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1. Introduction

In the last years, the use of ontologies as formalisms for knowledge representation in many different application domains
has grown significantly. Ontologies have been successfully used as part of expert and multiagent systems, as well as a core
element in the Semantic Web, which proposes to extend the current web to give information a well-defined meaning [3].

An ontology is defined as an explicit and formal specification of a shared conceptualization [20], which means that ontol-
ogies represent the concepts and the relationships in a domain promoting interrelation with other models and automatic
processing. Ontologies allow adding semantics to data, making knowledge maintenance, information integration, and reuse
of components easier.

The current standard language for ontology creation is OWL 2 [12], which is the successor of the Web Ontology Language
(OWL). OWL 2 has its logical foundation in description logics (DLs for short) [1]. We recall DLs are a family of logics for rep-
resenting structured knowledge. Each logic is denoted by using a string of capital letters which identify the constructors of
the logic and therefore its complexity. DLs have proved to be very useful as ontology languages [2]. For instance, OWL 2 is
based on the DL SROZQ(D) [27].

Nevertheless, it is widely agreed that “classical” ontology languages are not appropriate to deal with imprecise and vague
knowledge, which is inherent to several real world domains [48]. With the aim of managing vagueness in ontologies, several
extension of DLs have been proposed, being possible to group them in two categories.
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e On the one hand, the combination with fuzzy logic [65] produces fuzzy DLs [38]. In the setting of fuzzy logics, the con-
vention prescribing that a statement is either true or false is changed. This theory is based on the notion of fuzzy set.
Rather than belonging to a set or not, every element of the domain partially belongs to a fuzzy set. Under this approach,
vagueness is quantified and expressed using a degree of membership to a vague concept.

e On the other hand, the combination with rough set theory [45] produces rough DLs. Rough set theory offers a qualitative
approach to model vagueness. Instead of providing a degree of membership, a vague concept is approximated by means of
two sets: an upper and a lower approximation, using an indiscernibility relation between the elements of the domain.
This approach is very useful when it is not possible to quantify the membership function of a vague concept.

Fuzzy logic and rough logic are complementary formalisms to manage vagueness and hence it is natural to combine them
by means of fuzzy rough sets [13,46]. The main difference with respect to rough theory are the presence of fuzzy rough sets
(instead of fuzzy sets) and fuzzy similarity relations (instead of indiscernibility relations).

In this article we follow this approach and extend a fuzzy DL with fuzzy rough sets. In particular, we present a fuzzy rough
extension of the DL SROZQ(D), providing the theoretical grounding for fuzzy rough OWL 2.

This combination is useful in several domains of application. For instance, in e-commerce, it is possible to combine rough
concepts such as “potential buyer” (an individual which is possibly interested in some product) with fuzzy concepts such as
“cheap price” (which can be modeled with a trapezoidal membership function). Another example is medicine, which com-
bines rough concepts such as “possible patient” (an individual affected by some of the symptoms of some disease, and hence
suspected of being patient) with fuzzy concepts such as “high blood pressure”.

Our contribution to the field of ontologies is the possibility to represent and reason with vague knowledge by means of
both a quantitative and a qualitative approach. Our contribution to the field of fuzzy rough set theory is the possibility to
take benefit of the advantages of using ontologies, such as making it easier the definition of a common and agreed vocabu-
lary, interoperability, knowledge reuse, information integration, and maintenance.

Compared to other fuzzy rough DLs [28,29], our work is more general because (i) it allows different indiscernibility rela-
tions that can be represented using fuzzy similarity or fuzzy equivalence relations, (ii) the semantics of our logic is indepen-
dent from the fuzzy logic considered, (iii) besides lower and upper rough approximations, it supports tight and loose rough
approximations [13]. We will also present some practical use cases showing the benefits of using a fuzzy rough DL, and re-
port our experiences of implementing the logic in two well-known fuzzy DL reasoners. As we will see, the integration is
seamless, as already pointed in crisp (non-fuzzy) DLs [50], as the rough set component can be mapped into the fuzzy DL com-
ponent, with the non-negligible advantage that current fuzzy DLs reasoners can be used with minimal adaption.

