

EC,D := ∅
for value restriction ∀R.F which is a conjunct of D do

for value restriction ∀R.E which is a conjunct of C do
EC,D(∀R.F, ∀R.E) := Łn-SUBS(1, F, E)

end for
end for
if there is a maximal bipartite matching for EC,D then

return true
else

return false
end if

end if

EXAMPLE 6.2.7. Consider the concepts

∀R.(∀P.(A u C) u ∀P.C) u ∀R.(C uD) and ∀R.(∀P.A u ∀P.B) u ∀R.C.

According to Algorithm 6, if we want to see whether the first concept is subsumed
by the second, the following matrices will be created:

∀P.A ∀P.B
∀P.(A u C) ×
∀P.C

∀R.(∀P.A u ∀P.B) ∀R.C
∀R.(∀P.(A u C) u ∀P.C)

∀R.(C uD) ×

It can be seen that in the first matrix the subconcept ∀P.C is not subsumed by
any subconcept of ∀R.(∀P.A u ∀P.B) u ∀R.C. Therefore, recursively, the concept
∀R.(∀P.(AuC)u∀P.C)u∀R.(CuD) is not subsumed by ∀R.(∀P.Au∀P.B)u∀R.C.

7 Decidability and complexity issues

In this section, we present the known results on the decidability and complexity
of reasoning in FDLs. We first prove that KB consistency is undecidable for the DL
IALCE if the semantics is based on the product t-norm. The proof presented is intended
only as a prototype for a general method of proving undecidability that has been applied
to a large class of description logic languages. These further results are summarized
next, with a general idea on how the framework can be applied to obtain them. After-
wards, we provide an overview of the complexity of reasoning in the known decidable
cases.
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7.1 Undecidability of consistency in IALCE
The consistency problem has been recently shown to be undecidable for several

FDLs, where general concept inclusion axioms are allowed [36] (see Section 8 for more
historical details). While these proofs of undecidability differ in their details, they are
all based on the same general idea of modeling instances of the Post correspondence
problem through structured tree-shaped models of a KB. In this section, we provide a
prototypical proof of undecidability by showing that Π-consistency of IALCE knowl-
edge bases (w.r.t. witnessed models) is undecidable. This proof is intended to highlight
the core steps followed by most other undecidability proofs for FDLs, and can thus be
used as a basic model for understanding these other proofs.

For this whole section, we fix the semantics of IALCE to consider only the product
t-norm and its associated operators plus the standard involutive negation for interpreting
the different constructors. This is an FDL language defined on the first-order version
of the logic ŁΠ 1

2 (see Section 5.4 of Chapter VIII of this Handbook). The proof of
undecidability is based on a reduction from a slight variant of the Post correspondence
problem, which is well-known to be undecidable [106].

DEFINITION 7.1.1. Let 〈v1, w1〉, . . . , 〈vm, wm〉be a finite list of pairs of words over
a finite alphabet Σ = {1, . . . , s}, s > 1. The Post correspondence problem (PCP)
consists of deciding whether there is a sequence i1, i2, . . . , ik, 1 ≤ ij ≤ m, such that
v1vi1vi2 · · · vik = w1wi1wi2 · · ·wik . If such a sequence exists, the word i1i2 · · · ik is
called a solution of the problem.

Given a word µ = i1i2 · · · ik ∈ {1, . . . ,m}∗, we will use vµ and wµ to denote the
words v1vi1vi2 · · · vik and w1wi1wi2 · · ·wik , respectively.

Intuitively, we can see every instance of the PCP as an m-ary infinite tree such that
(i) the root node is labeled with 〈vε, wε〉 := 〈v1, w1〉, and (ii) if a node is labeled with
the pair 〈v, w〉, then its i-th successor is labeled with the pair 〈vvi, wwi〉 (see Figure 4).8

The PCP then consists in deciding whether there is a node in this tree whose label 〈v, w〉
is such that v = w.

Recall from Definition 7.1.1 that the alphabet Σ over which an instance of the PCP
is described consists of the first s positive integers. We can thus view every word in
Σ∗ as a natural number represented in base s + 1 in which 0 never occurs. Slightly
abusing this intuition, we will express the empty word as the number 0. To reduce the
PCP, we need to be able to express words not as integers, but rather as real numbers in
the interval [0, 1]. To achieve this, we encode each word u in Σ∗ through the number
2−u ∈ [0, 1].

The main idea of the reduction is to construct a knowledge base KP = 〈TP ,AP〉
whose models encode an instance of the PCP, viewed as a tree as in Figure 4. In
other words, every model contains, for each possible solution µ ∈ {1, . . . ,m}∗, a do-
main element at which the interpretation of two designated concept names A and B
will correspond to the words vµ, wµ, respectively. More formally, for a given instance
P = 〈〈v1, w1〉, . . . , 〈vm, wm〉〉 of the PCP, we define an ABox AP and a TBox TP
such that for every witnessed model I of AP and TP and every µ ∈ {1, . . . ,m}∗

8 Notice that the first word concatenated is always v1 and w1.
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〈vε, wε〉

〈v1, w1〉

〈v11, w11〉

. .
.

〈v1n, w1n〉

. .
.

. . .

〈vn, wn〉

〈vn1, wn1〉

. .
.

〈vnn, wnn〉

..
.

. . .

. . .

Figure 4. An instance of the PCP

A = 2−vε B = 2−wε

A = 2−v1

B = 2−w1

A = 2−v11

B = 2−w11

..
.

R1 = 1

A = 2−v1n

B = 2−w1n

..
.

Rn = 1
. . .

R1 = 1

A = 2−vn
B = 2−wn

A = 2−vn1

B = 2−wn1

..
.

R1 = 1

A = 2−vnn
B = 2−wnn

..
.

Rn = 1
. . .

Rn = 1
. . .

Figure 5. The interpretation IP

there is δµ ∈ ∆I with AI(δµ) = 2−vµ and BI(δµ) = 2−wµ . Additionally, we
will show that there is a witnessed model IP of AP and TP whose domain has only
these elements (see Figure 5). Then, the instance P has a solution iff for every wit-
nessed model I of the constructed knowledge base KP there exists a δ ∈ ∆I such that
AI(δ) = BI(δ).

We first introduce some abbreviations that will be helpful in simplifying the descrip-
tion of the construction. We use the expression Cn to denote the n-ary conjunction of a
concept description C with itself; formally, C0 := > and Cn+1 := C u Cn for every
n ≥ 0. Given two concept descriptions C,D and a role name R, we use the expression
〈C R
 D〉 to denote the two axioms 〈C v ∀R.D, 1〉 and 〈∃R.D v C, 1〉. These axioms

are used to transfer specific values along role connections of degree 1, as described in
the following lemma.
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AP := {〈A(a), 2−v1〉, 〈B(a), 2−w1〉, 〈∼A(a), 1− 2−v1〉, 〈∼B(a), 1− 2−w1〉} ∪
{〈Vi(a), 2−vi〉, 〈Wi(a), 2−wi〉, 〈∼Vi(a), 1− 2−vi〉, 〈∼Wi(a), 1− 2−wi〉 | 1 ≤ i ≤ m}

T 0
P := {〈Vj

Ri Vj〉, 〈Wj
Ri Wj〉 | 1 ≤ i, j ≤ m}

T iP := {〈> v ∃Ri.>, 1〉, 〈(Vi uA(s+1)|vi|)
Ri A〉, 〈(Wi uB(s+1)|wi|)

Ri B〉}
TP :=

⋃m
i=0 T iP

T ′P := TP ∪ {〈> v ∼((A→ B) u (B → A)), 0.5〉}
KP := 〈TP ,AP〉
K′P := 〈T ′P ,AP〉

Figure 6. The knowledge bases KP and K′P

LEMMA 7.1.2. For every interpretation I and all x, y ∈ ∆I , we have

• (Cn)I(x) = (CI(x))n.

• If I satisfies 〈C R
 D〉 and RI(x, y) = 1, then CI(x) = DI(y).

