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Fuzzy Description Logics are a formalism for the representation of structured knowledge
affected by imprecision or vagueness. They have become popular as a language for fuzzy
ontology representation. To date, most of the work in this direction has focused on the
so-called Zadeh family of fuzzy operators (or fuzzy logic), which has several limitations.
In this paper, we generalize existing proposals and show how to reason with a fuzzy exten-
sion of the logic SROIQ, the logic behind the language OWL 2, under finitely many-valued
Łukasiewicz fuzzy logic. We show for the first time that it is decidable over a finite set of
truth values by presenting a reasoning preserving procedure to obtain a non-fuzzy repre-
sentation for the logic. This reduction makes it possible to reuse current representation lan-
guages as well as currently available reasoners for ontologies.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

In the last years, the use of ontologies as formalisms for knowledge representation in many different application domains
has grown significantly. Ontologies have been successfully used as part of expert and multiagent systems, as well as a core
element in the Semantic Web, which proposes to extend the current web to give information a well-defined meaning [3].

An ontology is defined as an explicit and formal specification of a shared conceptualization [24], which means that ontol-
ogies represent the concepts and the relationships in a domain promoting interrelation with other models and automatic
processing. Ontologies allow adding semantics to data, making knowledge maintenance, information integration, and reuse
of components easier.

The current standard language for ontology creation is the Web Ontology Language (OWL [63]), which comprises three
sublanguages of increasing expressive power: OWL Lite, OWL DL, and OWL Full. OWL Full is the most expressive level, but
reasoning within it becomes undecidable; OWL Lite has the lowest complexity; and OWL DL is a balanced tradeoff between
expressiveness and reasoning complexity. However, since its first development, several limitations on expressiveness of
OWL have been identified, and consequently several extensions to the language have been proposed [55]. Among them,
the most significant is OWL 2 [18], its most likely immediate successor which is currently a Proposed Recommendation
at W3C [64].

Description Logics (DLs for short) [1] are a family of logics for representing structured knowledge. Each logic is denoted by
using a string of capital letters which identify the constructors of the logic and therefore its complexity. DLs have proved to
. All rights reserved.
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be very useful as ontology languages [2]. For instance, OWL Lite, OWL DL and OWL 2 are close equivalents to
SHIFðDÞ;SHOINðDÞ and SROIQðDÞ, respectively [31].

Nevertheless, it has been widely pointed out that classical ontologies are not appropriate to deal with imprecise and va-
gue knowledge, which is inherent to several real world domains [49].

Fuzzy logic is a suitable formalism to handle these types of knowledge. In the setting of fuzzy logics, the convention pre-
scribing that a statement is either true or false is changed. A more refined range is used, in such a way that every fuzzy state-
ment has a degree of truth a 2 [0,1] [28].

Several fuzzy extensions of DLs can be found in the literature (see [41] for a survey), as the theoretical basis of fuzzy
ontologies. Fuzzy ontologies have proved to be useful in several applications, such as Chinese news summarization [39],
semantic help-desk support [46], ontology-based query enrichment [37], information retrieval [15], or image interpretation,
(e.g. recognition of brain structures in 3D magnetic resonance images [32]). There are also a lot of applications in the Seman-
tic Web field (see for example [47,17]) and, more generally, in the Internet [49].

In fuzzy logic, all classical set operations are extended to the fuzzy case. The intersection, union, complement and
implication set operations are performed by a t-norm function �, a t-conorm function �, a negation function �, and an
implication function ), respectively. These functions or fuzzy operators are grouped in families, also simply called fuzzy
logics.

It is well known that different families of fuzzy operators lead to fuzzy DLs with different properties. There are three main
fuzzy logics: Łukasiewicz, Gödel and Product. It is also common to consider the fuzzy set operators originally proposed by
Zadeh: Gödel conjunction and disjunction, Łukasiewicz negation and Kleene–Dienes implication.

Although there has been a relatively significant amount of work in extending DLs with fuzzy set theory [41], most of the
existing works restrict themselves to Zadeh fuzzy logic (see Section 2.4 for a definition and Section 5 for a detailed summary
of the state of the art in fuzzy DLs).

This paper provides a reasoning algorithm for Łukasiewicz fuzzy SROIQ over a finite set of truth values, the logic behind
OWL 2. This is the first reasoning algorithm for such an expressive logic, for which decidability was not known.

Compared to Zadeh logic, our proposal provides several advantages:

� Łukasiewicz fuzzy logic is more general than Zadeh fuzzy logic.
� The implication of Zadeh fuzzy logic (Kleene–Dienes implication) has some counter-intuitive effects [27,4]. For instance, a

concept does not fully subsume itself. Łukasiewicz implication solves these problems.
� The t-norm of Zadeh and Gödel fuzzy logics (the minimum t-norm) is idempotent and hence it is not Pareto optimal [48].

This is problematic in some applications such as fuzzy matchmaking [48].

Defining a fuzzy DL brings about that standard languages would no longer be appropriate, new fuzzy languages should be
used and hence the large number of resources available should be adapted to the new framework, requiring an important
effort. An alternative is to represent fuzzy DLs using non-fuzzy DLs and to reason using these representations. Our reasoning
algorithm will provide such a non-fuzzy representation.

The remainder of this work is organized as follows. Section 2 overviews some necessary background. Section 3 describes a
fuzzy extension of SROIQ and particularizes it to the case of Łukasiewicz fuzzy logic. Section 4 depicts a reduction into
SROIQ. Section 5 reviews some related work. Finally, Section 6 sets out some conclusions and ideas for future work.

2. Preliminaries

This section provides some basic background. Section 2.1 quickly overviews SROIQ [30], the DL which will be mainly
treated throughout this paper. Then, Section 2.4 refreshes some basic ideas in mathematical fuzzy logic [28].

2.1. The Description Logic SROIQ

SROIQ extends ALC standard DL [52] with transitive roles (ALC plus transitive roles is called S), complex role axioms
ðRÞ, nominals ðOÞ, inverse roles ðIÞ and qualified number restrictions ðQÞ.

2.2. Syntax

SROIQ assumes three alphabets of symbols, for concepts, roles and individuals. In DLs, complex concepts and roles can
be built using different concept and role constructors. In SROIQ, the concepts (denoted C or D) and roles (R) can be built
inductively from atomic concepts (A), atomic roles (RA), top concept >, bottom concept \, named individuals (oi), simple
roles (S, which will be defined below) and universal role U, as shown in Table 1, where n, m are natural numbers
ðn P 0; m > 0Þ; x; y 2 DI are abstract individuals and ]X denotes the cardinality of the set X.

Example 2.1. Man and Woman are atomic concepts. hasChild and likes are atomic roles. Man uP 2hasChild.Woman is a
complex concept representing a father with at least two daughters. $likes.Self represents a narcisist.



Table 1
Syntax and semantics of the Description Logic SROIQ.

Constructor Syntax Semantics

(Atomic concept) A AI # DI

(Top concept) > DI

(Bottom concept) \ ;
(Concept conjunction) C u D CI \ DI

(Concept disjunction) C t D CI [ DI

(Concept negation) :C DI n CI

(Universal quantification) "R.C fxj8y; ðx; yÞ R RI or y 2 CI g
(Existential quantification) $R.C fxj9y; ðx; yÞ 2 RI and y 2 CI g
(Nominals) {o1, . . .,om} foI1 ; . . . ; oImg
(At-least number restriction) Pn S.C fxj]fy : ðx; yÞ 2 SI and y 2 CI gP ng
(At-most number restriction) 6n S.C fxj]fy : ðx; yÞ 2 SI and y 2 CI g 6 ng
(Local reflexivity) $S.Self fxjðx; xÞ 2 SI g
(Atomic role) RA RIA # DI � DI

(Inverse role) R� fðy; xÞ 2 DI � DI jðx; yÞ 2 RI g
(Universal role) U DI � DI
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A Knowledge Base (KB) comprises the intensional knowledge, i.e. general knowledge about the application domain (a Ter-
minological Box or TBox T and a Role Box or RBox R), and the extensional knowledge, i.e. particular knowledge about some
specific situation (an Assertional Box or ABox A with statements about individuals).

An ABox consists of a finite set of assertions about individuals:

� Concept assertions a:C, meaning that individual a is an instance of C.
� Role assertions (a,b):R, meaning that (a,b) is an instance of R.
� Negated role assertions ða; bÞ : :R.
� Inequality assertions a – b.
� Equality assertions a = b.

A TBox consists of a finite set of general concept inclusion (GCI) axioms C v D (C is more specific than D).
Let w be a role chain (a finite string of roles not including the universal role U). An RBox consists of a finite set of role

axioms:

� Role inclusion axioms (RIAs) w v R (role chain w is more specific than R).
� Transitive role axioms trans(R).
� Disjoint role axioms dis(S1, S2).
� Reflexive role axioms ref(R).
� Irreflexive role axioms irr(S).
� Symmetric role axioms sym(R).
� Asymmetric role axioms asy(S).

Example 2.2. The concept assertion paul:Man states that the individual Paul belongs to the class of men. The role assertion
ðpaul;johnÞ : :hasChild states that John is not the child of Paul. The GCI Man v Human states that all men are human. The
RIA owns hasPart v owns states the fact if somebody owns something, he also owns its components.

Now we will introduce some definitions which will be useful to impose some limitations in the language. A strict partial
order � on a set A is an irreflexive and transitive relation on A. A strict partial order � on the set of roles is called a regular
order if it also satisfies R1 � R2 () R�2 � R1, for all roles R1 and R2.

In order to guarantee the decidability of the logic, there are some restrictions in the use of roles. Given a regular order �,
every role axiom cannot contain U and every RIA should be �-regular. A RIA w v R is �-regular if R is atomic and:

1. w = RR, or
2. w = R�, or
3. w = S1, . . . ,Sn and Si � R for all i = 1, . . . ,n, or
4. w = RS1, . . . ,Sn and Si � R for all i = 1, . . . ,n, or
5. w = S1, . . . ,,SnR and Si � R for all i = 1,. . . ,n.

Note that, in order to prove decidability of the reasoning, roles are assumed to be simple in some concept constructors
(local reflexivity, at-least and at-most number restrictions) and role axioms (disjoint, irreflexive and asymmetric role axi-
oms) [30]. Simple roles are defined as follows:



F. Bobillo, U. Straccia / Information Sciences 181 (2011) 758–778 761
1. RA is simple if it does not occur on the right side of a RIA.
2. R� is simple if R is,
3. if R occurs on the right side of a RIA, R is simple if, for each w v R, w = S for a simple role S.

2.3. Semantics

An interpretation I is a pair ðDI ; 	I Þ consisting of a non empty set DI (the interpretation domain) and an interpretation
function 	I mapping:

� Every individual a onto an element aI of DI .
� Every atomic concept A onto a set AI # DI .
� Every atomic role RA onto a relation RIA # DI � DI .

The interpretation is extended to complex concepts and roles by the inductive definitions in Table 1. Unique name
assumption is not imposed, i.e. two nominals might refer to the same individual.