The remainder of this work is organized as follows. Section 2 overviews some necessary background on mathematical
fuzzy logics, fuzzy rough set theory and the classical DL SROZQ(D). Section 3 presents the definition of a fuzzy rough exten-
sion of SROZQ (D), the logic behind OWL 2. Section 4 presents some use cases, and then Section 5 discusses two implemen-
tations of reasoning algorithms for two fragments of our logic, in the FuzzyDL and DeLoreaN systems. Next, Section 6 compares
our approach with the related work. Finally, Section 7 sets out some conclusions and ideas for future research.

2. Preliminaries

This section provides some basic background. Section 2.1 refreshes some basic ideas in mathematical fuzzy logic. Then,
Section 2.2 recalls rough set and fuzzy rough set theories. Finally, Section 2.3 considers the classical DL SROZQ(D).

2.1. Mathematical fuzzy logic

Fuzzy set theory and fuzzy logic were proposed by Zadeh [65] to manage imprecise and vague knowledge.

While in classical set theory elements either belong to a set or not, in fuzzy set theory elements can belong to a set to
some degree. More formally, let X be a set of elements called the reference set. A fuzzy set A over a countable crisp set X
is defined by a membership function p4(x), or simply A(x), which assigns any x € X to a value in the interval [0,1]. As in
the classical case, 0 means no-membership and 1 means full membership, but now a value between 0 and 1 represents
the extent to which x can be considered an element of X. The set of fuzzy sets on X is denoted as §(X).

In the setting of fuzzy logics, the convention prescribing that a statement is either true or false is changed. A more refined
range is used for the function that represents the meaning of a statement. This is usual in natural language when words are
modelled by fuzzy sets. For example, the compatibility of “tall” in the phrase “a tall man” with some individual of a given
height is often graded: the man can be judged not quite tall, somewhat tall, rather tall, very tall, etc.

Changing the usual true/false convention leads to the new concept of fuzzy statement, whose compatibility with a given
state of facts is a matter of degree. This degree of fit is called degree of truth, and can be measured on a truth space S, usually
[0,1] (in that case we speak about Mathematical fuzzy logic [23]). In this paper, we consider fuzzy statements of the form ¢
> o or ¢ < B, where «, €[0,1] [22,23] and ¢ is a statement, which encode that the degree of truth of ¢ is at least o, resp. at
most B. For example, ripeTomato > 0.9 says that we have a rather ripe tomato (the degree of truth of ripeTomato is at least 0.9).

Fuzzy logics provide compositional calculi of degrees of truth. All crisp set operations are extended to fuzzy sets. The
intersection, union, complement and implication set operations are performed in the fuzzy case by a t-norm function ®, a
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Table 1
Fuzzy connectives of some outstanding fuzzy logics.
Connective Lukasiewicz Godel Product Zadeh
a®p max(a+ 4 —1,0) min(o, ) o-B min(o, )
adf min(x+3,1) max(o, ) a+pf—a-p max (o, )
o= min(1 —a+ 1) 1 ifa<p min(1,p/a) max (1 — o, p)
B otherwise
s 1-a 1 ifa=0 1 ifa=0 1-o
0 otherwise 0 otherwise

Table 2
Some properties of some outstanding fuzzy logics.

Property Lukasiewicz Godel Product Zadeh
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t-conorm function @, a negation function © and an implication function =, respectively' (see [23] for a formal definition of
these functions and their properties). Several t-norms, t-conorms, implications, and negations have been given in the literature;
some outstanding examples are shown in Table 1.

We will sometimes identify a particular fuzzy operator by adding a subscript to a fuzzy connective, denoting the fuzzy
logic that it belongs to (typically, Zadeh, Godel, Lukasiewicz, or Product). For instance, ®¢ denotes Godel t-norm, whereas
= denoted Lukasiewicz implication. The implication o = xpf = max(1 — a, B) is called Kleene-Dienes implication in the fuzzy
logic literature.