Proof. The first equality obviously follows from the definition of Cn and the fact that
we are using the product t-norm. For the second equality, since I satisfies the GCI
〈C v ∀R.D, 1〉, we have that CI(x) ≤ (∀R.D)I(x), and thus

CI(x) ≤ inf
δ∈∆I

(RI(x, δ)⇒Π D
I(δ)) ≤ RI(x, y)⇒Π D

I(y) = DI(y).

Dually, since I satisfies 〈∃R.D v C, 1〉, we obtain (∃R.D)I(x) ≤ CI(x), and hence

CI(x) ≥ sup
δ∈∆I

(RI(x, δ) ∗DI(δ)) ≥ RI(x, y) ∗DI(y) = DI(y).

These two facts together imply that CI(x) = DI(y), as claimed.

We are now ready to construct a knowledge base that encodes the search space for a
solution of P as depicted in Figure 5. Given an instance P , we construct the knowledge
base KP depicted in Figure 6. To aid in the understanding of this construction, we now
develop it step-wise, explaining the use of each axiom in the reduction. We first show
how to enforce the tree-like structure into every model. Afterwards, we add new axioms
that allow us to detect whether a solution exists or not.

7.1.1 Constructing the successor nodes
We start by assuming that we have already constructed a node δ ∈ ∆I in some

interpretation that encodes v, w ∈ Σ∗; that is, AI(δ) = 2−v and BI(δ) = 2−w. We
show how to generate the first such node in Section 7.1.2; our goal now is to ensure, for
each i, 1 ≤ i ≤ m, the existence of an Ri-successor of δ that encodes the concatenation
of v, w with the i-th pair from P , i.e., vvi and wwi. We assume for now that there are
concept names Vi,Wi encoding vi and wi; more precisely, we know that V Ii (δ) = 2−vi

and W Ii (δ) = 2−wi for each i, 1 ≤ i ≤ m. We construct the TBoxes:

T iP := {〈> v ∃Ri.>, 1〉, 〈(Vi uA(s+1)|vi|)
Ri A〉, 〈(Wi uB(s+1)|wi|)

Ri B〉}.
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Recall that we are viewing each word in Σ∗ as a natural number in base s + 1.
Therefore, under this view, the concatenation of two words u, u′ corresponds to the
operation u · (s+ 1)|u

′| + u′ on natural numbers. Consider the concept Vi uA(s+1)|vi|,
the interpretation I satisfies

(Vi uA(s+1)|vi|)I(δ) = V Ii (δ) · (AI(δ))(s+1)|vi| = 2−(v(s+1)|vi|+vi) = 2−vvi .

In other words, this concept encodes the word vvi, which is the word that should
appear in the i-th successor of δ. If I is a witnessed model of T iP , then from the first
axiom it follows that there must exist an element γ ∈ ∆I with RIi (δ, γ) = 1. As argued
above, the last two axioms then ensure that AI(γ) = 2−vvi and BI(γ) = 2−wwi ; thus,
the concept names A and B encode, at node γ, the words vvi and wwi, as desired.

The idea is to use this construction recursively so that, starting from an appropriate
root node, we can guarantee the existence of the full infinite tree that describes the
instance P . To achieve this, we need to guarantee that at this new node γ we also have
that V Ij (γ) = 2−vj and W Ij (γ) = 2−wj hold for every j, 1 ≤ j ≤ m, since this
was a necessary condition for the correctness of the construction. This can be done by
including the axioms

T 0
P := {〈Vj

Ri Vj〉, 〈Wj
Ri Wj〉 | 1 ≤ i, j ≤ m}

to the TBox.
The union of the TBoxes T iP for 0 ≤ i ≤ m guarantees the construction of the search

tree for P , provided that we can build a node that encodes the appropriate restrictions at
the root of this tree.

7.1.2 Constructing the root node
We now need to ensure that there exists a node δε ∈ ∆I such that AI(δε) = 2−v1

and BI(δε) = 2−w1 ; that is, where A and B encode vε and wε, respectively. Addi-
tionally, at this node δε, V Ij (δε) = 2−vj , W Ij (δε) = 2−wj must hold for every j,
1 ≤ j ≤ m. To enforce these conditions, we use the ABox:

AP := {〈A(a), 2−v1〉, 〈B(a), 2−w1〉, 〈∼A(a), 1− 2−v1〉, 〈∼B(a), 1− 2−w1〉} ∪

∪{〈Vi(a), 2−vi〉, 〈Wi(a), 2
−wi〉, 〈∼Vi(a), 1− 2−vi〉, 〈∼Wi(a), 1− 2−wi〉 | 1 ≤ i ≤ m}.

Recall that ∼ stands for the strong complementation constructor. Any interpretation
satisfying the two axioms 〈A(a), 2−v1〉 and 〈∼A(a), 1 − 2−v1〉 contains an element
δε := aI such that AI(δε) ≥ 2−v1 and 1 − AI(δε) = (∼A)I(δε) ≥ 1 − 2−v1 and
hence AI(δε) = 2−v1 . A similar argument shows that in every model of AP , δε is
interpreted to the desired membership degrees of the concepts B and Vj ,Wj for each
j, 1 ≤ j ≤ m. Thus, this element can be used to represent the root of the tree.

7.1.3 The canonical model
We now show that every model of the axioms defined so far encodes the instance

P of the PCP. Let TP :=
⋃m
i=0 T iP and KP = 〈TP ,AP〉. We define the canon-

ical interpretation as the interpretation IP := 〈∆IP , ·IP 〉 whose domain is the set
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∆IP = {1, . . . ,m}∗ of all finite words over {1, . . . ,m} and the interpretation func-
tion ·IP is such that: (i) the individual name a is mapped to aIP = ε, (ii) for every
µ ∈ ∆IP , AIP (µ) = 2−vµ , and BIP (µ) = 2−wµ , and (iii) for all j, 1 ≤ j ≤ m,

• V IPj (µ) = 2−vj and W IPj (µ) = 2−wj .

• RIPj (µ, µj) = 1 and RIPj (µ, µ′) = 0 if µ′ 6= µj.

This interpretation is precisely the one depicted in Figure 5. It is easy to see that IP is
a model of KP , and is in fact witnessed, since every node has exactly one Ri-successor
with degree greater than 0, for every i, 1 ≤ i ≤ m. More interesting, however, is that for
every witnessed model I of KP , there is a homomorphism from IP to I as described in
the following lemma.

LEMMA 7.1.3. Let I be a witnessed model of KP . There is a function f : ∆IP → ∆I

such that, for every µ ∈ ∆IP and every concept name C appearing in AP or in TP , it
holds that CIP (µ) = CI(f(µ)).

Proof. The function f is built inductively on the length of µ. For µ = ε, AP fixes
the interpretation of all relevant concept names at aI and hence defining f(ε) := aI

satisfies the condition of the lemma.
Let now µ be such that f(µ) is already defined. By induction, assume that

AI(f(µ)) = 2−vµ , BI(f(µ)) = 2−wµ , and that for every j, where 1 ≤ j ≤ m,
V Ij (f(µ)) = 2−vj , W Ij (f(µ)) = 2−wj . Since I is a witnessed model of the axiom
〈> v ∃Ri.>, 1〉, for all i, 1 ≤ i ≤ m there exists a γ ∈ ∆I with rI(f(µ), γ) = 1. As
I satisfies all the axioms of the form 〈C R

 D〉 ∈ TP , it follows that

AI(γ) = 2−vµvi = 2−vµi , BI(γ) = 2−wµwi = 2−wµi ,

and for all j, 1 ≤ j ≤ m, V Ij (γ) = 2−vj ,W Ij (γ) = 2−wj . Setting f(µi) := γ thus
satisfies the required property.

From this lemma it then follows that if the instance P of the PCP has a solution
µ ∈ {1, . . . ,m}∗, then every witnessed model I of KP contains a node δ = f(µ) such
that AI(δ) = BI(δ); that is, where A and B encode the same word. Conversely, if
every witnessed model contains such a node, then in particular IP does, and thus P has
a solution. The question now is how to detect whether a node with this characteristics
exists in every model.