Let 
 be the standard composition of relations. An interpretation I satisfies (is a model of):

� a:C iff aI 2 CI .
� (a, b):R iff ðaI ; bI Þ 2 RI .
� ða; bÞ : :R iff ðaI ; bI Þ R RI .
� a – b iff aI – bI .
� a = b iff aI ¼ bI .
� C v D iff CI # DI .
� R1, . . . ,Rn v R iff RI1 
 	 	 	 
 RIn # RI .
� trans(R) iff ðx; yÞ 2 RI and ðy; zÞ 2 RI imply ðx; zÞ 2 RI ;8x; y; z 2 DI .
� dis(S1, S2) iff SI1 \ SI2 ¼ ;.
� ref(R) iff ðx; xÞ 2 RI ;8x 2 DI .
� irr(S) iff ðx; xÞ R SI ;8x 2 DI .
� sym(R) iff ðx; yÞ 2 RI implies ðy; xÞ 2 RI ;8x 2 DI .
� asy(S) iff ðx; yÞ 2 SI implies ðy; xÞ R SI ;8x 2 DI .
� A Knowledge Base K ¼ hA; T ;Ri iff it satisfies each element in A; T and R.

A DL not only stores axioms and assertions, but also offers some reasoning services, such as KB satisfiability, concept sat-
isfiability or subsumption. However, if a DL is closed under negation, most of the basic reasoning tasks are reducible to KB
satisfiability [50], so it is usually the only task considered.
2.4. Mathematical fuzzy logic

In the setting of fuzzy logics, the convention prescribing that a statement is either true or false is changed. A more refined
range is used for the function that represents the meaning of a statement. This is usual in natural language when words are
modelled by fuzzy sets. For example, the compatibility of ‘‘tall’’ in the phrase ‘‘a tall man’’ with some individual of a given
height is often graded: the man can be judged not quite tall, somewhat tall, rather tall, very tall, etc.

Changing the usual true/false convention leads to a new concept of statement, whose compatibility with a given state of
facts is a matter of degree and can be measured on e.g., the unit interval [0,1]. This degree of fit is called degree of truth of the
statement / in the interpretation I .

Fuzzy logics provide compositional calculi of degrees of truth, including degrees between ‘‘true’’ and ‘‘false’’. A statement
is now not true or false only, but may have a truth degree taken from a truth space S, usually [0,1] (in that case we speak
about Mathematical Fuzzy Logic [28]) or 0

n ;
1
n ; . . . ; n

n

� �
for an integer n P 1. Often S may be also a complete lattice or a bilattice

[23,22].
In the illustrative fuzzy logic that we consider in this section, fuzzy statements have the form / P a or / 6 b, where a,

b 2 [0,1] [26,28] and / is a statement, which encode that the degree of truth of / is at least l resp. at most u. For example,
ripeTomato P 0.9 says that we have a rather ripe tomato (the degree of truth of ripeTomato is at least 0.9).

Semantically, a fuzzy interpretation I maps each basic statement pi into [0,1] and is then extended inductively to all state-
ments as follows:
Ið/ ^ wÞ ¼ Ið/Þ � IðwÞ;
Ið/ _ wÞ ¼ Ið/Þ � IðwÞ;
Ið/! wÞ ¼ Ið/Þ ) IðwÞ;
Ið:/Þ ¼ �Ið/Þ;

ð1Þ



Table 2
Properties for t-norms and t-conorms.

Axiom name T-norm S-norm

Tautology/
contradiction

a � 0 = 0 a � 1 = 1

Identity a � 1 = a a � 0 = a
Commutativity a � b = b � a a � b = b � a
Associativity (a � b) � c = a � (b � c) (a � b) � c = a � (b � c)
Monotonicity if b 6 c, then a � b

6 a � c
if b 6 c, then a
� b 6 a � c

Table 3
Properties for implication and negation functions.

Axiom name Implication function Negation
function

Tautology/
contradiction

0) b = 1, a ) 1 = 1,
1) 0 = 0

�0 = 1, �1 = 0

Antitonicity if a 6 b, then
a) c P b) c

if a 6 b, then
�a P �b

Monotonicity if b 6 c, then
a) b 6 a) c
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where�,�,), and� are so-called combination functions, namely, triangular norms (or t-norms), triangular co-norms (or t-con-
orms), implication functions, and negation functions,1 respectively, which extend the classical Boolean conjunction, disjunction,
implication, and negation, respectively, to the fuzzy case.

Several t-norms, t-conorms, implication functions, and negation functions have been given in the literature. An important
aspect of such functions is that they satisfy some properties that one expects to hold for the connectives; see Tables 2 and 3.
Note that in Table 2, the two properties Tautology and Contradiction follow from Identity, Commutativity, and Monotonicity.

Some t-norms, t-conorms, implication functions, and negation functions of various fuzzy logics are shown in Table 4 [28].
In fuzzy logic, one usually distinguishes three different logics, namely, Łukasiewicz (denoted Ł), Gödel (denoted G), and Prod-
uct logic (denoted P). The importance of these three logics is due the fact that any continuous t-norm can be obtained as a
combination of Łukasiewicz, Gödel, and Product t-norm [44].

The usually called ‘‘Zadeh logic’’ is a sublogic of Łukasiewicz fuzzy logic. Some salient properties of these four logics are
shown in Table 5. For more properties, see especially [28,45]. Note also, that a fuzzy logic having all properties shown in
Table 5, collapses to boolean logic, i.e. the truth-set can be {0,1} only.

An involutive negation satisfies that �(� a) = a. Łukasiewicz negation is involutive, while Gödel negation is not.
Usually, the implication function ) is defined as an R-implication, or the residuum of a t-norm �, that is,

a) b = sup{cja � c 6 b}. An S-implication is defined as a) b = �a � b. Łukasiewicz implication is both an R-implication
and an S-implication. Gödel and Product logics have an R-implication, whereas Zadeh logic has an S-implication.

The implication a) b = max(1 � a, b) is called Kleene–Dienes implication in the fuzzy logic literature. Note that we have
the following inferences: Let / P a and /) w P b. Then, under Kleene–Dienes implication, we infer that if a > 1 � b then
w P b. Under an R-implication relative to a t-norm �, we infer that w P a � b instead.

Note that implication functions and t-norms are also used to define the degree of subsumption between fuzzy sets and
the composition of two (binary) fuzzy relations. A fuzzy set R over a countable classical set X is a function R:X ? [0,1]. The
degree of subsumption between two fuzzy sets A and B, denoted A v B, is defined as infx2X{A(x)) B(x)}, where) is an impli-
cation function. Note that if A(x) 6 B(x), for all x 2 [0,1], then A v B evaluates to 1. Of course, A v B may evaluate to a value
a 2 (0,1) as well.

A (binary) fuzzy relation R over two countable classical sets X and Y is a function R:X � Y ? [0,1]. The inverse of R is the
function R�1:Y � X ? [0,1] with membership function R�1(y,x) = R(x,y), for every x 2 X and y 2 Y. The composition of two fuz-
zy relations R1:X � Y ? [0,1] and R2:Y � Z ? [0,1] is defined as (R1
R2)(x, z) = supy2YR1(x, y) � R2(y, z). A fuzzy relation R is
transitive iff R(x, z) P (R
R)(x, z).

A fuzzy interpretation I satisfies a fuzzy statement / P l (resp., / 6 u) or I is a model of / P l (resp., / 6 u), denoted
I � / P l (resp., I � / 6 u), iff Ið/ÞP l (resp., Ið/Þ 6 u). The notions of satisfiability and logical consequence are de-
fined in the standard way. We say that / P l is a tight logical consequence of a set of fuzzy statements K iff l is the infimum
of Ið/Þ subject to all models I of K. Notice that the latter is equivalent to l ¼ supfrjK � / P rg. We refer the reader to [28]
for reasoning algorithms for fuzzy propositional and First-Order Logics.
1 Note that � is also used in the context of Lukasiewicz logic to denote the binary connective x � y = max(0;x � y). However, in this paper we will use it as a
unary negation function.



Table 4
Combination functions of various fuzzy logics.

Łukasiewicz fuzzy logic Gödel logic Product logic Zadeh logic

a � b max(a + b � 1, 0) min(a, b) a 	 b min(a, b)
a � b min(a + b, 1) max(a, b) a + b � a 	 b max(a, b)
a) b min(1 � a + b, 1) 1 if a 6 b

b otherwise

�
min(1, b/a) max(1 � a, b)

�a 1 � a 1 if a ¼ 0
0 otherwise

�
1 if a ¼ 0
0 otherwise

�
1 � a

Table 5
Some additional properties of combination functions of various fuzzy logics.

Property Łukasiewicz fuzzy logic Gödel logic Product logic Zadeh logic

a � �a = 0 + + + �
a � �a = 1 + � � �
a � a = a � + � +
a � a = a � + � +
� �a = a + � � +
a) b = �a � b + � � +
�(a) b) = a � �b + � � +
�(a � b) = �a � �b + + + +
�(a � b) = �a � �b + + + +

F. Bobillo, U. Straccia / Information Sciences 181 (2011) 758–778 763
3. Fuzzy SROIQ

In this section, we define a fuzzy extension of the DL SROIQ where concepts denote fuzzy sets of individuals and roles
denote fuzzy binary relations. Axioms are also extended to the fuzzy case and some of them hold to a degree. The following
definition is based on the fuzzy DLs presented in [56,4,53].

In the rest of the paper we will assumeffl 2 {P, <, 6, >}, a 2 (0,1], b 2 [0,1) and c 2 [0,1]. The symmetricffl� and the nega-
tion : ffl of an operator ffl are defined as follows:
ffl ffl� : ffl

P 6 <
> < 6

6 P >
< > P
3.1. Syntax

Fuzzy SROIQ assumes three alphabets of symbols, for concepts, roles and individuals. Let U be the universal role, and RA

an atomic role. The roles of the language are built using the syntax rule2:
2 We
R! RAjUjR� ð2Þ
The concepts of the language (denoted C or D) can be built inductively from atomic concepts (A), top concept >, bottom
concept \, named individuals (oi) and roles (R and S, where S is a simple role as defined below) according to the following
syntax rule (with n, m being natural numbers, n P 0, m > 0):
C;D! Aj>j ? jC u DjC t Dj:Cj8R:Cj9R:Cjfa1=o1; . . . ; am=omgjðP mS:CÞjð6 nS:CÞj9S:Self ð3Þ
The only difference with the non-fuzzy case is the presence of fuzzy nominals of the form {a1/o1, . . . ,am/om} [4]. We as-
sume that oi – oj, 1 6 i < j 6m.

Example 3.1. {1/germany, 1/austria, 0.67/switzerland} represents the concept of German-speaking country, with
Germany and Austria fully belonging to it, but Switzerland belonging only with degree 0.67, since only about two thirds of its
population speak German.
will also allow role negation in fuzzy assertions of the form hða; bÞ : :R ffl ai.



764 F. Bobillo, U. Straccia / Information Sciences 181 (2011) 758–778
A fuzzy KB K comprises a fuzzy ABox A, a fuzzy TBox T and a fuzzy RBox R.
A fuzzy ABox consists of a finite set of fuzzy assertions. A fuzzy assertion can be an inequality assertion ha – bi, an equality

assertion ha = bi or a constraint on the truth value of a concept or role assertion, i.e., an expression of the form hW P ai,
hW > bi, hW 6 bi or hW < ai, where W is of the form a:C, (a, b):R or ða; bÞ : :R.

A fuzzy TBox consists of fuzzy GCIs, which constrain the truth value of a GCI i.e. they are expressions of the form
hC v D P ai or hC v D > bi.

A fuzzy RBox consists of a finite set of role axioms, which can be fuzzy RIAs hw v R P ai or hw v R > bi for a role chain
w = R1R2, . . .,Rn, or any other of the role axioms from the non-fuzzy case: transitive trans(R), disjoint dis(S1, S2), reflexive
ref(R), irreflexive irr(S), symmetric sym(R) or asymmetric asy(S).