We will recall here some important properties of these functions that will be used in this paper. An involutive negation
satisfies that 6(ea) = o. For instance, Lukasiewicz negation is involutive, while Gédel negation is not. Usually, the implication
function = is defined as an R-implication, or the residuum of a left-continuous t-norm ®, that is, « = g = sup{y|a ® y < f}. An
S-implication is defined as « = = ©a @ f (in this case we say © is the negation associated to = ). Lukasiewicz implication is
both an R-implication and an S-implication. Gédel and product fuzzy logics have an R-implication, whereas Zadeh fuzzy logic
has an S-implication.

In this paper, a quadruple composed by a t-norm, a t-conorm, an implication function and a negation function determines
a fuzzy logic (usually called a family of fuzzy operators). The most important fuzzy logics are Ltukasiewicz (denoted L), Godel
(denoted G), and Product logic (denoted IT), due to the fact that any continuous t-norm can be obtained as a combination of
Lukasiewicz, Godel, and Product t-norm [40]. The so-called “Zadeh logic” is subsumed by Lukasiewicz fuzzy logic, since every
fuzzy operator of Zadeh logic can be simulated with the fuzzy operators of Lukasiewicz logic. In fact, let the subscripts Z and £
denote that the fuzzy operator corresponds to the Zadeh fuzzy logic and to the Lukasiewicz fuzzy logic, respectively. It is easy
to check that:

700 = S0 0@z = o (o =t f)
oz = (=L B) =B o=zp= (%) &z

Some salient properties of these four logics are shown in Table 2. For more properties, see especially [23,44]. Note also,
that a fuzzy logic having all properties shown in Table 2, collapses to Boolean logic, i.e. the truth-set can be {0,1} only.

Relations can also be extended to the fuzzy case. A (binary) fuzzy relation R over two countable crisp sets X and Y is a func-
tion R:X x Y — [0,1]. The inverse of R is the function R™:Y x X — [0,1] with membership function R (y,x) = R(x,y), for every
xeXandyeY.

Implication functions and t-norms are also used to define the degree of subsumption between fuzzy sets, the composition
of fuzzy relations, and the transitivity of fuzzy relations.

Given two fuzzy sets A and B, A is included in B (denoted A C B)iff Vx € X, A(x) < B(x). Note that A C B evaluates to a value
o €{0,1}. A generalization of this inclusion is the degree of subsumption, defined as infyx{A(x) = B(x)} for an implication
function =, that takes values in [0,1].

! Note that & is also used in the context of Lukasiewicz logic to denote the binary connective « & g = max{0,o — ). However, in this paper we will use it as a
unary negation function.
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The composition of two fuzzy relations Ry:X x Y — [0,1]and R,:Y x Z — [0, 1] is defined as (R; o R;)(x,2) = supyeyR1(X,y) ®
Ry(y,z). A fuzzy relation R: X x X is ®-transitive iff VX, y, z € X, R(x,y) > R(x,z) ® R(z,y).

We say that R is an equivalence relation if it is reflexive, symmetric, and transitive. Similarly, R is a similarity relation (also
called a tolerance relation) if it is reflexive and symmetric.

A fuzzy interpretation Z satisfies a fuzzy statement ¢ > o (resp., ¢ < B) or Z is a model of ¢ > o (resp., ¢ < f8), denoted
ITE¢ = o(resp,Z E ¢ <p)iff Z(¢p) = o (resp., Z(¢) < B). The notions of satisfiability and logical consequence are defined
in the standard way. We say that ¢ > o is a tight logical consequence of a set of fuzzy statements K iff o is the infimum of Z(¢)
subject to all models Z of K. We refer the reader to [23] for reasoning algorithms for fuzzy propositional and first-order
logics.

2.2. Rough set and fuzzy rough set theories

The notion of rough set was introduced by Pawlak in 1982 [45]. The key idea in rough set theory is the approximation of a
vague concept when there is only incomplete information about the concept. The available information includes some
examples of elements that belong to the concept, and an indiscernibility equivalence (reflexive, symmetric, and transitive)
or similarity (reflexive and symmetric) relation between elements of the domain.