7.1.4 Finding a solution
To detect whether there must exist a domain element that belongs to the concepts A

and B to the same degree, we extend TP with axioms that further restrict IP , and hence
indirectly all models, to satisfy AIP (µ) 6= BIP (µ) for every µ ∈ {1, . . . ,m}∗. This
will ensure that the extended ontology will have a model iff P has no solution.

Suppose for now that, for some µ ∈ {1, . . . ,m}∗, it holds that

2−vµ = AIP (µ) > BIP (µ) = 2−wµ .
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We then have that vµ < wµ and hence wµ − vµ ≥ 1. It thus follows that

AIP (µ)⇒Π B
IP (µ) = 2−wµ/2−vµ = 2−(wµ−vµ) ≤ 2−1 = 0.5.

Likewise, if AIP (µ) < BIP (µ), we get BIP (µ)⇒Π A
IP (µ) ≤ 0.5. Additionally,

if we have AIP (µ) = BIP (µ), then it is easy to verify that

AIP (µ)⇒Π B
IP (µ) = BIP (µ)⇒Π A

IP (µ) = 1.

From all this it follows that, for every µ ∈ {1, . . . ,m}∗,

AIP (µ) 6= BIP (µ) iff either AIP (µ)⇒Π B
IP (µ) ≤ 0.5

or BIP (µ)⇒Π A
IP (µ) ≤ 0.5. (3)

Thus, the instance P has no solution iff for every µ ∈ {1, . . . ,m}∗ one of the two
restrictions AIP (µ)⇒Π BIP (µ) ≤ 0.5 or BIP (µ)⇒Π AIP (µ) ≤ 0.5 is satisfied. We
now define the TBox T ′P that ensures this behavior in every model. Let

T ′P := TP ∪ {〈> v ∼((A→ B) u (B → A)), 0.5〉} K′P = 〈T ′P ,AP〉

This KB can be used to decide whether P has a solution:

LEMMA 7.1.4. The instance P of the PCP has a solution iff the knowledge base K′P is
not Π-consistent w.r.t. witnessed models.

Proof. Assume that P has a solution µ = i1 · · · ik and let u = vµ = wµ. Suppose there
is a witnessed model I of K′P . Since TP ⊆ T ′P , I is also a (witnessed) model of KP .
From Lemma 7.1.3 it follows that there is a node δ ∈ ∆I where

AI(δ) = AIP (µ) = BIP (µ) = BI(δ).

Then, AI(δ)⇒Π B
I(δ) = 1 and BI(δ)⇒Π A

I(δ) = 1. This then implies that

(∼((A→ B) u (B → A)))I(δ) = 0,

which violates the axiom 〈> v ∼((A→ B)u (B → A)), 0.5〉 from T ′P . Thus I cannot
be a model of T ′P , nor of K′P .

For the converse, assume thatK′P is not witnessed Π-consistent. Then IP cannot be
a model of K′P . Since it is a model of KP , IP must violate the only axiom in T ′P \ TP .
Thus, there is a node µ ∈ {1, . . . ,m}∗ where (∼((A → B) u (B → A)))IP (µ) < 0.5
or, equivalently, where (AIP (µ) ⇒Π BIP (µ)) · (BIP (µ) ⇒Π AIP (µ)) > 0.5. But
this means that each of these residua is strictly greater than 0.5, and hence P has a
solution.

Lemma 7.1.4 implies that we can reduce the PCP to Π-consistency in the FDL
IALCE , and in particular, that the latter problem is undecidable.

THEOREM 7.1.5. Witnessed Π-consistency of knowledge bases in IALCE is undeci-
dable.
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Observe that with obvious changes the proof of Theorem 7.1.5 is also valid for any
FDL language of IALCE type when taking as semantic of the complementation any
involutive negation on [0, 1] (different from the standard one). Moreover we cannot drop
the condition of models being witnessed. Take the concept B := ∀R.C&¬∀R.(C uC),
given by Hájek in [80], which is 1-satisfiable but not witnessed 1-satisfiable. In the same
way the concept ¬∆B is a tautology for witnessed models but not for all [0, 1]-models.

7.2 Further undecidability results

Using similar techniques to those presented in Section 7.1, it is possible to prove
undecidability of other reasoning tasks and for FDLs using other continuous t-norms
for their semantics. The undecidability of ∗-consistency holds even for less expressive
FDLs. In fact, it was shown in [41, 60] that for every continuous t-norm ∗ that is not
idempotent (i.e., not the minimum t-norm), ∗-consistency is undecidable already in ELC.

As explained before, the proof of this claim follows very closely the construction
presented in Section 7.1 for reducing an instance of the PCP to consistency of a know-
ledge base. However, some additional technicalities are needed to remove any use of
the constructors ∀ and→ from the axioms used. As it can be seen from Figure 6, value
restrictions are only used in the definition of the axioms 〈C R

 D〉. These axioms are
used to transfer the membership degree of a concept to a given R-successor. We can
obtain the same result using existential restrictions and strong negation, instead of value
restrictions. To do this, simply redefine the expression 〈C R

 D〉 to stand for the two
axioms 〈∃R.∼D v ∼C, 1〉 and 〈∃R.D v C, 1〉. It is easy to see that Lemma 7.1.2
still holds under this definition.

The implication constructor is only used in the axiom

〈> v ∼((A→ B) u (B → A)), 0.5〉

added to the knowledge base KP to verify the existence of a solution for P . Recall that
this axiom is intended to enforce that each element of the tree-model belongs to the con-
cepts A and B to a different membership degree, and hence cannot be a solution. It is
possible to remove the constructor→ with the help of auxiliary concept names that ver-
ify that A and B never receive the same interpretation. Since this construction is quite
technical, we do not reproduce it here and refer the interested reader to the proofs appear-
ing in [41]. Additionally, if the t-norm used is not Π, then the words from the instance
P need to be encoded in a different manner. Overall, we obtain the following theorem.

THEOREM 7.2.1. Witnessed ∗-consistency of ELC knowledge bases is undecidable if
∗ is a non-idempotent continuous t-norm.

Notice that strong negation is fundamental for the constructions presented so far. In
fact, even for initializing the recursive construction of the tree, we need to ensure the ex-
istence of a domain element that belongs to the concepts A and B with specific degrees.
Since concept assertions only provide lower bounds for the membership degrees, we
require strong negation to provide a matching upper bound. It is well-known that for the
Łukasiewicz t-norm, strong and weak negations coincide. Thus, a trivial consequence
of Theorem 7.2.1 is that Ł-consistency of NEL knowledge bases is also undecidable.
Observe that in fact, in Łukasiewicz, NEL is equivalent to ALC.
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Let now ∗ be any non-strict continuous t-norm. It is well-known that such t-norms
and their residua behave as the Łukasiewicz operators, scaled down to an initial subin-
terval from [0, 1]. More precisely, if ∗ is a non-strict continuous t-norm, then there exists
a b ∈ (0, 1] such that for all x, y ∈ [0, b]:

x ∗ y = b · (x
b
∗Ł

y

b
)

x→∗ y = b · (x
b
→Ł

y

b
).

Using this property, it is possible to scale the reduction of the PCP to Ł-consistency
down to the interval [0, b], thus obtaining undecidability also for the nilpotent t-norm ∗.
Clearly, in this scaling, we cannot consider strong negation, as there is no guarantee on
how operators behave beyond the value b. Thus, this result can only hold if we allow
weak negation, which is defined through the residuum and the lower bound 0.

THEOREM 7.2.2. Witnessed ∗-consistency of NEL knowledge bases is undecidable if
∗ is a non-strict continuous t-norm.