Example 3.2. The fuzzy concept assertion hpaul:Tall P 0.5i states that Paul is tall with at least degree 0.5. The fuzzy RIA
hisFriendOf isFriendOf v isFriendOf P 0.75i states that the friends of my friends can also be considered as my
friends with at least degree 0.75.

A fuzzy axiom is positive (denoted hs.ai) if it is of the form hs P ai or hs > bi, and negative (denoted hs / ai) if it is of the
form hs 6 bi or hs < ai.
hs = ai is equivalent to the pair of axioms hs P ai and hs 6 ai [29]. Of course, s 
 hs P 1i.
Notice that negative fuzzy GCIs or RIAs are not allowed, because they correspond to negated GCIs and RIAs, respectively,

which are not part of SROIQ.
As in the non-fuzzy case, role axioms cannot contain U and every RIA should be �-regular for a regular order �. A RIA

hw v R.ci is �-regular if R is atomic and:

� w = RR, or
� w = R�, or
� w = S1, . . .,Sn and Si � R for all i = 1, . . .,n, or
� w = RS1, . . . ,Sn and Si � R for all i = 1, . . . ,n, or
� w = S1, . . . ,SnR and Si � R for all i = 1, . . . ,n.

Simple roles are defined as in the non-fuzzy case:

� RA is simple if it does not occur on the right side of a RIA.
� R� is simple if R is.
� If R occurs on the right side of a RIA, R is simple if, for each hw v R . ci, w = S for a simple role S.

3.2. Semantics

A fuzzy interpretation I is a pair ðDI ; 	I Þ consisting of a non empty set DI (the interpretation domain) and a fuzzy inter-
pretation function 	I mapping:

� Every individual a onto an element aI of DI .
� Every concept C onto a function CI : DI ! ½0; 1�.
� Every role R onto a function RI : DI � DI ! ½0; 1�.

CI (resp. RI ) denotes the membership function of the fuzzy concept C (resp. fuzzy role R) w.r.t. I . CI ðaÞ (resp. RI ða; bÞ)
gives us to what extent the individual a can be considered as an element of the fuzzy concept C (resp. to what extent (a,
b) can be considered as an element of the fuzzy role R) under the fuzzy interpretation I .

Given a t-norm �, a t-conorm �, a negation function � and an implication function), the fuzzy interpretation function is
extended to complex concepts and roles as follows:
>IðxÞ ¼ 1

?IðxÞ ¼ 0

ðC u DÞI ðxÞ ¼ CI ðxÞ � DI ðxÞ
ðC t DÞI ðxÞ ¼ CI ðxÞ � DI ðxÞ
ð:CÞI ðxÞ ¼ �CI ðxÞ
ð8R:CÞI ðxÞ ¼ inf

y2DI
fRI ðx; yÞ ) CI ðyÞg

ð9R:CÞI ðxÞ ¼ sup
y2DI
fRI ðx; yÞ � CI ðyÞg

fa1=o1; . . . ;am=omgI ðxÞ ¼ supfaijx ¼ oIi g
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ðP mS:CÞI ðxÞ ¼ sup
y1 ;...;ym2DI

ðmin
m

i¼1
fSI ðx; yiÞ � CI ðyiÞgÞ � �

16j<k6m
fyj–ykg

� �

ð6 nS:CÞI ðxÞ ¼ inf
y1 ;...;ynþ12DI

ðmin
nþ1

i¼1
fSI ðx; yiÞ � CI ðyiÞgÞ ) �

16j<k6nþ1
fyj ¼ ykg

� �

ð9S:SelfÞI ðxÞ ¼ SI ðx; xÞ
ðR�ÞI ðx; yÞ ¼ RI ðy; xÞ
UI ðx; yÞ ¼ 1
We do not impose unique name assumption, i.e. two nominals might refer to the same individual.
The fuzzy interpretation function is extended to fuzzy axioms as follows:
ða : CÞI ¼ CI ðaI Þ
ðða; bÞ : RÞI ¼ RI ðaI ; bI Þ
ðða; bÞ : :RÞI ¼ �RI ðaI ; bI Þ
ðC v DÞI ¼ inf

x2DI
fCI ðxÞ ) DI ðxÞg

ðR1 . . . Rn v RÞI ¼ inf
x1 ;xnþ12DI

sup
x2 ...xn2DI

ðRI1ðx1; x2Þ � 	 	 	 � RInðxn; xnþ1ÞÞ ) RI ðx1; xnþ1Þ
� �( )
Note that this is the semantics for fuzzy RIAs that is implicitly assumed in the non-fuzzy representations provided in
[7,5,8].

A fuzzy interpretation I satisfies (is a model of):

� ha:Cffl ci iff ða : CÞI ffl c.
� h(a, b):Rffl ci iff ðða; bÞ : RÞI ffl c.
� hða; bÞ : :R ffl ci iff ðða; bÞ : :RÞI ffl c.
� ha – bi iff aI – bI .
� ha = bi iff aI ¼ bI .
� hC v D . ci iff ðC v DÞI . c.
� hR1, . . . ,Rn v R . ci iff ðR1 . . . Rn v RÞI . c.
� trans(R) iff 8x; y; z 2 DI ;RI ðx; zÞ � RI ðz; yÞ 6 RI ðx; yÞ.
� dis(S1,S2) iff 8x; y 2 DI ; SI1ðx; yÞ ¼ 0 or SI2ðx; yÞ ¼ 0.
� ref(R) iff 8x 2 DI ;RI ðx; xÞ ¼ 1.
� irr(S) iff 8x 2 DI ; SI ðx; xÞ ¼ 0.
� sym(R) iff 8x; y 2 DI ;RI ðx; yÞ ¼ RI ðy; xÞ.
� asy(S) iff 8x; y 2 DI , if SI ðx; yÞ > 0 then SI ðy; xÞ ¼ 0.
� a fuzzy KB K ¼ hA; T ;Ri iff it satisfies each element in A, T and R.

Notice that individual assertions are either true or false, as it has always been assumed in the fuzzy DL literature [56,54].
Given a fuzzy KB K, the problem of fuzzy KB satisfiability consists on checking the existence of a fuzzy interpretation sat-

isfying K. In the rest of the paper we will only consider fuzzy KB satisfiability, since (as in the non-fuzzy case) most inference
problems can be reduced to it [60].

Example 3.3. The following tasks can be reduced to fuzzy KB satisfiability:

� Concept satisfiability. C is a-satisfiable w.r.t. a fuzzy KB K iff K [ fha : C P aig is satisfiable, where a is a new individual,
which does not appear in K.
� Entailment: A fuzzy concept assertion a:Cffl a is entailed by a fuzzy KB K (denoted K � ha : C ffl ai) iff K [ fha : C: ffl aig

is unsatisfiable. The case for fuzzy role assertions is similar.
� Greatest lower bound. The greatest lower bound of a concept or role assertion s is defined as the supfa : K � hs P aig. In

Zadeh and finitely many-valued Łukasiewicz and Gödel fuzzy logics, it can be computed performing several entailment
tests.3

� Concept subsumption: Under an S-implication, D subsumes C with degree a (C v D P a) w.r.t. a fuzzy KB K iff
K [ fa : C u :D < ag is unsatisfiable, where a is a new individual.
re precisely, in finitely many-valued Łukasiewicz and Gödel fuzzy logics we need to assume a finite set of degrees of truth TV including 0 and 1 [27], and
ber of tests is at most logjTVj [60].
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Another important notion is that of witnessed interpretations. A fuzzy interpretation I is witnessed [27] iff it verifies:

� 8x 2 DI , there is y 2 DI such that ð9R:CÞI ðxÞ ¼ RI ðx; yÞ � CI ðyÞ, and
� 8x 2 DI , there is y 2 DI such that ð8R:CÞI ðxÞ ¼ RI ðx; yÞ ) CI ðyÞ, and
� There is x 2 DI such that ðC v DÞI ¼ CI ðxÞ ) DI ðxÞ, and
� There are x1; . . . ; xnþ1 2 DI such that ðR1 . . . Rn v RÞI ¼ ðRI1ðx1; x2Þ � 	 	 	 � RInðxn; xnþ1ÞÞ ) RI ðx1; xnþ1Þ, and
� If I � transðRÞ, for all x; y 2 DI , there is z 2 DI such that supz02DIRI ðx; z0Þ � RI ðz0; yÞ ¼ RI ðx; zÞ � RI ðz; yÞ.

3.3. Łukasiewicz fuzzy logic

From now on we will concentrate on ŁSROIQ, restricting ourselves to the fuzzy operators of the Łukasiewicz fuzzy logic.
It can be easily shown that ŁSROIQ is a sound extension of SROIQ, in the sense that fuzzy interpretations coincide with

non-fuzzy interpretations if we restrict the degrees of truth to {0,1}.
In Łukasiewicz logic, there are a lot of equivalences which allow the inter-definition of most of the concept constructors.

The inter-definability of cardinality restrictions will be specially interesting for us. These equivalences are:

� :ð:CÞ 
 C.
� > 
 : ?.
� ?
 :>.
� C u D 
 :ð:C t :DÞ.
� C t D 
 :ð:C u :DÞ.
� 8R:C 
 :ð9R::CÞ.
� 9R:C 
 :ð8R::CÞ.
� ðP mS:CÞ 
 :ð6 m� 1S:CÞ.
� ð6 nS:CÞ 
 :ðP nþ 1S:CÞ.

The semantics of qualified cardinality restrictions has been proposed in [12] and verifies the following additional
properties:

� If ð6 nR:CÞI ðaÞ ¼ 1 then jfbjðRða; bÞI � CðbÞÞI > 0gj 6 n.
� $S.C 
P1S.C.

It has been shown that Łukasiewicz fuzzy logic verifies the Witnessed Model Property (WMP), i.e. for each countable
model there is an equivalent witnessed model [27]. Hence, we can restrict ourselves to witnessed models.

In Łukasiewicz logic, there are several axioms which are syntactic sugar (and consequently it can be assumed that they do
not appear in fuzzy KBs) due to the following equivalences:

Proposition 3.4. In ŁSROIQ, the following equivalences hold:

� hða; bÞ : :R ffl ci 
 hða; bÞ : Rffl�1� ci.
� irrðSÞ 
 h> v :9S:Self P 1i.
� trans(R) 
 hR R v R P 1 i.
� sym(R) 
 hR v R�P 1 i.

Finally, the finitely many-valued fragment of ŁSROIQ is denoted as ŁnSROIQ, for some natural n.

4. A non-fuzzy representation for fuzzy ŁnSROIQ

In this section we show how to reduce a ŁnSROIQ fuzzy KB into a non-fuzzy KB whenever a finite truth space is assumed.
We will start by presenting our reduction procedure, and then we will illustrate it with a couple of examples. Then we will
discuss the properties of the reduction, showing that it preserves reasoning, so existing SROIQ reasoners could be applied to
the resulting KB.

The basic idea behind the reduction procedure is to create some new non-fuzzy concepts and roles, representing the a-
cuts of the fuzzy concepts and relations, and to rely on them. Next, some new axioms are added to preserve their semantics
and finally every axiom in the ABox, the TBox and the RBox is represented, independently from other axioms, using these
new non-fuzzy elements.

4.1. Adding new elements

It has been shown that, for a fuzzy KB K under Zadeh logic, the set of the degrees of truth which must be considered for
any reasoning task is defined as NK ¼ XK [ f1� aja 2 XKg, where XK ¼ f0;0:5;1g [ fcjhs ffl ci 2 Kg [61]. This holds for fuzzy
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DLs under Zadeh fuzzy logic, but it is not true in general when other fuzzy operators are considered. Interestingly, in the case
of Łukasiewicz fuzzy logic it is true if we fix the number of allowed degrees.