Then, a vague concept is approximated by means of a pair of concepts: a sub-concept or lower approximation, and a
super-concept or upper approximation, describing the sets of elements which definitely and possibly belong to the vague
set, respectively, as Fig. 1 illustrates.

Given an indiscernibility relation s, the lower approximation is defined as:

(s 1 A)={x|Vy: (x,y)es —y €A}
Similarly, the upper approximation of a set A is defined as:
(sTA)={x[Fy: (x,y) esAy €A}
It is also common to denote the lower and upper approximations of a set A as A and A, respectively.
A rough set is then defined as a pair of concepts: a lower approximation and an upper approximation of a vague concept.
A very natural extension is to consider a fuzzy similarity relation instead of an indiscernibility relation, which gives raise
to fuzzy rough sets. In this paper, we follow the definition of fuzzy rough sets proposed in [13], which extends [46]. Other
relevant works are [18,35,37,39,41,43,59,63].

Given a fuzzy similarity relation s, a t-norm ® and an implication function =, the lower approximation (s | A) and the
upper approximation (s T A) of a fuzzy set A are defined by the following membership functions:

(s | A)(x) = Inf{s(x,y) = AY)} (1)
(5 TAX) = sup{six.y) © A)} (2)

When the t-norm and the implication are not clear from the context, we will make them explicit in a subscript. For instance,
(s | A). denotes the lower approximation of A under Lukasiewicz implication, whereas (s | A)xp considers Kleene-Dienes
implication. Analogously, (s T A); denotes the upper approximation of A under tukasiewicz t-norm, and (s T A)g under Godel
t-norm.

However, while in rough sets one element of the domain can only belong to one equivalence class, this is not true when
we move into the fuzzy case. When taking into account the fact that an element can belong to several fuzzy similarity classes
(with different degrees of truth), the notions of tight and loose approximation naturally appear [13]: a tight approximation
considers all fuzzy similarity classes, whereas a loose approximation considers the best one among the similarity classes.

Fig. 1. Vague concept (bold line), upper approximation (light grey) and lower approximation (dark grey).
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Given a fuzzy similarity relation s, a t-norm ® and an implication function =, the tight lower approximation (s || A), the
loose lower approximation (s 1| A), the tight upper approximation (s |1 A), and the loose upper approximation (s 11 A) of a fuz-
zy set A are defined by the following membership functions:

1A =inf {sixa) =+ inflsizy) = Aw)}} 3

(s 1L AYX) = sup{so«z) ©inf (sz.y) = A(y)}} (4)
zeX yeX

(s 1T A)x) = inf {s(&z) = sup {s(z7y)®A(y)}} (5)

(s 1140 = sup {s<x7 2) & sup s(2.) ®A<y>}} (6)

Again, if the t-norm and the implication are not clear from the context, we shall include them using a subscript. For instance,
(s || A). denotes the tight lower approximation of A under Lukasiewicz implication.

2.3. The description logic SROZIQ(D)

The DL SROZQ(D) is the logical core of OWL 2. SROZQ(D) extends the standard DL ALC [51] with transitive roles (ALC
plus transitive roles is called S), complex role axioms (R), nominals (O), inverse roles (Z), qualified number restrictions (Q),
and concrete domains (D).

2.3.1. Syntax

SROIQ(D) assumes three alphabets of symbols, for concepts, roles and individuals. Abstract individuals are elements of the
abstract domain A”, whereas concrete individuals are elements of a concrete domain Ap. Similarly, abstract roles relate two
individuals, whereas concrete roles relate an individual and a concrete value.

A concrete domain D is a pair (Ap, @p), where Ap is a concrete interpretation domain and @y, is a set of domain predicates
d with a predefined arity n and an interpretation dp C Ap". For simplicity we assume arity 1.