We now briefly describe how to apply the same ideas described in this section to
also show undecidability of subsumption and concept satisfiability. Recall that for the
reduction presented in Section 7.1, we encoded each natural number v as the number
2−v ∈ (0, 1]. Notice that in this case, the base 2 is arbitrary, and the reduction would
still apply, with minor modifications, if the encoded had the form pv for any p ∈ (0, 1).
Moreover, the ABox AP is only used to initialize the root node to specific powers of 1

2 .
Suppose that we can guarantee the existence of an element δ that belongs to some

concept name X to a degree p ∈ (0, 1), then the TBox

TX := {〈> v X, 0.1〉, 〈> v ∃S.>〉, 〈Xv1
S
 A〉, 〈Xw1

S
 B〉} ∪

{〈Xvj S
 Vj〉, 〈Xwj S

 Wj〉 | 1 ≤ i, j ≤ m}

ensures the existence of an element γ such that AI(γ) = pv1 , BI(γ) = pw1 , and
V Ij (γ) = pvj and W Ij (γ) = pwj holds for every j, 1 ≤ j ≤ m; that is, this γ behaves
like the root node for the search tree in the reduction of P . Additionally, it guarantees
that X is always interpreted to a degree greater than or equal to 0.1; in particular, at the
element δ we have thatXI(δ) > 0. Using the arguments from Section 7.1, the following
lemma can be easily proven.

LEMMA 7.2.3. The instance P of the PCP has a solution if and only if any of the
following holds:

1. X is Π-satisfiable to degree smaller than or equal to 0.9 w.r.t. T ′P ∪ TX .

2. > is not Π-subsumed by X to degree 1 w.r.t. T ′P ∪ TX .

A simple consequence of this lemma is that Π-satisfiability and Π-subsumption are
undecidable in IALCE . As before, these undecidability results can be strengthened to
less expressive logics, and to a larger class of t-norms. We thus obtain the following
theorem, whose detailed proof can be found in [2, 36].
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THEOREM 7.2.4. Witnessed ∗-satisfiability and witnessed ∗-subsumption w.r.t. TBoxes
are undecidable

• in ELC if ∗ is a non-idempotent continuous t-norm and

• in NEL if ∗ is a non-strict continuous t-norm.

Notice that all these undecidability results hold only for witnessed models. In fact,
the only step in which the properties of witnessed interpretations are used is to guarantee
that there are Ri-successors with degree 1, using the axiom 〈> v ∃Ri.>〉. Thus, we
can weaken this restriction to consider only so-called weakly-witnessed interpretations.
An interpretation is weakly-witnessed if, for every δ ∈ ∆I such that (∃R.>)I(δ) = 1,
there is a γ ∈ ∆I with RI(δ, γ) = 1.

When considering general models, the constructions presented so far do not work
for encoding instances of the PCP. The reason for this is that the existential restriction
can be satisfied through an infinite sequence of successors that get a degree arbitrarily
close to 1, but this limit is never reached. In such a situation, the preconditions of
Lemma 7.1.2 do not hold, and hence we cannot guarantee that the desired degrees are
transferred to a specific successor.

To overcome this problem, it is proposed in [39] to encode words using intervals,
rather than just numbers from [0, 1]. The idea is that such an interval allows for a mar-
gin of error in the transfer of values through successors with degrees close to, but not
precisely equal to 1. While the main idea is the same, the additional handling of this
error-margin makes the construction rather technical. Moreover, this idea has only been
applied to non-strict t-norms, yielding the following result.

THEOREM 7.2.5. For every non-strict t-norm ∗, ∗-consistency, ∗-satisfiability, and
∗-subsumption are undecidable in NEL w.r.t. general models.

7.3 Complexity bounds

We now study the complexity of reasoning in FDLs. For a historical overview of the
known decidability results for these logics, we refer the interested reader to Section 8.

In order to study the complexity of reasoning in FDLs, recall first that in the classical
case, reasoning in FL0 w.r.t. general TBoxes is already exponential [3, 133]; moreover,
under the classical semantics, all the logics between NEL and ELC from below, and
IALCE from above are equivalent to the DL ALC, for which the standard reasoning
problems are all EXPTIME-complete. This implies that reasoning in the fuzzy variants
of all these logics is already EXPTIME-hard, regardless of the t-norm chosen for their
semantics. As shown earlier in this section, these lower complexity bounds are not
necessarily tight, since in many cases these logics are undecidable. We now prove that
in all other cases, KB consistency and concept satisfiability w.r.t. witnessed models are
decidable in exponential time. Afterwards, we discuss the issues with general models,
and the problem of subsumption.

Let ∗ be a strict continuous t-norm; in other words, a continuous t-norm with Gödel
negation as its corresponding residuated negation. We want to show that ∗-consistency
of NEL knowledge bases is in EXPTIME. We will show a stronger result, proving this
complexity upper bound for the more expressive IALUE .
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Since ∗ is a strict t-norm, we know that its weak negation corresponds to the Gödel
negation that maps 0 to 1 and all other values to 0. This means that its double negation
¬¬maps every positive value to 1 and the least element 0 to itself. Moreover, [62] proves
that the double negation operator is an automorphism in any BL-chain. This result can
be extended to existential and value restrictions, provided that the latter are witnessed.

LEMMA 7.3.1. Let ∗ be a strict continuous t-norm. For all non-empty sets X ⊆ [0, 1]
it holds that

1. ¬¬ (sup{x | x ∈ X}) = sup{¬¬x | x ∈ X}.
2. If min{x | x ∈ X} exists, then ¬¬ (min{x | x ∈ X}) = min{¬¬x | x ∈ X}.

Proof. To prove (1), observe that supX = 0 iff X = {0}, which yields

¬¬(supX) = 0 iff supX = 0 iff X = {0} iff {¬¬x | x ∈ X} = {0}
iff sup{¬¬x | x ∈ X} = 0.

Assume now that minX = xmin exists. To prove (2) observe that:

¬¬(minX) = 0 iff xmin = 0 iff 0 ∈ {¬¬x | x ∈ X}
iff min{¬¬x | x ∈ X} = 0.

In a natural way, the ¬¬ operator induces, for each interpretation I, the crisp in-
terpretation I? defined byAI

?

(δ) = ¬¬(AI(δ)) and RI
?

(δ, γ) = ¬¬(RI(δ, γ)) for all
δ, γ ∈ ∆I , concept name A and role name R. Let K be a knowledge base. From K we
can construct a new (crisp) knowledge base K?. The axioms in K? are:

1. A concept assertion 〈C(a),¬¬r〉 for every concept assertion 〈C(a), r〉 in K
2. A role assertion 〈R(a, b),¬¬r〉 for every role assertion 〈R(a, b), r〉 in K
3. A GCI 〈C v D,¬¬r〉 for every GCI 〈C v D, r〉 in K.

THEOREM 7.3.2. A witnessed interpretation I is a model of the K if and only if I? is
a model of K?.

Since ∗ is strict, it follows that I? only uses the extreme membership degrees 0 and
1; that is, it is a crisp interpretation. Likewise, K? can be seen as a classical KB, since it
is not graded. From this it follows that ∗-consistency of IALUE knowledge bases can
be reduced in linear time to classical consistency in the DLALC, yielding the following
result [34].

THEOREM 7.3.3. If ∗ is a strict continuous t-norm then ∗-consistency in IALUE is in
EXPTIME.

The only remaining case is for logics that allow strong negation as a constructor. As
stated in Theorem 7.2.1, in any logic that extends ELwith strong negation, ∗-consistency
is undecidable if ∗ is not the idempotent t-norm. Thus, we only need to study the case
when the semantics is based on the minimum t-norm. It has been recently shown, us-
ing an automata-based method, that G-consistency of IALCE can also be decided in
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NEL IELU IALUE ELC IALCE

classical Ł⊕ Ł⊕ Ł⊕ G G

general Ł⊕ Ł⊕ Ł⊕ G G

Table 6. Undecidability of consistency in fuzzy description logics

exponential time [35]. The main insight in this approach is that the precise member-
ship degrees are irrelevant for deciding whether a model exists; it is only necessary to
know the order between this degrees. Since only a finite number of such orderings are
possible, one can construct an automaton that accepts abstract representations of the
tree-shaped models of the KB. For the full details of this construction see [35].