In fact, let n be a natural number with n P 1. We assume a set of q + 1 allowed truth degrees in the fuzzy KB, i.e.
N ¼ f0; 1

n ;
2
n ; . . . ; ðn�1Þ

n ;1g. The following proposition shows that, using the fuzzy operators of Łukasiewicz fuzzy logic to com-
bine two truth degrees a and b, no new degrees can appear.

Proposition 4.1. Let a
n ;

b
n 2 N . Then, under the fuzzy operators of Łukasiewicz fuzzy logic, � a

n ;
a
n� b

n ;
a
n� b

n ;
a
n) b

n 2 N [16].
This result can be easily checked by considering the four fuzzy operators:

� � a
n ¼ 1� a

n ¼ n�a
n belongs to N : since a 2 [0,n] and (n � a) 2 [0,n].

� a
n� b

n ¼maxfa
nþ b

n� 1;0g. If a
nþ b

n� 1 6 0, then the value of the conjunction is 0, which obviously belongs to N . Otherwise,
its value is aþb�n

n which also belongs to N : since a, b 2 [0,n] and a
nþ b

n� 1 > 0, it follows that (a + b � n) 2 [0,n].
� a

n� b
n ¼minfa

nþ b
n ;1g. If a

nþ b
n > 1, then the value of the disjunction is 1, which obviously belongs to N . Otherwise, its value

is aþb
n which also belongs to N : since a,b 2 [0,n] and a

nþ b
n 6 1, it follows that (a + b) 2 [0,n].

� a
n) b

n ¼minf1� a
nþ b

n ;1g. If the minimum is 1, then the value of the implication obviously belongs to N . Otherwise, the
value is n�aþb

n which also belongs to N : since a,b 2 [0,n] and 1� a
nþ b

n 6 1, it follows that (1 � a + b) 2 [0,n].

Note that, given a new individual a, and n 2 N , we may always add a fuzzy assertion ha:>P ni to a fuzzy KB without
changing its meaning.

Now, we will assume that NK ¼ N and proceed similarly as in [7], which creates an optimized number of new elements
(concepts, roles and axioms) with respect to previous approaches.

Without loss of generality, it can be assumed that NK ¼ fc1; . . . ; cjNKjg and ci < ciþ1;1 6 i 6 jNKj � 1. It is easy to see that
c1 = 0 and cjNKj ¼ 1. We define Nþ ¼ fx 2 N : x – 0g.

Let A and R be the set of fuzzy atomic concepts and fuzzy atomic roles occurring in a fuzzy KB K ¼ hA; T ;Ri, respectively.
For each a; b 2 N with a 2 (0,1] and b 2 [0,1), for each A 2 A, two new atomic concepts APa, A>b are introduced. APa rep-

resents the (non-fuzzy) set of individuals which are instance of A with degree higher or equal than a i.e. the a-cut of A. A>b is
defined in a similar way.

Similarly, for each RA 2 R two new atomic roles RAPa, RA>b. The atomic elements A>1, RA>1, AP0 and RAP0 are not considered
because they are not necessary, due to the restrictions on the allowed degree of the axioms in the fuzzy KB (e.g. we do not
allow GCIs of the form C v D P 0).

The semantics of these newly introduced atomic concepts and roles is preserved by some terminological and role
axioms. For each 1 6 i 6 jN j � 1;2 6 j 6 jN j � 1 and for each A 2 A; TðN Þ is the smallest terminology containing these
two axioms:
APciþ1
v A>ci

A>cj
v APcj

ð4Þ
Similarly, for each RA 2 R;RðN Þ is the smallest terminology containing:
RAPciþ1
v RA>ci

RA>ci
v RAPci

ð5Þ
4.2. Mapping fuzzy concepts, roles and axioms

The reduction of concept and role expressions is achieved using a mapping q. Given a fuzzy concept C, q(C, Pa) is a set
containing all the elements which belong to C with a degree greater or equal than a. The other cases q(C,fflc) and q(R,fflc) for
a role R are similar.

In Zadeh logic, due to the definition of the fuzzy operators, it is possible to infer exactly degrees of truth. For instance,
given a expression of the form q(C u D, Pa) we can infer both q(C, Pa) and q(D, Pa), since the semantics of the conjunction
is given by the minimum and minfCI ðxÞ;DI ðxÞgP a clearly implies that CI ðxÞP a and DI ðxÞP a.

In Łukasiewicz fuzzy logic, the situation is more complicated, since it is not possible to infer the exact degree of truth of
the elements that compose a complex concept. However, thanks to Proposition 4.1, we know that they belong toN . Now, the
basic idea of the reduction of fuzzy concepts is to build a disjunction over the different possible degrees of truth.

Before proceeding formally, we will illustrate this idea with an example.

Example 4.2. Consider a fuzzy assertion s = ha:A1 u A2 P 0.5i and N ¼ f0;0:25;0:5;0:75;1g. Every model I of s satisfies
maxfAI1ðaI Þ þ AI2ðaI Þ � 1;0gP 0:5. Hence, it follows that AI1ðaI Þ þ AI2ðaI Þ � 1 P 0:5() AI1ðaI Þ þ AI2ðaI ÞP 1:5. Now, we do
not know exactly the degrees of truth of AI1ðaI Þ and AI2ðaI Þ, but they belong to N , so there are six possibilities:



AI1ðaI Þ AI2ðaI Þ ðA1 u A2ÞI ðaI Þ

0.5 1 0.5
0.75 0.75 0.5
0.75 1 0.75
1 0.5 0.5
1 0.75 0.75
1 1 1
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Hence, we can think of a model satisfying a: (A1P0.5 u A2P1) t (A1P0.75 u A2P0.75) t (A1P0.75 u A2P1) t (A1P1 u A2 P0.5) t
(A1P1 u A2P0.75) t (A1 P1 u A2P1).

The previous example shows that the disjunctions and conjunctions that are introduced in the reduction can be optimized
by taking into account the following observations:

Proposition 4.3. Let B1, B2 be two non-fuzzy concepts such that B1 v B2. The following hold:

1. B1 u B1 
 B1 t B1 
 B1.
2. B1 u B3 v B2 u B3.
3. B1 t B3 v B2 t B3.
4. B1 t B2 t B3 t 	 	 	Bm 
 B2 t B3 t 	 	 	Bm.
5. B1 u B2 u B3 u 	 	 	Bm 
 B1 u B3 u 	 	 	 aBm.
Proof. Trivial. h
Example 4.4. Consider the (non-fuzzy) assertion obtained in Example 4.2 as a result of the reduction. It can be seen that
(A1P0.75 u A2P0.75) w (A1P0.75 u A2P1) and that (A1P1 u A2P0.5) w (A1P1 u A2P0.75) w (A1P1 u A2P1). Consequently, the reduc-
tion of the axiom is satisfiable iff the following assertion is: a: (A1P0.5 u A2P1) t (A1P0.75 u A2P0.75) t (A1P1 u A2P0.5).

Concept and role expressions are reduced using mapping q, as shown in Table 6.
Mapping q deserves some comments. Firstly, it is interesting to remark that qðA;6 bÞ ¼ :A>b is different to

qð:A;P aÞ ¼ qðA;6 1� aÞ ¼ :A>1�a. Then, due to the restrictions in the definition of the fuzzy KB, some expressions cannot
appear during the process:

� Expressions of the form q(A, P0) and q(A, 61) cannot appear, because there exist some restrictions on the degree of the
axioms in the fuzzy KB. The same also holds for >, ? and RA.
� Expressions of the form q(R, 6b) can only appear in a negated role assertion.
� Expressions of the form q(U, 6b) cannot appear either.

The case of qualified cardinality restrictions is more involved. We will use a partition is used to simulate the existence of
m different individuals (the fillers of the cardinality restriction).

Let B1, . . . ,Bm be atomic concepts. B1, . . . ,Bm form a partition w.r.t. a fuzzy interpretation I iff the following conditions hold:

�
S

i¼1;...;mfB
I
i g ¼ DI .

� BIi \ BIj ¼ ;, for 1 6 i < j 6m.

For every expression of the form q(Pm S.C, .c) that appear in the reduction process, we create m new atomic concepts
B1, . . .,Bm such they form a partition w.r.t. I . This is achieved by adding the following axioms:

� > v B1 t B2 t 	 	 	 t Bm.
� Bi u Bj v\, for i < j, for 1 6 i < j 6m.

Proposition 4.5. Let B1, . . . ,Bm be non empty atomic concepts forming a partition w.r.t. a fuzzy interpretation I , and let bi denote
an individual such that bi 2 BIi , for all i = 1, . . . ,m. Then, b1; . . . ; bm 2 DI are pairwise different individuals.

Proof. By reduction to absurd. Assume on the contrary that there are two individuals bi and bj such that bi = bj. By assump-
tion, we have that bi 2 BIi and bj 2 BIj . Using that bi = bj, it follows that bi 2 BIj . Since bi 2 BIi and bi 2 BIj , bi 2 ðBi u BjÞI . Finally,
using the condition of the partition Bi u Bj v\, it follows that bIi 2 ?I , which is absurd. h

Proposition 4.6. Let b1; . . . ; bm 2 DI be pairwise different individuals. Then, there exist atomic concepts B1, . . . ,Bm forming a par-
tition w.r.t. a fuzzy interpretation I such that bi 2 BIi , for all i = 1, . . . ,m.



Table 6
Mapping of concept and role expressions in fuzzy SROIQ.

x y q(x,y)

> Pa >
> 6b \
\ Pa \
\ 6b >
A Pa APa

A 6b :A>b

:C fflc q(C, ffl�1 � c)
C u D Pa

F
c1 ;c2
fqðC;P c1Þ u qðD;P c2Þg

for every pair c1; c2 2 N
þ such that c1 + c2 = 1 + a

C u D 6b qð:C t :D;P 1� bÞ
C t D Pa q(C, P a) t q(D, P a)

F
{c1, c2}{q(C, P c1) u q(D, P c2)}

for every pair c1; c2 2 N
þ such that c1 + c2 = a

C t D 6b qð:C u :D;P 1� bÞ
$R.C Pa

F
c1 ;c2
f9qðR;P c1Þ:qðC;P c2Þg

for every pair c1; c2 2 N
þ such that c1 + c2 = 1 + a

$R.C 6b qð8R::C;P 1� bÞ
"R.C Pa uc1 ;c2

f8qðR;P c1Þ:qðC;P c2Þg
for every pair c1; c2 2 N

þ such that c1 = c2 + 1 � a
"R.C 6b qð9R::C;P 1� bÞ
{a1/o1, . . . ,am/om} ffl c {oijaifflc,1 6 i 6 n}
Pm S.C Pa F

c1
1 ;c

2
1 ;...;c

1
m ;c2

m
f9qðS;P c1

1Þ:ðB1 u qðC;P c2
1ÞÞu

. . . u 9qðS;P c1
mÞ:ðBm u qðC;P c2

mÞÞg
for every combination of c1

1; c
2
1; . . . ; c1

m; c2
m 2 N

þ

such that c1
i þ c2

i ¼ 1þ a, for i = {1, . . . ,m}
Pm S.C 6b :

F
c1

1 ;c
2
1 ;...;c

1
m ;c2

m
f9qðS;P c1

1Þ:ðB1 u qðC;P c2
1ÞÞu

h
. . . u 9qðS;P c1

mÞ:ðBm u qðC;P c2
mÞÞg

�
for every combination of c1

1; c
2
1; . . . ; c1

m; c2
m 2 N

þ

such that (i) c1
i þ c2

i > 1þ b, for i = {1, . . . ,m},

and (ii) 9= c 2 Nþ such that c < c1
i and cþ c2

i > 1þ b,

and (iii) 9= c 2 Nþ such that c < c2
i and c1

i þ c > 1þ b

6n S.C Pa qð:ðP nþ 1S:CÞ;P aÞ
6n S.C 6b qð:ðP nþ 1S:CÞ;6 bÞ
$S.Self Pa $q(S, P a).Self
$S.Self 6b :9qðS; > bÞ:Self
RA Pa RAPa

RA 6b :RA>b

R� Pa q(R, P a)�

R� 6b q(R, 6 b)�

U Pa U
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Proof. It is trivial to assume the existence of m atomic concepts verifying
S

i¼1;...;mfB
I
i g ¼ DI and bi 2 BIi . Since bi – bj for

1 6 i < j 6m, the condition BIi \ BIj ¼ ; can also be satisfied. h

Then, q(Pm S.C, .c) is transformed into a conjunction of m expressions of the form ðP 1qðS P c1
i Þ:ðqðC P c2

i Þ u BiÞÞ, each
of them simulating one of the mutually different m fillers of the cardinality restriction, and in such a way that the degrees
c1

i ; c2
i satisfy the semantics of the constructor.