In DLs, complex concepts and roles can be built using different concept and role constructors. Before describing how to
build them let us introduce some notation. C,D are (possibly complex) concepts, A is an atomic concept, R is a (possibly
complex) role, R4 is an atomic abstract role, S is a simple role,? and universal role U), as shown in Table 3T is a concrete role,
a, b are abstract individuals, v is a concrete individual, and n, m are natural numbers (n > 0, m > 0).

In SROZQ(D), the concepts and abstract roles can be built as shown in Table 3. Obviously, the inverse role is only defined
for abstract roles.

Example 2.1. Man and Woman are atomic concepts. hasChild and 1ikes are atomic roles. Man > 2hasChild.Woman is a
complex concept representing a father with at least two daughters. 31ikes.Self represents a narcisist.

A Knowledge Base (KB) comprises the intensional knowledge, i.e. general knowledge about the application domain (a Ter-
minological Box or TBox 7 and a Role Box or RBox R), and the extensional knowledge, i.e. particular knowledge about some
specific situation (an Assertional Box or ABox .4 with statements about individuals).

An ABox consists of a finite set of assertions about individuals:

e Concept assertions a:C, meaning that individual a is an instance of C.

e Role assertions (a,b): R, meaning that (a,b) is an instance of R, and (a,2):T.
e Negated role assertions (a,b) : =R, and (a, v) : —T.

o Inequality assertions a # b.

e Equality assertions a = b.

A TBox consists of a finite set of general concept inclusion (GCI) axioms C C D(C is more specific than D).
Let w = RiR>. . .R,, be a role chain (a finite string of roles not including the universal role U). An RBox consists of a finite set
of role axioms:

e Role inclusion axioms (RIAs) w C R (role chain w is more specific than R), and T; C T>.
e Transitive role axioms trans(R).

e Disjoint role axioms dis(S1,S2), and dis(Tq,Tz).

o Reflexive role axioms ref(R).

o [rreflexive role axioms irr(S).

2 In order to prove decidability of the reasoning, some roles are required to be simple. Intuitively, simple roles cannot take part in cyclic role inclusion
axioms. For a formal definition, we refer the reader to [27].
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Table 3

Syntax and semantics of the description logic SROZQ(D).
Constructor Syntax Semantics
(Atomic concept) A AT c AT
(Top concept) T AT
(Bottom concept) s 0
(Concept conjunction) cnD cEnp?
(Concept disjunction) CubD cfup?
(Concept negation) -C A\
(Universal quantification) VR-C {X|Vy, (x,y) ¢ Rfor y € C*}
(Existential quantification) 3R-C {X|3y,(x,y) € R* and y € C*}
(Concrete universal quantification) vT-d {XVov,(x,v) ¢ TX or vedp}
(Concrete existential quantification) aT-d {x|3v, (x,v) € T and v € dp}
(Nominal) {a} {a"}
(At-least number restriction) >nS-C X#{y: (xy) €St and y € (F} > n}
(At-most number restriction) <nS-C {X|t{y: (x,y) e S* and y € C*} < n}
(Concrete at-least number restriction) >nT-d {X|t{v: (x,v) e TF and v € dp} > n}
(Concrete at-most number restriction) <nT-d {X|t{v: (x,v) e T* and v € dp} < n}
(Local reflexivity) 3S-self {X|(x,x) € S*}
(Atomic abstract role) Ra Ri C A" x A*
(Concrete role) T T? C AT x Ap
(Inverse role) R {(,%) € AT x AT|(x,y) € R}
(Universal role) U AT x AT

e Symmetric role axioms sym(R).
e Asymmetric role axioms asy(S).

Example 2.2. The concept assertion paul :Man states that the individual Paul belongs to the class of men. The role assertion
(paul, john) : —hasChild states that John is not the child of Paul. The GCI Man C Human states that all men are human. The
RIA owns hasPart C owns states the fact if somebody owns something, he also owns its components.

In order to guarantee the decidability of the logic, some additional syntactical restrictions are imposed in the form of the
RIAs (see [27] for details) and in the use of simple roles, which is necessary in some concept constructors (local reflexivity, at-
least and at-most number restrictions) and role axioms (disjoint, irreflexive and asymmetric role axioms).