THEOREM 7.3.4. G-consistency in IALCE is in EXPTIME.

An upper bound in the complexity of ∗-consistency also provides a complexity
upper bound for the problem of ∗-satisfiability of concepts to a degree greater than or
equal to some r. Indeed, it is easy to see that a conceptC is ∗-satisfiable to degree at least
r w.r.t. the knowledge base 〈T ,A〉 if and only if the knowledge base 〈T , {〈C(a), r〉}〉 is
∗-consistent. If strong negation is allowed, then ∗-satisfiability to a degree smaller than
or equal to r and ∗-subsumption can also be reduced to ∗-consistency in the obvious
manner. This yields the following result.

THEOREM 7.3.5. G-satisfiability and G-subsumption in IALCE are in EXPTIME.
Moreover, if ∗ is a strict continuous t-norm, then ∗-consistency to a degree greater
than or equal to r in IALUE is also in EXPTIME.

Unfortunately, this reduction does not work for deciding satisfiability to a degree
smaller or equal to some r, or subsumption. It is important to notice that the proof
of decidability of consistency in IALUE constructs an equi-consistent classical KB
from which consistency can be decided. However, this new knowledge base K? is not
necessarily equivalent to K; the latter can have many more models than the former. The
translation K → K? guarantees that if there is any model, then there is also a model that
uses only the degrees 0 and 1. However, nothing further is known of the existence of
a model that gives a degree lower than some upper bound (for satisfiability), nor of all
models (for subsumption). It is still an open problem whether these problems are even
decidable for the IALUE description language.

The undecidability and complexity results for ∗-consistency are summarized in
Table 6. Each cell of the table describes the class of t-norms ∗ for which ∗-consistency
in the corresponding FDL is known to be undecidable, w.r.t. witnessed and general mod-
els. In this case, Ł⊕ denotes the class of non-strict continuous t-norms; that is, those
t-norms starting with the Łukasiewicz t-norm, and G is the class of non-idempotent con-
tinuous t-norms, i.e., all continuous t-norms except the minimum t-norm. Cells with a
gray background express that for all t-norms that are not in the class, ∗-consistency is
known to be decidable and EXPTIME-complete. Notice that there are two white cells
for the case of general models. In these cases, it is unknown whether the problem is
decidable for any t-norm that is outside the respective class.
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7.4 Reasoning with finite chains

We finish this section with a brief observation on the complexity of reasoning in
FDLs when the semantics is based on a finite chain. It is easy to see, using standard
techniques from model theory, that when the space of truth degrees is finite, then IALCE
has the bounded-model property; that is, if a knowledge base K has a model, then it also
has a finite model with size bounded by a function on the size of K. This immediately
implies decidability of all the standard reasoning tasks in this logic.

We can further improve this positive complexity result. In fact, using a technique
known as unraveling, it is also possible to prove that if the knowledge base K has a
model, then it also accepts a Hintikka tree [35, 42, 44]. Abstract representations of these
Hintikka trees can be accepted by an automaton that uses as states all the types for the
relevant concepts from K, and whose transition relation verifies that the semantics of
the existential and value restrictions are satisfied. Since the number of types is expo-
nential on the size of K, and deciding whether an automaton accepts at least one tree is
polynomial on its number of states, this yields the following result.

THEOREM 7.4.1. Standard reasoning in IALCE over finite chains is EXPTIME-com-
plete.

The result in Theorem 7.4.1 matches the same complexity result for classical ALC.
The same matching has been proved for different languages over (not necessarily linear)
finite truth algebras. Nevertheless, in [33] has been proved that the complexity of KB
consistency for language EL under the finite Łukasiewicz t-norm jumps from PTIME-
complete in the classical case to EXPTIME-complete in the finite-valued case.

8 Some historical remarks and further reading

We now provide a brief overview of the history of fuzzy description logics.

8.1 Classical Description Logics in short

Description Logics (DLs), previously called Terminological Logics (e.g. [100]) and
conceptual languages (e.g. [114]), are usually considered as an evolution of frame-based
systems (e.g. [84, 98]) and Inheritance Networks (e.g. [46, 107, 135, 139]), the latter two
lacking a formal (logic based) semantics. DLs have been introduced to overcome to this
deficiency. In short,9 the history of DLs can be split into four phases:

Phase 1. During the ’80s, DLs’ development has been characterised by so-called struc-
tural subsumption algorithms and implementation of first DL systems such as KL-
ONE [51, 140], KL-TWO [138], KRYPTON [48], KANDOR [104], LOOM [93],
BACK [101], NIKL [89], LASSIE [67], K REP [96] and CLASSIC [47]. Some
of these algorithms have been found incomplete and the subsumption problem
may be undecidable (e.g. [105, 113]), but most of the cases these systems have
reduced expressivity and computational complexity of the subsumption problem
(e.g. [49, 115]).

9 For more on classical DLs’ history see [4].
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Phase 2. The early ’90s have been characterized by the introduction of complete tab-
leaux based reasoning methods [68, 85, 114], first complexity results, first in-
vestigation on optimization methods and systems such as KRIS [6], KSAT [74],
CRACK [72], whose computational complexity of the subsumption problem is in
PSPACE.

Phase 3. From the mid ’90s, tableaux methods and systems have been developed with
good practical performance on very expressive DLs with high worst case com-
plexity, essentially in EXPTIME, and the study of relationships to other frag-
ments of First-Order Logic [30, 65, 112]. Example systems of this period include
FACT [87], DLP, RACER [76], CEL [7] and KAON2.10

Phase 4. This latest phase, is characterised by the development and application of ma-
ture, highly optimised implementations such as PELLET [117], HERMIT [116],
FACT++ [137], RACERPRO [75], ELK [90], MASTRO STUDIO [63], used as
the reasoning engines for knowledge representation languages in the realm of the
Semantic Web, such as OWL 2 [102] and their profiles [103].

8.2 Fuzzy Description Logics

Initially, the work on Fuzzy DLs (FDLs) addressed the problem to equip DLs with
a fuzzy semantics. A first step was to generalize the semantics of atomic concepts and
roles from crisp sets and relations to fuzzy sets and fuzzy relations, respectively, and
the semantics of subsumption to the inclusion between fuzzy sets. Nevertheless this
does not mean there is a wide agreement on how to generalize the semantics of complex
concepts and, thus, it is not surprising that various proposals have been made.

The first attempt in this direction is [141], which proposes a generalization of [49].
The language defined in this work, called FT SL−, uses concept constructors conjunc-
tion (: andC1, . . . , Cn), value restriction (: allRC), restricted existential quantifica-
tion (: someR>), modifiers (: NOT, : VERY, : SLIGHTLY, etc.) and an early version of
concrete domains. The semantics was called test score semantics (see [142]) as scores
(what we nowadays call “truth values”) are assigned to concepts. However, the interest-
ing point are the truth functions used to calculate the truth values of complex concepts.
Specifically,

• It is suggested to use the min function to compute the value of a conjunction of
concepts. Besides this suggestion, the author not only recognizes that any other
t-norm can be used as the semantics of conjunction, but also that both lower and
upper bounds for conjunctions can be computed considering min and Łukasiewicz
t-norms as upper and lower bounds respectively.

• The semantics of value restriction (: allRC) is defined in two alternative ways.
Either through a fuzzy implication operator, as it is done nowadays, or through
the notion of conditional necessity from possibility theory. The author, however,
adopts the second option.

10 However, it should be noted that KAON2 maps ontologies into disjunctive logic programs; http://
kaon2.semanticweb.org/#introduction.
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• The semantics of number restriction is defined just by means of a function that
normalizes the sum of the relation degree of a given individual with respect to
each other individual in the domain. As an example we report the definition of the
at-least number restriction:

µ(:at−leastnR)(x) = µat-least-n

(∑
y µR(x, y)

)
,

where µX is the characteristic function of the set (relation) X and µat-least-n is
defined in the following way:

µat-least-n(z) =


0 if z ≤ n− 1

z − n+ 1 if n− 1 ≤ z ≤ n
1 if z ≥ n,

that is quite different from the solution adopted in the latest works on FDL.