The reduction q(Pm S.C, /c) is based on the equivalence:
qðP mS:C; /cÞ 
 :qðP mS:C;: / cÞ
Finally, the reduction of q(6m S.C, fflc) is based on the equivalence:
ð6 nS:CÞ 
 :ðP nþ 1S:CÞ
Axioms are reduced as in Table 7, where j maps fuzzy ABox, TBox, and RBox axiom into non-fuzzy ABox, TBox, and RBox
axioms, respectively.

The reader may be tempted to think that the reduction of a fuzzy GCI should take into account every pair c1; c2 2 N
þ such

that c1 6 c2 + 1 � a. However, the additional axioms are superfluous as the following example illustrates. The case of fuzzy
RIAs is similar.

Example 4.7. Consider a fuzzy GCI hA1 v A2 P 0.5i andN ¼ f0;0:25;0:5;0:75; 1}. For every individual x of the interpretation
domain, it follows that AI1ðxÞ ) AI2ðxÞP 0:5 and thus 1� AI1ðxÞ þ AI2ðxÞP 0:5. This introduces several possibilities:
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AI1ðxÞ n AI2ðxÞ
Ta
Re
0

ble 7
duction of the axioms.

j(ha:C P ai) a:
j(ha:C 6 bi) a:
j(h(a, b):R P ai) (a
j(h(a, b):R 6 bi) (a
j(ha – bi) a
j(ha = bi) a
j(hC v D P ai)

S
fo

j(hR1. . .Rn v R P ai)
S
fo
su

j(dis(S1, S2)) di

j(ref(R)) re

j(irr(S)) ir

j(asy(S)) as
0.25
q(C, P a)
q(C, 6 b)
, b):q(R, P a)
, b):q(R, 6 a)
– b
= b

c1 ;c2
fqðC;P c1Þ v qðD;P c2

r every pair c1; c2 2 N
þ suc

c1 ;...;cn
fqðR1;P c1Þ . . . qðRn;P

r every combination c1; . . . ;

ch that c1 + . . . + cn = cn+1 +
s(q(S1, > 0), q(S2, > 0))
f(q(R, P 1))
r(q(S, > 0))
y(q(S, > 0)
0.5
Þg
h that c1 = c2 + 1 � a
cnÞ v qðR;P cnþ1Þg

cnþ1 2 N
þ

n � a
0.75
 1
0
 U
 U
 U
 U
 U
0.25
 U
 U
 U
 U
 U
0.5
 U
 U
 U
 U
 U
0.75
 U
 U
 U
 U
1
 U
 U
 U
It is easy to see that AI1ðxÞP 0:75 implies that AI2ðxÞP 0:25, and that AI1ðxÞP 1 implies that AI2ðxÞP 0:5. This restriction is
hence equivalent to this couple of GCIs: q(A1, P 0.75) v q(A2, P 0.25), and q(A1, P 1) v q(A2, P 0.5).

As we see, we take c1; c2 2 N
þ verifying c1 = c2 + 1 � a = c2 + 0.5.

Without loss of generality (see Proposition 3.4), we assume that negated role assertions, transitive and symmetric role
axioms do not appear in the fuzzy KB. However, we do include the reduction of irreflexive role axioms because it is more
efficient than using the equivalence in Proposition 3.4.

We note jðAÞ (resp. jðT Þ;jðRÞ) the union of the reductions of every axiom in A (resp. T , R). To be precise, the reduction
of fuzzy GCIs and RIAs should be noted as jðs;NÞ, and the reduction of the fuzzy TBox and RBox as jðT ;NÞ and jðR;NÞ,
respectively. For the sake of simplicity we omit N since it is clear from the context.

Let crispðKÞ denote the reduction of a fuzzy ontology K. A fuzzy KB K ¼ hA; T ;Ri is reduced into a KB
crispðKÞ ¼ hjðAÞ; TðN Þ [ jðT Þ;RðN Þ [ jðRÞi.

4.3. Examples

Now we will illustrate how the reduction works using two examples.

Example 4.8. Let us a consider a fuzzy KB K ¼ fha : 8R:ðC u DÞP 0:75i; hða; bÞ : R P 0:75i; hb : :C P 0:75ig and assume a set
of degrees of truth N ¼ f0;0:25;0:5;0:75;1gðn ¼ 4Þ. Note that the TBox and the RBox are empty.

This fuzzy KB is clearly unsatisfiable. From the third assertion it follows that CI ðbI Þ 6 0:25, and it can be seen that this
implies that ðC u DÞI ðbI Þ ¼maxfCI þ DI � 1;0g 6 0:25. But from the two former assertions it follows that every fuzzy
interpretation I has to satisfy ðC u DÞI ðbI ÞP 0:5, which is a contradiction.

Now, let us compute the non-fuzzy representation of K. Firstly, we create some new non-fuzzy atomic concepts
associated to the set of atomic fuzzy concepts and some new non-fuzzy atomic roles associated to the set of atomic fuzzy
roles:

� New concepts: C>0, CP0.25, C>0.25, CP0.5, C>0.5, CP0.75, C>0.75, CP1, D>0, DP0.25, D>0.25, DP0.5, D>0.5, DP0.75, D>0.75, DP1.
� New roles: RP0.25, RP0.5, RP0.75, RP1.

Now we create some new axioms to preserve the semantics of these elements:

� TðN Þ ¼ fCP1 v C>0:75;C>0:75 v CP0:75;CP0:75 v C>0:5;C>0:5 v CP0:5;CP0:5 v C>0:25; C>0:25 v CP0:25;CP0:25

v C>0;DP1 v D>0:75;D>0:75 v DP0:75;DP0:75 v D>0:5;D>0:5 v DP0:5;DP0:5 v D>0:25;D>0:25 v DP0:25;DP0:25 v D>0g.
� RðN Þ ¼ fRP1 v RP0:75;RP0:75 v RP0:5;RP0:5 v RP0:25g.
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Now we are ready to compute jðAÞ, including the reduction of the three fuzzy assertions in the fuzzy KB, that is:

� j(h(a, b):R P 0.75i) = (a, b):q(R, P 0.75) = (a, b):RP0.75.
� jðhb : :C P 0:75iÞ ¼ b : qð:C;P 0:75Þ ¼ b : :C>0:25.
� j(ha:"R. (C u D) P 0.75i) = a:q("R. (C u D), P 0.75) = a:{"q(R, P 0.5).q(C u D, P 0.25) u "q(R, P 0.75).q(C u

D, P 0.5) u "q(R, P 1).q(C u D, P 0.75)}, where:
– q(R, P0.5) = RP0.5.
– q(C u D, P0.25) = (CP0.25 u DP1) t (CP0.5 u DP0.75) t (CP0.75 u DP0.5) t (CP1 u DP0.25).
– q(R, P0.75) = RP0.75.
– q(C u D, P0.5) = (CP0.5 u DP1) t (CP0.75 u DP0.75) t (CP1 u DP0.5).
– q(R,P1) = RP1.
– q(C u D, P0.75) = (CP0.75 u DP1) t (CP1 u DP0.75).

It can be seen that the (non-fuzzy) KB crispðKÞ ¼ hjðAÞ; TðN Þ;RðN Þi is unsatisfiable.
Next we illustrate how to reduce cardinality restrictions, which are more involved.

Example 4.9. Let us a consider a fuzzy KB K ¼ fha :6 1S:C P 0:75i; hða; bÞ : S P 0:75i; hða; cÞ : S P0:75i; hb : C P
0:75i; hc : C P 0:75i; hb–cig and assume a set of degrees of truth N ¼ f0;0:25;0:5;0:75;1g (n = 4). Note that the TBox and
the RBox are empty.

This fuzzy KB is clearly unsatisfiable. From the first assertion it follows that minfSI ða; bÞ � CI ðbÞ;
SI ða; cÞ � CI ðcÞg ) ðb ¼ cÞP 0:75. This is true in two cases:

� b = c, or
� minfSI ða; bÞ � CI ðbÞ; SI ða; cÞ � CI ðcÞg 6 0:25.

The first possibility is clearly in contradiction with the last assertion of the fuzzy KB. Moreover, assertions 2, 3, 4 and 5
imply that minfSI ða; bÞ � CI ðbÞ; SI ða; cÞ � CI ðcÞg ¼minf0:75� 0:75;0:75� 0:75g ¼ 0:5, which is in contradiction with the
second possibility. Hence, the fuzzy KB is unsatisfiable.

Now, let us compute the non-fuzzy representation ofK. Firstly, we create some new non-fuzzy atomic concepts associated
to the set of atomic fuzzy concepts and some new non-fuzzy atomic roles associated to the set of atomic fuzzy roles:

� New concepts: C>0, CP0.25, C>0.25, CP0.5, C>0.5, CP0.75, C>0.75, CP1.
� New roles: SP0.25, SP0.5, SP0.75, SP1.

Now we create some new axioms to preserve the semantics of these elements:

� TðN Þ ¼ fCP1 v C>0:75;C>0:75 v CP0:75;CP0:75 v C>0:5;C>0:5 v CP0:5;CP0:5 v C>0:25;C>0:25 v CP0:25;CP0:25 v C>0g.
� RðN Þ ¼ fSP1 v SP0:75; SP0:75 v SP0:5; SP0:5 v SP0:25g.