2.3.2. Semantics
An interpretation Z with respect to a concrete domain D is a pair (A”,.7) consisting of a non-empty set A” (the interpre-
tation domain) disjoint with Ap and an interpretation function -* mapping:

o Every abstract individual a onto an element a* of A”.

e Every concrete individual » onto an element up of Ap.

o Every concept C onto a set C* C A%,

e Every abstract role R onto a relation R* C AT x A”.

e Every concrete role T onto a relation T2 C AT x Ap.

e Every n-ary concrete predicate d onto the interpretation dp C Aj,.

The interpretation is defined as shown in Table 3. Unique name assumption is not imposed, i.e. two nominals might refer
to the same individual.
Let o be the standard composition of relations. An interpretation Z satisfies (is a model of):

e a:Ciff a” e 7,

e (a,b):Riff (aZ,b") € R,

e (a,b) : -Riff (a,b") ¢ R,

e (a,0):Tiff (a7, vp) € T?,

e (a,v): —T iff (a%, vp) ¢ T,

e a#biffa’ #b’,

e a=biffa? = b,

e CCDiff C* cD?,
.Rl...Rn;RiffRfo...ongRI,
e T\C T, iff T CTZ,
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trans(R) iff (x,y) € R" and (y,z) € R® imply (x,z) € R?, Vx,y,z € A,
dis(51,5,)iff ST NSs =90,

dis(Ty,Tp) iff TI N T3 =0,

ref(R)iff (x,x) € RY, Vx € A,

irr(S)iff (x,x) ¢ ST, Vx e AT,

sym(R) iff (x,y) € R* implies (y,x) € R7, Vx e AT,

asy(S) iff (x,y) € S* implies (y,x) ¢ S*, Vx € A,

¢ A Knowledge Base K = (A, 7, R) iff it satisfies each element in 4,7 and R.

A DL not only stores axioms and assertions, but also offers some reasoning services, such as KB satisfiability, concept sat-
isfiability or subsumption. However, if a DL is closed under negation, most of the basic reasoning tasks are reducible to KB
satisfiability [49], so it is usually the only task considered.

3. Fuzzy rough SROIQ(D)

In this section we define a fuzzy rough extension of the DL SROZQ(D) [27,31] where concepts denote fuzzy (or fuzzy
rough) sets of individuals and roles denote fuzzy binary relations. Axioms are also extended to the fuzzy case and some
of them hold to a degree. Our logic extends fuzzy SROZQ(D) [5,6,9] with some fuzzy rough constructors.

This section is organized as follows. The syntax and the semantics of the logic are presented in Sections 3.1 and 3.2,
respectively. Section 3.3 defines the main reasoning problems. Finally, Section 3.4 collects some outstanding logical
properties.

3.1. Syntax

To begin with, we will introduce two important elements of our logic: fuzzy concrete domains and fuzzy modifiers.

Fuzzy concrete domains A fuzzy concrete domain [55] D is a pair (Ap, @p), where Ap is a concrete interpretation domain, and
@p is a set of fuzzy concrete predicates d with an arity n and an interpretation dp: Ap" — [0, 1], which is an n-ary fuzzy rela-
tion over Ap.

As fuzzy concrete predicates, we allow the following functions defined over [k;,k;] C Q" U {0}: trapezoidal membership
function (Fig. 2(a)), triangular (Fig. 2(b)), left-shoulder function (Fig. 2(c)) and right-shoulder function (Fig. 2(d)) [55]. For
backwards compatibility, we also allow crisp intervals (Fig. 2(e)). For instance, we may define Young : N — [0, 1], denoting
the degree of a person being young, as Young(x) = 1eft(10,30). Formally:

| (crisp interval
|  (fuzzy left-shoulder function
\
\

d— crisp(a,b )
)
(fuzzy right-shoulder function)
)
)