The semantics defined in [141] was general enough to leave open the adoption of
a truth function for conjunction. Nevertheless, this work was inspired by practical pur-
poses and its goal was to provide a more refined tool for knowledge representation.

Later on, in [124, 136] a more theoretic approach was considered. The evolution of
the notation towards a logical-like abstraction, that was experimented by the classical DL
community, influenced these works, which utilizes the same modern notation reported in
Section 3.1. The language studied in [136] was calledALCFM (the subindex FM stands
for infinitely many truth values). It presents, as concept constructors, conjunction u,
disjunction t, value restriction ∀R.C, existential quantifier ∃R.C and manipulators11

MiC [136], together with a many-valued logic style semantics [77]. The choice of the
truth functions for the logical connectives falls on min and max for conjunction and
disjunction, respectively. The semantics for the existential quantifier is the one provided
in Definition 3.2.1 and it is the first place where it has been defined in this way. This
work is also the first (together with [124]) in defining the semantics for value restriction
∀R.C by means of the so-called Kleene–Dienes implication, defined on [0, 1] as:

r → s := max{1− r, s}

which is a straightforward generalization of the classical one. In particular, if I is an
FDL interpretation, the semantics of value restriction ∀R.C, based on Kleene–Dienes
implication, is defined in the following way:

(∀R.C)I(v) = infw∈M{max{1−RI(v, w), CI(w)}}.

Finally, for the semantics of manipulatorsMiC, unary functions on [0, 1] were used,
in the same way as is done in the framework of Mathematical Fuzzy Logic when the
semantics of fuzzy hedges is defined (see Chapter VIII of this Handbook and therein
references for details).

11 The notion of manipulators corresponds to the logical notion of hedges modeling linguistic modifiers
used in this chapter.
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In [124], the language studied is called (and, indeed, it is) ALC and the seman-
tics adopted is the same as the one used in [136], plus a unary function that gives the
semantics to concept complementation defined as:

¬r := 1− r.

The set of operations that includes min{r, s},max{r, s},max{1− r, s} and 1− r
on the real unit interval is commonly denoted with the name of Zadeh’s semantics. The
strength of [124] and of its journal version [125], is that they set up a clear syntax and
semantics, very close to the classical ones and relate each other without the intermediate
step of many-valued first order logic, like in [136]. In this way Fuzzy Description Logic
is set up as an autonomous discipline with a clearly defined syntax and semantics as the
one provided in [125].

Moreover, in [124] for the first time fuzzy axioms have been defined in this way,
since in previous papers the notion of fuzzy axioms was not considered. In [124], just
non-strict lower bound axioms are considered. In [125] axioms stating a non-strict upper
bound have been introduced as well, but strict bound axioms are not considered. Since
then, some works on FDL consider strict bound axioms, like [26, 122, 126, 131] and
some others do not consider strict bound axioms, like [9, 15, 22, 38, 56, 58, 127, 129].
Later, in [127], the more general framework of semantics based on lattices has been
considered that are supposed to be not necessarily chains, too.

These works, indeed, opened the door to the possibility of expanding the language
in order to cover the advances that had been done in the classical framework. A fuzzy
semantics for concrete domains was introduced in [130]. A semantics for unquali-
fied number restriction, role hierarchies, inverse and transitive roles was introduced
in [122]. A semantics for nominals was introduced in [121]. A semantics for quali-
fied number restriction was introduced in [16, 17] and later on discussed and improved
in [24, 27].

As it is known in the framework of MFL, the presence of Kleene–Dienes implication
leads to some counter-intuitive facts due to its behavior with respect to the order in [0, 1].
Indeed if x → y = (1 − x) ∨ y then the implication is true iff either x = 0 or y = 1
that is not intuitive. Moreover if x ≥ a and x→ y ≥ b nothing could be deduced about
the value of y. This means that we have no Modus Ponens rule of any type. This fact, in
the setting of FDLs based on Zadeh semantics, has been pointed out by Hájek in [80],
where the example of the assertion “all hotels near to the main square are expensive” is
presented in order to highlight the consequences of using Kleene–Dienes implication in
the semantics of value restriction. Such assertion can be formally expressed as

〈∀hasNear.Expensive(MainSquare) ≥ 1〉. (4)

Here we will further develop this example, as done in [54]. Consider the following
fuzzy ABox HOTELS:

〈hasNear(MainSquare, Hotel1) = 0.9〉 〈Expensive(Hotel1) = 0.9〉
〈hasNear(MainSquare, Hotel2) = 0.5〉 〈Expensive(Hotel2) = 0.5〉
〈hasNear(MainSquare, Hotel3) = 0.1〉 〈Expensive(Hotel3) = 0.1〉.
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•
Hotel1

1−0.9 •
MainSquare

1−0.5 •
Hotel2 Hotel3

1−0.6 •

Figure 7. Interpretation satisfying HOTELS

The HOTELS ABox indeed depicts the ideal situation, where “for each hotel the
degree of its being near to the main square equals the degree of its being expensive”
and where “there is at least one hotel which is near to the main square in degree 0.5”.
In Figure 7 we report an interpretation that satisfies ABox HOTELS, where the distance
between MainSquare and Hotelx is calculated as

1− hasNear(MainSquare, Hotelx).

In this ideal situation the truth value of assertion (4) should be 1, because hotels
are at least as expensive as they lie near the main square. Now, if the truth value of (4)
is calculated using the truth function of any residuated implication, its value is indeed
1, which means that the ABox HOTELS ∪ {(4)} is consistent. Nevertheless, using the
truth function of Kleene–Dienes implication, the result is different. In fact, in every
interpretation I that is a model of HOTELS, we have that:

(∀hasNear.Expensive(MainSquare))I =

= inf
v∈∆I

{NearI(MainSquareI , v)⇒∗ ExpensiveI(v)} ≤

≤ inf{max{1− 0.9, 0.9},max{1− 0.5, 0.5},max{1− 0.1, 0.1}} =

= inf{0.9, 0.5, 0.9} =

= 0.5.

Hence, the truth value of assertion (4), using Kleene–Dienes implication, is at most 0.5
in every model of HOTELS, against the intuition, reflected in HOTELS, that its truth value
should be 1. Hence, the ABox HOTELS ∪ {(4)} is inconsistent.

For these reasons, many-valued logics studied in the framework of MFL use residua-
ted implications (satisfying x ≤ y iff x → y = 1 and a Modus Ponens rule saying that
if x ≥ a and x → y ≥ b then y ≥ a ∗ b). Based on MFL, Hájek in [80] defines logical
based FDLs as fragments of first order residuated many-valued logics in an analogous
way as DLs are fragments of first order classical logic. In this new framework, not only
the semantics of conjunction is a t-norm, but it is also recovered the idea, firstly proposed
in [124, 136], of a tight relation between FDLs and first order fuzzy logic. As we have
seen, with the only exception of [141], the operation min is the only function adopted as
a semantics for the conjunction concept constructor until [80]. Hájek’s proposal defines
a family of FDLs depending on the t-norm used to interpret strong conjunction. In the
same year, Straccia defined and studied in [128–130] some FDLs where conjunction is
interpreted as a t-norm different from the minimum as well.

The new framework inspired several successive works on FDL such as, [10, 18, 22,
24, 25, 27, 55, 131]. Among the ones that deepen the relationships between FDL and
MFL we can find [56, 58, 59, 73].
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The new framework of FDLs based on t-norms supposed also a re-thinking about
the notation used in FDLs. Indeed, the use of the same notation of DLs for FDLs has
been based on the fact that, in order to generalize DLs to the multi-valued framework, it
seemed enough to generalize the semantics of concepts and roles to fuzzy sets and fuzzy
relations. With this idea it is obvious that the same concept constructors (and, with them,
the same formal languages) could be maintained in a multi-valued framework. This
formalization worked indeed well when the semantics adopted as underlying truth value
algebra was the Zadeh’s semantics. But, since [80, 128–130], some works on FDLs
began to consider the use of residuated implications as formalized in the framework of
MFL. However, adopting a framework based on MFL and maintaining the same notation
as in the classical case, could produce a slight confusion. This is due to several reasons
related to differences between the classical and the many-valued framework. Commonly,
with some exceptions, such differences include the following items:

1. Two kinds of conjunctions, with different mathematical properties, can be
considered in the many-valued framework and the same holds for disjunction.