Now we are ready to compute jðAÞ, including the reduction of the six fuzzy assertions in the fuzzy KB, that is:

� jðha : ð6 1S:CÞP 0:75iÞ ¼ a : qð:ðP 2S:CÞ;P 0:75Þ ¼ a : qðP 2S:C;6 0:25Þ ¼

½9qðS;P 0:5Þ:ðB1 u qðC;P 1ÞÞ u 9qðS;P 0:5Þ:ðB2 u qðC;P 1ÞÞ�t
½9qðS;P 0:5Þ:ðB1 u qðC;P 1ÞÞ u 9qðS;P 0:75Þ:ðB2 u qðC;P 0:75ÞÞ�t
½9qðS;P 0:5Þ:ðB1 u qðC;P 1ÞÞ u 9qðS;P 1Þ:ðB2 u qðC;P 0:5ÞÞ�t
½9qðS;P 0:75Þ:ðB1 u qðC;P 0:75ÞÞ u 9qðS;P 0:5Þ:ðB2 u qðC;P 1ÞÞ�t

0
BBBBBB

1
CCCCCC
a : : ½9qðS;P 0:75Þ:ðB1 u qðC;P 0:75ÞÞ u 9qðS;P 0:75Þ:ðB2 u qðC;P 0:75ÞÞ�t
½9qðS;P 0:75Þ:ðB1 u qðC;P 0:75ÞÞ u 9qðS;P 1Þ:ðB2 u qðC;P 0:5ÞÞ�t
½9qðS;P 1Þ:ðB1 u qðC;P 0:5ÞÞ u 9qðS;P 0:5Þ:ðB2 u qðC;P 1ÞÞ�t
½9qðS;P 1Þ:ðB1 u qðC;P 0:5ÞÞ u 9qðS;P 0:75Þ:ðB2 u qðC;P 0:75ÞÞ�t
½9qðS;P 1Þ:ðB1 u qðC;P 0:5ÞÞ u 9qðS;P 1Þ:ðB2 u qðC;P 0:5ÞÞ�

BBBBBB@
CCCCCCA

.

The reduction of this concept expression also introduces two new atomic concepts B1, B2 together with the axioms:
B1 u B2 v\, > v B1 t B2.
� j(h(a, b):S P 0.75i) = (a, b):q(S, P0.75) = (a, b):SP0.75.
� j(hb:C P 0.75i) = b:q(C, P0.75) = b:CP0.75.
� j(h(a, c):S P 0.75i) = (a, b):q(S, P0.75) = (a, c):SP0.75.
� j(hc:C P 0.75i) = b:q(C, P0.75) = c:CP0.75.
� j(hb – ci) = b – c.
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It can be seen that the (non-fuzzy) KB crispðKÞ ¼ hjðAÞ; TðN Þ;RðN Þi is unsatisfiable.

4.4. Properties of the reduction

Firstly, we highlight that the reduction preserves simplicity of the roles and regularity of the RIAs.
Correctness. The reduction is reasoning preserving and, since satisfiability testing in classical SROIQ is decidable [30] and

the mapping is finite it follows that:

Theorem 4.10. The satisfiability problem in ŁnSROIQ with truth space 0; 1
n ;

2
n ; . . . ; ðn�1Þ

n ;1
n o

ðn 2 NÞ is decidable. Furthermore, a
ŁnSROIQ fuzzy KB K is satisfiable iff crispðKÞ is satisfiable.
Proof. See Appendix. h

Complexity. The depth of a fuzzy concept is inductively defined as follows:

� depth(A) = depth(>) = depth(\) = depth($S.Self) = depth({a1/o1, . . . ,am/om}) = 1.

� depthð:CÞ ¼ depthð8R:CÞ ¼ depthð9R:CÞ ¼ depthðP mS:CÞ ¼ depthð6 nS:CÞ ¼ 1þ depthðCÞ.
� depth(C u D) = depth(C t D) = 1 + max {depth(C),depth(D)}.

The depth of a non-fuzzy concept is defined analogously. It is easy to see that:

� A concept C without number restrictions of depth k transforms in the worst case into an expression of size OðjCjjN jkÞ. For
instance, for C being " R. ("P. ("Q.A)), we get an expression of size OðjCjjN j3Þ (k = 3).
� A concept C with number restrictions of depth k transforms in the worst case into an expression of size
Oðmk�1jCjjN jðk�1ÞmÞ, where m is the maximal number restriction occurring in C. For instance, for C being (Pm1R.
(Pm2P.A)), we get an expression of size Oðm2jCjjN j2mÞ (k = 3, m = max(m1, m2).
� In order to preserve the semantics of the new atomic concept and roles, we are also introducing some new non-fuzzy

axioms:
jTðN Þj ¼ ð2 	 ðjN j � 1Þ � 1Þ 	 jAj

jRðN Þj ¼ ð2 	 ðjN j � 1Þ � 1Þ 	 jRj
� The reduction of qualified cardinality restrictions q(PmS.C, .c) also introduces m
2

� �
þ 1 GCIs.

� Most of the axioms of the fuzzy KB generate one non-fuzzy axiom, but some of them (fuzzy GCIs and fuzzy RIAs) generate
several non-fuzzy axioms:
jjðT Þj 6 2 	 ðjN j � 1Þ 	 jT j

jjðRÞj 6 2 	 ðjN j � 1Þ 	 jRj
All in all, the size of the resulting KB is OðjKjjN jkÞ in case no number restriction occurs in K, where k is the maximal depth
of the concepts appearing in the fuzzy KB, while otherwise isOðmk�1jKjjN jðk�1ÞmÞ, where m is the maximal number restriction
occurring in K.

We recall that under Zadeh fuzzy logic, the size of the resulting KB is OðjKj2Þ [61,7,5]. In our case we need to generate
more and more complex axioms, because we cannot infer the exact values of the elements which take part of a complex con-
cept, so we need to build disjunctions or conjunctions over all possible degrees of truth.

Modularity. An interesting property of the procedure is that the reduction of an ontology can be reused when adding new
axioms and only the reduction of the new axioms has to be included. From an implementation point of view, this property
allows to compute the reduction of the ontology off-line and update jðKÞ incrementally.

Theorem 4.11. Let K be a ŁnSROIQ fuzzy knowledge base involving a set of fuzzy atomic concepts A and a set of atomic roles R;
let N ¼ f0; 1

n ;
2
n ; . . . ; ðn�1Þ

n ;1gðn 2 N); and let s be a ŁnSROIQ axiom such that:

1. for every atomic concept A which appears in s, A 2 A.
2. for every atomic role RA which appears in s, RA 2 R.
3. if c appears in s, then c 2 N .

Then, crispðK [ sÞ ¼ crispðKÞ [ jðsÞ.
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Proof. The proof is trivial from the following observations:

� Every axiom is reduced to a combination of new non-fuzzy elements.
� New elements depend on fuzzy atomic concepts, fuzzy roles and the membership degrees appearing in the fuzzy KB.
� s does not introduce atomic concepts, atomic roles nor new membership degrees with respect to the fuzzy KB.
� Every axiom is mapped independently from the others. h

The theorem assumes that the set of possible degrees in the language is restricted and that the basic vocabulary (concepts
and roles) is fully expressed in the ontology and does not change often. These are reasonable assumptions because ontologies
do not usually change once that their development has finished. Moreover, we have assumed a fixed set of the degrees of
truth N .
5. Related work

Since the first work of J. Yen in 1991 [65], an important number of fuzzy extensions to DLs can be found in the literature
[41]. We would also like to stress the existence of fuzzy rough DLs [13,33,34] (which extend rough DLs [40,19,51,21,35]) and
fuzzy possibilistic DLs [6].

In this section we will concentrate on the state of the art on the fuzzy logics considered in the framework of fuzzy DLs
which are different from Zadeh fuzzy logic, and in the representation of fuzzy DLs using non-fuzzy DLs.
5.1. Fuzzy logics in fuzzy DLs

While most of the works restrict themselves to Zadeh fuzzy logic, a few other works consider Łukasiewicz fuzzy logic.
Straccia and coworkers [58,62,59,12] propose a reasoning solution, which is based on a mixture of tableau rules and Mixed
Integer Linear Programming (MILP) optimization problems. These works are implemented in the FUZZYDL reasoner [11].4 Hab-
iballa [25] considers a fuzzy extension of ALC extended with role negation, top role and bottom role, presenting a novel reason-
ing algorithm based on resolution, as well as an implementation (GERDS). Another implementation based on resolution (YADLR) has
been recently presented [38].

A proposal for a product t-norm-based fuzzy DL has also been presented [9], using Product logic but replacing Gödel nega-
tion with Łukasiewicz negation.

A Gödel fuzzy DL has been presented in [8]. Previously, [7] considered Gödel implication, but only in the semantics of GCIs
and RIAs.

There are also some attempts to reason with arbitrary continuous t-norms. Hájek reported a reasoning algorithm based
on a reduction to fuzzy propositional logic [27]. The authors of the present paper have also recently presented a reasoning
algorithm for fuzzy DLs under arbitrary continuous t-norms extended with Łukasiewicz negation, based on a combination
tableau rules and Mixed Integer Non Linear Programming (MINLP) optimization problems [10]. Both of these works are re-
stricted to the witnessed models of fuzzy ALC without fuzzy GCIs.
5.2. Non-fuzzy representations for fuzzy DLs

The first effort in this direction is a reasoning preserving procedure for fuzzy ALCH [61]. A similar work from him con-
siders fuzzy ALC with truth values taken from an uncertainty lattice [57], therefore supporting quantitative reasoning (by
using the interval [0,1]) and qualitative reasoning (e.g. by relying on a set {false, likelyfalse, unknown, likelytrue,
true}). Bobillo et al. widened the former work of Straccia to SHOIN and allowed fuzzy GCIs, but with a semantics given by
KD implication [4]. Stoilos et al. extended this work and considered the reduction of an extension of fuzzy SHOIN with addi-
tional role axioms: general RIAs, reflexive, asymmetric and role disjointness axioms [53]. It is not a reduction of fuzzy
SROIQ (not even SROIN ) because they do not show how to reduce the universal role, qualified cardinality restrictions,
local reflexivity concepts in expressions of the form q($S.Self, /c) nor negative role assertions. Moreover, GCIs and RIAs
are forced to be either true or false. Bobillo et al. extended this work providing a non-fuzzy representation of full SROIQ
with fuzzy GCIs and RIAs [7].

A different approach considers a family of fuzzy DLs using a-cuts as atomic concept and roles [43]. The approach is
slightly different to ours because, in general, these logics need their own decision procedures. However, the authors have
shown how to reduce a fuzzy ALCQ ABox [42] and a fuzzy ALCH concept [36] to their non-fuzzy versions. Nevertheless,
both of these works assume an empty TBox. Finally, [20] combines possibilistic and fuzzy logics in the context of Description
Logics (more concretely, in ALCINð
Þ). Interestingly, they also propose to represent every fuzzy set using two sets (its sup-
port and its core) and comment the possibility of using more sets, in order to have a more refined representation. Although
for some applications this representation may be enough, there is a loss of information that does not occur in our approach.
4 <http://www.straccia.info/software/fuzzyDL/fuzzyDL.html>.

http://www.straccia.info/software/fuzzyDL/fuzzyDL.html
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All this previous work has been restricted to Zadeh fuzzy logic, with the exception of a non-fuzzy representation for Gödel
fuzzy SROIQ [8], and of a previous version of the current paper, which considers Ł-ALCHOI [14].

Finally, non-fuzzy representations for two components of fuzzy DLs (which are independent of the particular logic) have been
proposed. [5] considers the reduction of fuzzy concrete domains, whereas [8] deals with modified fuzzy concepts and roles.

6. Conclusions and future work

In this paper we have shown the decidability of a fuzzy extension of SROIQ under the semantics of finitely many-valued
Łukasiewicz fuzzy logic, assuming a fixed set of allowed degrees of truth. We have provided a reasoning algorithm based on a
reduction to SROIQ. Together with the non-fuzzy representation of fuzzy concrete domains proposed in [5], this means the
possibility to reason with Łukasiewicz fuzzy OWL 2.