2. Implication is, in general, not definable from other connectives.

3. The quantifiers are not definable from each other by means of the duality through
negation ∃R.C ≡ ¬∀R.¬C.

4. The disjunction is not definable from the residuated negation ¬C := C → ⊥ and
the conjunction u.

All these items must be taken into account both when choosing the symbols de-
noting the constructors of our description languages and when building the hierarchy
of fuzzy description languages, as we have already seen in Section 3.3. As an example
recall that, in classical DLs,ALE is strictly contained inALC, while within many FDLs,
by item 3 above, this is not the case.

In particular, we find worth discussing the case of implication. In classical DLs,
the implication is not usually a primitive concept constructor, even though implication
is often implicitly used. This is due to the fact that the implication is definable from
conjunction and negation. Nevertheless, in the logic BL and many of its extensions,
implication is in general not definable from other connectives. The first time that the
concept constructor→ for the implication is included in the definition of the language
as a primitive connective has been in [80].

The introduction of a new symbol for implication allows to utilize a concept cons-
tructor that is not otherwise definable. Moreover, it is useful in order to define, in BL
and its extensions, other concept constructors like weak conjunction, weak disjunction
and residuated negation.

8.3 Computational issues in a historical perspective

Like for classical DLs, also in the framework of t-norm based FDL the computa-
tional issues have marked the recent history and the development of the subject. Com-
putational issues have been already extensively addressed in Sections 6 and 7. Here we
want to summarize them in a historical perspective. For this reason, in this section we
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omit the technical details, the definitions of the notions cited and any explanation of
how they work. For a deeper understanding of these notions the reader is addressed to
Sections 6 and 7.

Decidability has been a central matter since the beginning of the research in FDL.
As in the classical case, the first problem to be dealt with has been concept subsump-
tion. In order to deal with this problem a structural subsumption based procedure has
been employed. In [49] a structural subsumption algorithm SUBS?[a, b] for deciding
classical concept subsumption in FL− with respect to an empty KB is presented. This
kind of algorithms perform a comparison in the syntactic structure of two given con-
cept descriptions after having transformed them in a suitable normal form. The fact
that SUBS?[a, b] calculates subsumption in polynomial time relies on the fact that ev-
ery FL− concept C is equivalent to a FL− concept C∗ where each value restriction
∀R.C appears at most once for each nesting level. That is, for example concepts
∀R.(C u D) and ∀R.C u ∀R.D are equivalent. Moreover, the possibility of apply-
ing structural algorithms to a given calculus is due to the fact that concept conjunc-
tions can be considered as sets of concepts. The problem of generalizing structural
subsumption algorithms to the many-valued framework has been addressed in [141]
and [136]. In [141] it is proven that the concept subsumption problem, with respect
to empty knowledge bases, of a language denoted as FT SL− is decidable. The main
result in [136] is the decidability proof for the concept subsumption problem, with re-
spect to empty knowledge bases, of a language denoted as ALCFM . The structural
subsumption algorithm SUBS?[a, b] can be indeed consistently used in order to de-
cide 1-subsumption12 for Gn-FL−. This is due to the fact that the Gödel t-norm ∧
works well with its residuum ⇒Gn . That is, for every x, y, z ∈ Gn it holds that
x ⇒Gn (y ∧ z) = (x ⇒Gn y) ∧ (x ⇒Gn z). Unfortunately, the same result does
not hold for non-idempotent t-norms. In this case, there may be x, y, z ∈ T such that
x ⇒∗ (y ∗ z) 6= (x ⇒∗ y) ∗ (x ⇒∗ z). In [61] the problem has been studied for the
1-subsumption problem with empty KB under the finite Łukasiewicz t-norm ∗Łn . Since
Łukasiewicz conjunction is not idempotent, complex concepts where just u appears as
concept constructor can not be seen as sets of atomic concepts. Nevertheless, as shown
in [61], complex concepts in Łn-FL− can be seen as multisets of simpler concepts, that
is, different occurrences of atomic concepts are now seen as different elements of a given
complex concept. This gives us the possibility of still defining structural subsumption
algorithms for Łn-FL−.

In [124] and [125] the decidability of the entailment problem with respect to empty
TBoxes of language ALC under Zadeh’s semantics is proven. The procedure used is a
tableaux algorithm based on the recursive production of a set of constraints until either a
clash is produced or the set of constraint is complete, in the sense that no further rule can
be applied to the existing set of constraints. Some years later, more general tableau algo-
rithms were presented, managing GCIs and the more expressive FDLs SHIN [123] and
SHOIQ [120] under Zadeh’s semantics. The reasoner Fire implements a tableaux al-
gorithm to solve several reasoning tasks in Zadeh SHIN [118]. If the TBox is empty,
these algorithms have the same computational complexity as the tableaux algorithms

12 Note that subsumption between two concepts in Gn-FL− always takes either value 0 or value 1. There-
fore, speaking about (≥ r)- or (= r)-subsumption in Gn-FL− does not make sense.
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for their corresponding crisp languages. If there are GCIs, it is conjectured that the
algorithms do not provide a tight complexity bound. Tableau algorithms can also be
used for finite t-norms if the degrees of truth are taken from a residuated De Morgan
lattice. The idea here is that all the tableau rules can be applied in a non-deterministic
way by producing all the combinations of degrees of truth that satisfy a restriction. An
algorithm for ∗-consistency in SHI without GCIs has been presented in [44]. Since
there are exponentially many rule applications and exponentially many ways to apply
a single rule, it is conjectured that this algorithm does not provide a tight complexity
bound.

As explained in Section 6.2.4, the decidability of the reasoning with several FDLs
have been proved by a reduction to reasoning with classical DLs. In [126] KB consis-
tency of the language ALCH with role hierarchies over Zadeh’s semantics is reduced
to reasoning with classical ALCH. An algorithm for Z-consistency in the more expres-
sive SROIQ(D) has also been presented in [18]. If one restricts his attention to finite
chains, there are algorithms for G-consistency [20] and Ł-consistency [27] in SROIQ.
These results have been extended to ∗-consistency for every finite t-norm [21, 29] (where
it is also possible to combine operators belonging to different finite fuzzy logics). The
DeLorean reasoner implements a reasoning algorithm for fuzzy extensions of OWL 2
using Zadeh and Gödel fuzzy logics [19].

In [128] a procedure based on a reduction to the Mixed Integer Linear Programming
problem is proposed in order to prove decidability of languageALC extended with con-
crete domains and fuzzy modifiers under Zadeh’s semantics or Łukasiewicz semantics
for acyclic TBoxes. This procedure has been explained in Section 6.2.1. This family
of algorithms based on a combination of tableaux rules and optimization problems has
been used to solve the BED problem in more expressive logics. An algorithm to solve
the witnessed BED problem in IALC without TBoxes for any left-continuous t-norm
was proposed in [25]. This result was later extended to consider acyclic TBoxes [60].
Similarly, an algorithm checking the ∗-consistency in SI without TBoxes for any con-
tinuous t-norm was proposed in [119]. These algorithms can be extended to support
fuzzy aggregation operators as shown in [28]. fuzzyDL [23] reasoner uses one of these
algorithms to solve several reasoning tasks for Zadeh and Łukasiewicz SHIF(D).

Until [80], the algebra of truth values considered is mainly the real unit interval
[0,1] with operations max, min, 1 − x and Kleene–Dienes implication (also known as
the Zadeh semantics). In [80] and [128–130], for the first time a t-norm based semantics
is considered. Specifically, the main result proved in [80] is the decidability of the satisfi-
ability and subsumption problems, with respect to empty knowledge bases, for language
ALC over a standard algebra restricted to witnessed models. The result is achieved by
means of a recursive reduction of the concept satisfiability and subsumption to satisfia-
bility and logical consequence in the corresponding propositional calculus. This proce-
dure has been explained in Section 6.2.5. Other works where the same research line is
applied are [55] and [45]. The first one tried to prove decidability of concept satisfiabil-
ity in Π-IALUE without knowledge bases and with respect to so-called quasi-witnessed
models. In recent times an error was found in the proof, but a correct proof can be found
in [53]. The second one proposes an implementation in PSPACE of Algorithm 5 in the
case of any finite t-norm.
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Further works on the decidability of FDLs are the following. In [21] a quite expres-
sive FDL over a set of operations that join minimum t-norm with Zadeh’s operations is
presented. The decidability of the KB consistency problem is proved through a recursive
reduction to classical DL when the set of truth values is fixed in advance and finite. A
similar result can be obtained by considering degrees of truth taken from a residuated
De Morgan lattice [44]. In [34] it is proved that KB consistency for an FDL with role
constructors and nominals over any t-norm with Gödel negation is linearly reducible to
classical DL. In [39] it is proved undecidability of KB consistency with respect to unre-
stricted interpretations for a really basic FDL over Łukasiewicz t-norm. In [40] different
results are provided for quite expressive FDLs over complete residuated De Morgan lat-
tices, including some decidability results involving finite lattices. An interesting feature
of this paper is the use of tableaux algorithms for the decidability results.

In the last years there have been several works dealing with undecidability of FDLs
over a BL-chain determined by a continuous t-norm. Early works on FDLs based on
non-idempotent t-norms, are spotted by examples of languages that do not enjoy the fi-
nite model property (FMP), that is a fundamental property to easily prove decidability
of a calculus. In [80] it is proven that FMP fails with general models for the concept
satisfiability problem without TBox in [0, 1]Π-IALE . In [25] the lack of FMP is proved
for knowledge base consistency in [0, 1]ŁΠ-ALC. At that time a proof of undecidability
was still not taken into account, because the lack of FMP was not considered to be a se-
rious problem. On the other hand, in [25] the problem is restricted to acyclic knowledge
bases and witnessed models in order to easily obtain decidability. Some years later, it
was proven that the languages [0, 1]Ł-ALC and [0, 1]Π-IALCE do not enjoy the finite
model property when general TBoxes are considered, even if we consider witnessed
models only [15]. Although this work does not give any undecidability result, it casts
doubts on the decidability of those languages when general TBoxes are considered. The
first actual undecidability result is given in [9], where undecidability of KB consistency
for language [0, 1]Π-IALCE is proved. The method used in this work as well as in the
subsequent works on undecidability is a reduction to PCP similar to the one explained
in Section 7. However, in order to prove undecidability, this work requires the use of in-
clusion axioms with a strict lower bound; but the authors were not able to strengthen the
construction to prove undecidability of the same problem without this kind of axioms.
Nevertheless the full undecidability of KB consistency for language [0, 1]Π-IALCE was
proved later in [10] and [11]. Note that in these works the undecidability result is proved
for the cited problem when restricted both to witnessed interpretations and to strongly
witnessed interpretations. In [38] the undecidability of concept satisfiability with re-
spect to a KB for the language ALC over a De Morgan chain containing the standard
Łukasiewicz chain as a subalgebra is proved. In the same paper [38] it is also shown
that if the De Morgan lattice considered as underlying algebra of truth values is finite,
the same problem is indeed decidable. The result is achieved through a recursive reduc-
tion to a decidable problem from automata theory. Along the same line, in [60] similar
results under Łukasiewicz semantics for ALC are proven. In [41] a systematic study
of undecidability in FDL is undertaken yielding sufficient conditions for proving unde-
cidability in a wide class of FDLs. A quite complete overview of the decidability and
undecidability results known for DLs can be found in [2, 36].
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Computational complexity is a problem that has been addressed only in recent years.
In [31] it is proved that concept witnessed r-satisfiability with respect to a general TBox
for language ALC over (not necessarily linear) finite De Morgan lattices is EXPTIME-
complete. The result is proved by means of a reduction to automata theory. Notice
that in [31] the truth function considered for concept constructors are min and max for
conjunction and disjunction respectively, a unary function that satisfies the De Morgan
laws for the negation and Kleene–Dienes implication. This implies that the implication
constructor and the existential quantifier are definable like in Zadeh’s semantics. In [38]
the result of [31] is enhanced by adding a finite t-norm to the operations of the De
Morgan lattice and using its residuum in the semantics of the value restriction and of
inclusion axioms. With such semantics, the existential quantifier is no more definable
as in the De Morgan lattices considered in [31]. So, the language considered in [38] is
ALCE . Nevertheless, concept satisfiability with respect to general knowledge bases is
proved to be EXPTIME-complete. Again, the result is proved by means of a reduction
to automata theory. The semantics considered in [37] is the same as in [38] and the
language is ALCE with inverse roles. By means of a reduction to automata theory it is
proved that entailment of lower bound inclusion axioms by general knowledge bases is
EXPTIME-complete. The same problem is proved to be PSPACE-complete if the TBox
is acyclic. Moreover, concept satisfiability with respect to acyclic TBoxes is proved
to be PSPACE-complete as well. Again, the proof is based on a recursive reduction
to automata theory. The result in [37] generalizes the one in [38], not only because
the language considered is more expressive, but also because the concept subsumption
problem is considered, that was not considered in [38]. Moreover the problem of concept
satisfiability with respect to acyclic TBoxes is considered.

The result in Theorem 7.4.1 matches the same complexity result for classical ALC.
The same matching has been proved for different languages, e.g., forALC over (not nec-
essarily linear) finite De Morgan lattices [31], for ALCE over finite De Morgan lattices
with an added t-norm [38], for ALCE with inverse roles over finite De Morgan lattices
[37], for IALCE with the empty KB over finite chains [45] and for FL− with an empty
KB under the finite Łukasiewicz t-norm [61]. These are all languages whose com-
plexity of the respective reasoning tasks has been proved to match the classical results.
Nevertheless, in [33] has been proved that the complexity of KB consistency for lan-
guage EL under the finite Łukasiewicz t-norm does not match with the complexity of
the same problem for classical EL. Indeed, KB consistency jumps from PTIME-comple-
te in the latter case to EXPTIME-complete in the former case.

Some complementary related work about FDLs can be found in [32, 54, 132].
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[9] Franz Baader and Rafael Peñaloza. Are fuzzy description logics with general concept inclusion axioms
decidable? In Proceedings of the 20th IEEE International Conference on Fuzzy Systems (FUZZ-IEEE
2011), pages 1735–1742. IEEE Press, 2011.
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Zadeh fuzzy logics in fuzzy description logics. International Journal of Uncertainty, Fuzziness and
Knowledge-Based Systems, 20(4):475–508, 2012.

[22] Fernando Bobillo and Umberto Straccia. A fuzzy description logic with product t-norm. In Proceedings
of the 16th IEEE International Conference on Fuzzy Systems (FUZZ-IEEE 2007), pages 652–657. IEEE
Computer Society, 2007.

[23] Fernando Bobillo and Umberto Straccia. fuzzyDL: An expressive fuzzy description logic reasoner. In
Proceedings of the 17th IEEE International Conference on Fuzzy Systems (FUZZ-IEEE 2008), pages
923–930. IEEE Xplore. Digital Library, 2008.

[24] Fernando Bobillo and Umberto Straccia. Towards a crisp representation of fuzzy description logics
under Łukasiewicz semantics. In Aijun An, Stan Matwin, Zbigniew W. Raś, and Dominik Ślezak,
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[36] Stefan Borgwardt, Felix Distel, and Rafael Peñaloza. The limits of decidability in fuzzy description
logics with general concept inclusions. Artificial Intelligence, 218:23–55, 2015.
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