Providing non-fuzzy representations for fuzzy DLs means an important step towards the possibility of dealing with
imprecise and vague knowledge in DLs, since it relies on existing languages and tools. This approach has several advantages:

� We can continue using standard languages with a lot of resources available, avoiding the need (and cost) of adapting them
to the new fuzzy language.
� We may continue using existing DL reasoners, which is important because current fuzzy DL reasoners cannot support a

fuzzy extension of OWL 2 under Łukasiewicz fuzzy logic (FUZZYDL supports fuzzy OWL-Lite so far).

Our work is more general than previous approaches which provide non-fuzzy representations of fuzzy DLs under Zadeh
fuzzy logic. However, from a practical point of view, the size of the resulting KB is much more complex in this case, so the
practical feasibility of this approach has to be empirically verified.

In future work we plan to implement the proposed reduction, studying if it can be optimized in some particular common
situations.
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Appendix A. Proof of Thereom 4.10

Proof. We will show the proof for the only-if direction. From K is satisfiable we know that there is a fuzzy interpretation
I ¼ fDI ; 	I g satisfying every axiom in K. Now, it is possible to build a (non-fuzzy) interpretation IC ¼ fDIC ; 	IC g in the
following way:

� DIC ¼ DI .
� aIC ¼ aI , for all a 2 DI .
� AICPa ¼ fx 2 DI jAI ðxÞP ag, for each A 2 A and a 2 N n f0g.
� AIC>b ¼ fx 2 DI jAI ðxÞ > bg, for each A 2 A; b 2 N n f1g.
� RICAPa ¼ fx; y 2 DI � DI jRIAðx; yÞP ag, for each RA 2 R;a 2 N n f0g.
� RICA>b ¼ fx; y 2 DI � DI jRIAðx; yÞ > bg, for each RA 2 R, b 2 N n f1g.

Now, it can be shown that IC satisfies every axiom in crispðKÞ. For every axiom s 2 K, there are several cases:

1. s is an inequality assertion. Assume that I � ha–bi. Then, aI–bI . By definition of IC , aIC – bIC , so
IC � ha – bi () IC � jðha – biÞ.

2. s is an equality assertion. Assume that I � ha ¼ bi. Then, aI ¼ bI . By definition of IC , aIC ¼ bIC , so
IC � ha ¼ bi () IC � jðha ¼ biÞ.

3. s is a role assertion. Assume that I � hða; bÞ : R ffl ci. We show, by induction on the structure of roles, that
IC � jðhða; bÞ : R ffl ciÞ.
� Atomic role. Assume that I � hða; bÞ : RA P ai. Then, RIAðaI ; b

I ÞP a. By definition of IC , it follows that ðaIC ; bIC Þ 2 RICAPa.
By definition of q; ðaIC ; bIC Þ 2 ðqðRA;P aÞÞIC () IC � ða; bÞ : qðRA;P aÞ () IC � jðhða; bÞ : RA P aiÞ.
Now assume that I � hða; bÞ : RA 6 bi. Then, RIAðaI ; b

I Þ 6 b. By definition of IC , it follows that ðaIC ; bIC Þ R ðRA>bÞIC and
hence ðaIC ; bIC Þ 2 ð:RA>bÞIC . By definition of q; ðaIC ; bIC Þ 2 ðqðRA;6 bÞÞIC () IC � ða; bÞ : qðRA;6 bÞ () IC �
jðhða; bÞ : RA 6 biÞ.

� Inverse role. Assume that I � hða; bÞ : R� ffl ci. Then, RI ðbI ; aI Þ ffl c. By induction hypothesis, ðbIC ; aIC Þ 2 ðqðR;ffl cÞÞIC .
Consequently, ðaIC ; bIC Þ 2 ððqðR;ffl cÞÞIC Þ� () IC � ða; bÞ 2 qðR;ffl cÞ� () IC � jðhða; bÞ : R� ffl ciÞ.
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� Universal role. Assume that I � hða; bÞ : U P ai. Then, UI ðaI ; bI Þ ¼ 1 P c. By definition of IC , it follows that
ðaIC ; bIC Þ 2 DIC � DIC and consequently ðaIC ; bIC Þ 2 UIC () ðaIC ; bIC Þ 2 ðqðU;P aÞÞIC () IC � ða; bÞ : qðU;P aÞ ()
IC � jðhða; bÞ : U P aiÞ. The case I � hða; bÞ : U 6 bi is similar.

4. s is a concept assertion. Assume that I � ha : C ffl ci. We show, by induction on the structure of concepts and roles, that
IC � jðha : C ffl ciÞ.
� Atomic concept. Assume that I � ha : A P ai. Then, AI ðaI ÞP a. By definition of IC , it follows that aIC : AICPa. Conse-

quently, aIC 2 ðqðA;P aÞÞIC () IC � a : qðA;P aÞ () IC � jðha : A P aiÞ. Now assume that I � ha : A 6 bi. Then,
AI ðaI Þ 6 b. By definition of IC , it follows that aIC R AIC>b () aIC 2 :AIC>b () aIC 2 ðqðA;6 bÞÞIC () IC � a :

qðA;6 bÞ () IC � jðha : A 6 biÞ.
� Top concept. Assume that I � ha : >P ai. Then, >IðaI ÞP a. By definition of IC , it follows that aIC 2 DIC ¼ >. Conse-

quently, aIC 2 ðqð>;P aÞÞIC () IC � a : qð>;P aÞ () IC � jðha : >P aiÞ. The case I � ha : > 6 bi is not possi-
ble. If I � ha : > 6 bi we have that 1 6 b, which is a contradiction with the restriction b 2 [0,1). If I � ha : > < ai
we have that 1 < a, which is a contradiction with the restriction a 2 (0,1].

� Bottom concept. This case is similar to the previous one.
� Concept negation. Assume that I � ha : :C ffl ci. Then, 1� CI ðaI Þ ffl c, so it follows that CI ðaI Þffl�1� c. By induction

hypothesis, aIC 2 ðqðC;ffl�1� cÞÞIC () IC � a 2 qðC;ffl�1� cÞ () IC � jðha : :C ffl ciÞ.
� Concept conjunction. Assume that I � ha : C u D P ai. Then, maxfCI ðaI Þ þ DI ðaI Þ � 1;0gP a. Since a 2 (0,1], it fol-

lows that CI ðaÞ þ DI ðaÞP 1þ a. We do not know exactly the degrees of truth of CI ðaÞ and DI ðaÞ, but using Proposition
4.1 we know that they certainly belong to N , so CI ðaÞP c1 and DI ðaÞP c2, for some c1; c2 2 N

þ such that
c1 + c2 P 1 + a. By induction hypothesis, aIC 2 ðqðC;P c1ÞÞ

IC \ ðqðD;P c2ÞÞ
IC .

Now, it is possible to build a disjunction over all the pairs of individuals c1; c2 2 N
þ such that c1 + c2 P 1 + a, and

aIC 2 ð
F

c1 ;c2
fqðC;P a1Þ u qðD;P c2ÞgÞ

IC . By Proposition 4.3, this can simplified to the degrees c1 + c2 = 1 + a. This is
equivalent to aIC 2 ðqðC u D;P aÞÞIC () IC � a : qðC u D;P aÞ () IC � jðha : C u D P aiÞ.
In the case I � ha : C u D 6 bi, we use the equivalence C u D 
 :ð:C t :DÞ and consider I � ha : :C t :D P 1� bi.

� Concept disjunction. This case is similar to concept conjunction. Assume that I � ha : C t D P ai. Then,
minfCI ðaI Þ þ DI ðaI Þ;1gP a. It follows that CI ðaÞ þ DI ðaÞP a. Now, there are three possibilities:

(a) CI ðaÞP a, or
(b) DI ðaÞP a, or
(c) CI ðaÞP c1;D

I ðaÞP c2, for some c1; c2 2 N
þ such that c1 + c2 P a. Using Proposition 4.3, this can simplified to

the degrees c1 + c2 = a.
By induction hypothesis, aIC 2 ðqðC;P aÞ t qðD;P aÞ
F

c1 ;c2
fqðC;P c1Þ u qðD;P c2ÞgÞ

IC , for every c1; c2 2 N
þ such that

c1 + c2 P a. This is equivalent to say that aIC 2 ðqðC t D;P aÞÞIC () IC � jðha : C t D P aiÞ.
In the case I � ha : C t D 6 bi, we use the equivalence C t D 
 :ð:C u :DÞ and consider I � ha : :C u :D P 1� bi.

� Universal quantification. Assume that I � ha : 8R:C P ai. Then, infb2DI fR
I ðaI ; bÞ ) DI ðbÞgP a. Hence, for an arbitrary

individual b 2 DI it follows that RI ðaI ; bÞ ) CI ðbÞP a. Now, one of the following conditions holds:

(a) RI ðaI ; bÞ 6 CI ðbÞ (which makes the Łukasiewicz implication equal to 1 P a), or
(b) 1� RI ðaI ; bÞ þ CI ðbÞP a (which makes the implication take a value Pa).
Note that condition (b) is equivalent to RI ðaI ; bÞ 6 CI ðbÞ þ 1� a, which subsumes condition (a) since a 2 (0,1]. Now,
whatever c1 is, RI ðaI ; bÞP c1 implies that CI ðbÞP ðc1 � ð1� aÞÞ. Equivalently (and using Proposition 4.3), given
c1 = c2 + 1 � a, RI ðaI ; bÞP c1 implies that CI ðbÞP c2.
By induction hypothesis, ðaIC ; bÞ 2 ðqðR;P c1ÞÞ

IC implies b 2 ðqðC;P c2ÞÞ
IC for every c1 = c2 + 1 � a. This is exactly the

semantics of aIC 2 ðuc1 ;c2
f8qðR;P c1Þ:qðC;P c2ÞgÞ

IC for every pair hc1, c2 i such that c1; c2 2 N
þ and c1 = c2 + 1 � a.

This is equivalent to aIC 2 ðqð8R:C;P aÞÞIC () IC � a : qð8R:C;P aÞ () IC � jðha : 8R:C P aiÞ.
In the case I � ha : 8R:C 6 bi we use the equivalence 8R:C 
 :ð9R:ð:CÞÞ and consider I � ha : 9R:ð:CÞP 1� bi.

� Existential quantification. This case is similar to universal quantification. Assume that I � ha : 9R:C P ai. Then,
supb2DI fR

I ðaI ; bÞ � CI ðbÞgP a. Due to the WMP, there exists an individual b 2 DI such that RI ðaI ; bÞ � CI ðbÞÞP
a() RI ðaI ; bÞ þ CI ðbÞP 1þ a() RI ðaI ; bÞP c1 and CI ðbÞP c2 for some c1; c2 2 N

þ such that c1 + c2 P 1 � a.
Equivalently (and using Proposition 4.3), this can be simplified to c1 + c2 = 1 � a.
By induction hypothesis, for some b 2 DIC ; ðaIC ; bÞ 2 ðqðR;P c1ÞÞ

IC and b 2 ðqðC;P c2ÞÞ
IC for some c1 + c2 = 1 � a. This

is exactly the semantics of aIC 2 ð
F

c1 ;c2
f9qðR;P c1Þ:qðC;P c2ÞgÞ

IC for every pair hc1, c2i such that c1; c2 2 N
þ and

c1 = c2 + 1 � a. This is equivalent to say that aIC 2 ðqð9R:C;P aÞÞIC () IC � a : qð9R:C;P aÞ ()
IC � jðha : 9R:C P aiÞ.
In the case I � ha : 9R:C 6 bi we use the equivalence 9R:C 
 :ð8R:ð:CÞÞ and consider I � ha : 8R:ð:CÞP 1� bi.

� Fuzzy nominals. Assume that I � ha : fa1=o1; . . . ;an=ongP ai. Let oi1, . . . ,oik be such that aij P a. Then,
supfai1 ; . . . ;aikgP a, with aI 2 foi1 ; . . . ; oikg

I . By construction of IC , it holds that aIC 2 foi1 ; . . . ; oikg
IC ()
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aIC 2 ðqðfa1=o1; . . . ; an=ong;PaÞÞIC ()IC � a :qðfa1=o1; . . . ;an=ong;PaÞiÞ()IC � jðha : fa1=o1; . . . ;an=ongPaiÞ. The
case 6b is quite straightforward.

� At-least qualified number restriction. Assume I � ha : ðP mS:CÞP ai. Then, supb1 ;...;bm2DI fminm
i¼1fS

I ðaI ; biÞ�
CI ðbiÞg � ð�16j<k6mfbj–bkgÞgP a. Note that (�16j<k6m{bj – bk}) can be either 0 or 1. If it is 0, then we have that
supb1 ;...;bm2DI fminm

i¼1fS
I ðaI ; bi � CI ðbiÞgÞ � 0g ¼ 0 P a, which is not possible because by definition a 2 (0,1]. Hence,

(�16j<k6m{bj – bk}) = 1 (which means that the elements are pairwise different).
Thanks to the WMP, for some pairwise different elements b1; . . . ; bm 2 DI , minm

i¼1fS
I ðaI ; biÞ � CI ðbiÞg � 1 ¼

minm
i¼1fS

I ðaI ; biÞ �CI ðbiÞgP a. This means that every bi satisfies SI ðaI ; biÞ � CI ðbiÞgP a. Similarly as with the conjunc-
tion, this means that SI ðaI ; biÞP c1

i and CI ðbiÞP c2
i , for some c1

i ; c2
i 2 N

þ such that c1
i þ c2

i P 1þ a. Furthermore,
thanks to Proposition 4.6, we know that bi 2 BIi , for some new concepts B1, . . . ,Bm forming a partition w.r.t. I .5

By induction hypothesis, there exist individuals b1; . . . ; bm 2 DIc such that ðaI c ; biÞ 2 ðqðS;P c1
i ÞÞ
I c and

bi 2 ððqðC;P c2
i ÞÞ
I c \ ðBiÞIc Þ, for some c1

i ; c2
i 2 N

þ such that c1
i þ c2

i P 1þ a. Clearly, Bi also form a partition w.r.t. I c . This
is exactly the semantics of aIC 2

F
c1

1 ;c
2
1 ;...;c

1
m ;c2

m
f9qðS;P c1

1Þ:ðB1 u qðC;P c2
1ÞÞ u . . . u 9qðS;P c1

mÞ:ðBm u qðC;P c2
mÞÞg, for every

combination of c1
1; c2

1; . . . ; c1
m; c2

m 2 N
þ such that c1

i þ c2
i ¼ 1þ a, for i = {1, . . . ,m}. This is equivalent to

aIC 2 ðqððP mS:CÞ;P aÞÞIC () IC � a : qððP mS:CÞ;P aÞ () IC � jðha : ðP mS:CÞP aiÞ.
In the case I � ha : ðP mS:CÞ 6 bi we have that either (�16j<k6m{bj – bk}) = 0 or minm

i¼1fS
I ðaI ; biÞ � CI ðbiÞg 6 b. In other

words, there does not exist m pairwise different elements such that SI ðaI ; biÞ � CI ðbiÞ > b. Now, we consider all the pos-
sible pairs of minimal degrees c1

i ; c2
i 2 N

þ such that c1
i þ c2

i > 1þ b and obtain that aIc 2 :
F

c1
1 ;c

2
1 ;...;c

1
m ;c

2
m
f9qðS;P

h�
c1

1Þ:ðB1 u qðC;P c2
1ÞÞ u 	 	 	 u 9qðS;P c1

mÞ:ðBm u qðC;P c2
mÞÞg�Þ

I c , for every combination of c1
1; c2

1; . . . ; c1
m; c2

m 2 N
þ such that

(i) c1
i þ c2

i > 1þ b, for i = {1,. . ., m}, and (ii) 9= c 2 Nþ such that c < c1
i and cþ c2

i > 1þ b, and (iii) 9= c 2 Nþ such that
c < c2

i and c1
i þ c > 1þ b. This is equivalent to aIC 2 ðqððP mS:CÞ;6 bÞÞIC () IC � a : qððP mS:CÞ;6 bÞ ()

IC � jðha : ðP mS:CÞ 6 biÞ.
� At-most qualified number restriction. In the case I � ha : ð6 nS:CÞ ffl ci we use the equivalence 6 nS:C 
 :ðP nþ 1S:CÞ

and consider I � ha : :ðP nþ 1S:CÞ ffl ci.
� Local reflexivity. Assume that I � ha : 9S:Self P ai. Then, SI ðaI ; aI ÞP a. By induction hypothesis,
ðaIC ; aIC Þ 2 ðqðS;P aÞÞIC () IC � ða; aÞ : qðS;P aÞ () IC � jðha : 9S:Self P aiÞ. Now assume that I � ha :

9S:Self 6 bi. Then, SI ðaI ; aI Þ 6 b. By induction hypothesis, ðaIC ; aIC Þ 2 ðqðS;6 bÞÞIC . Hence, it follows that
ðaIC ; aIC Þ R ðqðS;: 6 bÞÞIC () ðaIC ; aIC Þ 2 :ðqðS;: 6 bÞÞIC () aIC 2 ðqð9S:Self;6 bÞÞIC () IC � a : qð9S:Self,
6 bÞ () IC � jðha : 9S:Self;6 biÞ.

5. s is a fuzzy GCI. Assume that I � hC v D P ai. Then, infx2DI fC
I ðxÞ ) DI ðxÞgP a. Hence, for an arbitrary individual

x 2 DI it follows that CI ðxÞ ) DI ðxÞP a and hence one of the following conditions holds:
5 Obv
(a) CI ðxÞ 6 DI ðxÞ (which makes the Łukasiewicz implication equal to 1 P a), or
(b) 1� CI ðxÞ þ DI ðxÞP a (which makes the implication take a value Pa).
Note that condition (b) is equivalent to CI ðxÞ 6 DI ðxÞ þ 1� a, which subsumes condition (a) since a 2 (0,1]. Now,
whatever c1 is, q(C, P c1) implies that DI ðxÞP ðc1 � ð1� aÞÞ. Equivalently, given c1 = c2 + 1 � a, q(C, P c1) implies
q(D, P c2). This is exactly the semantics of

S
c1 ;c2
fqðC;P c1Þ v qðD;P c2Þg for every pair hc1, c2i such that

c1; c2 2 N
þ and c1 = c2 + 1 � a.

6. s is a fuzzy RIA. Assume that I � hR1 . . . Rm v R P ai. The case is similar to the previous one, but now for an arbitrary
pair of individuals x1; xnþ1 2 DI it follows that supx2 ...xn2DI fR

I
1ðx1; x2Þ � 	 	 	 � RInðxn; xnþ1Þg ) RI ðx1; xnþ1ÞP a. Conse-

quently, supx2 ...xn2DI fR
I
1ðx1; x2Þ � 	 	 	 � RInðxn; xnþ1Þg 6 RI ðx1; xnþ1Þ þ 1� a.

Using the WMP, for some x2 . . . xn 2 DI (the elements in the supremum), maxfRI1ðx1; x2Þ þ 	 	 	 þ RInðxn; xnþ1Þ�
ðn� 1Þ;0g 6 RI ðx1; xnþ1Þ þ 1� a. The case where the left side is 0 is not interesting, since 0 6 RI ðx1; xnþ1Þ þ 1� a is
a tautology. So, we focus on the other case, and it follows that RI1ðx1; x2Þ þ 	 	 	 þ RInðxn; xnþ1Þ � ðn� 1Þ 6
RI ðx1; xnþ1Þ þ 1� a() RI1ðx1; x2Þ þ 	 	 	 þ RInðxn; xnþ1Þ 6 RI ðx1; xnþ1Þ þ n� a.
Now, the case is similar as before for the elements in the supremum x2. . .xn. Finally, we obtain

S
c1 ;...;cnþ1

fqðR1;P
c1Þ . . .qðRn;P cnÞ v qðR;P cnþ1Þg for every combination of elements hc1, . . . ,cn+1i such that c1; . . . ; cnþ1 2 N

þ and
c1 + 	 	 	 + cn = cn+1 + n � a.

7. s is a role disjoint axiom. Assume that I � disðS1; S2Þ. Then, 8x; y 2 DI ; SI1ðx; yÞ ¼ 0 or SI2ðx; yÞ ¼ 0. By induction,
8x; y 2 DIC ; ðx; yÞ 2 ðqðS1;6 0ÞÞIC or ðx; yÞ 2 ðqðS2;6 0ÞÞIC () 8x; y 2 DIC ; ðx; yÞ R ðqðS1; > 0ÞÞIC or ðx; yÞ R ðqðS2; >

0ÞÞIC () ðqðS1; > 0ÞÞIC \ ðqðS2; > 0ÞÞIC ¼ ; () IC � ðdisðqðS1; > 0Þ;qðS2; > 0ÞÞÞ () IC � jðdisðS1; S2ÞÞ.
8. s is a reflexive role axiom. Assume that I � refðRÞ. Then, 8x 2 DI ;RI ðx; xÞ ¼ 1. By induction, 8x 2 DIC ;
ðx; xÞ 2 ðqðR;P 1ÞÞIC () 8x 2 DIC ; IC � ðx; xÞ : qðR;P 1Þ () IC � jðrefðRÞÞ.

9. s is an irreflexive role axiom. Assume that I � irrðSÞ. Then, 8x 2 DI ; SI ðx; xÞ ¼ 0. By induction,
8x 2 DIC ; ðx; xÞ 2 ðqðS;6 0ÞÞIC () 8x 2 DIC ; ðx; xÞ R ðqðS; > 0ÞÞIC () IC � irrðqðS; > 0ÞÞ () IC � jðirrðSÞÞ.
iously, it is mandatory to add the axioms > v B1 t B2 t 	 	 	 t Bm and Bi u Bj v \, for i < j, in order to guarantee that they indeed form a partition.
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10. s is an asymmetry role axiom. Assume that I � asyðSÞ. Then, 8x; y 2 DI , if SI ðx; yÞ > 0 then SI ðy; xÞ ¼ 0. By induction,
8x; y 2 DIC , if ðx; yÞ 2 ðqðS; > 0ÞÞIC then ðy; xÞ 2 ðqðS;6 0ÞÞIC () 8x; y 2 DIC , if ðx; yÞ 2 ðqðS; > 0ÞÞIC then
ðy; xÞ R ðqðS; > 0ÞÞIC . Consequently, IC � jðasyðqðS; > 0ÞÞÞ.

The proof for the converse can be obtained using similar arguments: from a classical interpretation we build a fuzzy inter-
pretation. There is only one point which is worth mentioning. If crispðKÞ is satisfiable, it is not possible (due to the axioms in
TðNKÞ) to have an individual a such that aIC 2 ðA.c1

ÞIC and aIC R ðA.c2
ÞIC with c2 < c1, so for every individual a we can compute

the maximum value a such that a:APa holds, or the maximum value b such that a:A>b holds, and use these values in the con-
struction of the fuzzy interpretation. The case for roles in RðNKÞ is similar. h
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