)
left(a,b)
right(a,b)
) (fuzzy triangular function

) (fuzzy trapezoidal function

triangular(a,b,c
trapezoidal(a,b,c,d

3.1.1. Fuzzy modifiers

A fuzzy modifier mod is a function f;;,,4:[0,1] — [0,1] which applies to a fuzzy set to change its membership function. We
will allow modifiers defined in terms of linear hedges (Fig. 2(f))® and triangular functions (Fig. 2(b)) [55]. In linear modifiers,
we assume that a=c/(c+ 1), b=1/(c + 1). For instance, very(x) = 1inear(0.8). Formally:

mod — linear(c) | (fuzzy linear modifier)
triangular(a,b,c) (fuzzy triangular modifier)

3.1.2. Alphabets of symbols

As for its crisp counterpart, fuzzy SROZQ(D) assumes three alphabets of symbols, for fuzzy concepts, fuzzy roles and indi-
viduals. Abstract individuals are elements of the abstract domain A”, whereas concrete individuals are elements of a concrete
domain Ap. Similarly, fuzzy abstract roles relate two individuals, whereas fuzzy concrete roles relate an individual and a con-
crete value.

3.1.3. Notation

Let us introduce some notation that will be used in the rest of the paper. C, D are (possibly complex) fuzzy concepts, A is
an atomic fuzzy concept, R is a (possibly complex) abstract fuzzy role, R, is an atomic fuzzy role, S is a simple fuzzy role, Tis a
concrete fuzzy role, a, b are abstract individuals, v is a concrete individual, d are fuzzy concrete predicates, n, m are natural

3 Linear hedges are actually piecewise linear hedges, but we use the former name as it is usual in the fuzzy DL literature.
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numbers (n > 0,m>0), s; is a fuzzy similarity relation, mod is a fuzzy modifier, < € {>,<,<,>}, and « €(0,1]. Finally,
W =R{R,.. R, is a role chain.

3.1.4. Fuzzy roles
The roles of the language can be built inductively according to the following rule:

R— Ry | (R1)
T | (R2)

R | (R3)

U | (R4

mod(R) | (R5)
R>a  (R6)

Here, R~ denotes the inverse role of R which, as in the classical case, is only defined for abstract roles.

3.1.5. Fuzzy concepts
The concepts of the language can be built inductively as:

C,D— A | (C1)
T (@)

1 (©3)

cnD | (C4)
cub | (C5)
-C | (C6)
YR-C | (C7)
JR-C | (C8)
VT-d | (C9)
3T-d | (C10)
{a/a) | (C11)
(>mS-C) | (C12)
(<nS-C) | (C13)
(>mT-d) | (Cl4)
(<nT-d) | (C15)
3S-self | (C16)
C—D | (C17)

0 Ci+ -+ 0mCn | (C18)
mod(C) | (C19)
C>do | (C20)
[C<o] | (C21)
(sill Q) | (C22)
(5110 | (C23)
(silC) | (C24)
(sil1C) | (C25)
(5110 | (C26)
(si10) (C27)

Example 3.1. Concept Human M 3hasAge.1ef(10,30) denotes the set of young humans, with an age given by 1eft(10,30). If
linear(4) represents the modifier very, Human m linear(4)(3hasAge.1eft(10,30)) denotes the set of very young humans.
Finally, (s 1 Buyer) represents the concept of potential buyer.

Concept constructors C1-C16 correspond to the concept constructors of crisp SROZQ(D). The only difference here is the
presence of fuzzy nominals of the form {«/a} [5].
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Fig. 2. (a) Trapezoidal function; (b) Triangular function; (c) L-function; (d) R-function; (e) Crisp interval; (f) Linear function.

Concept constructors C17-C21 are usual in the setting of fuzzy DLs, namely implication concepts (C17), weighted sum
concepts (C18), modified concepts (C19), and cut concepts (C20-C21). In weighted sum concepts we assume that
Zi:l ,,,,, m%i < 1.

Finally, concept constructors C22-C27 deal with fuzzy rough sets. Note that we allow to use k different fuzzy similarity
relations s;, 1 <i < k. Note also that in a preliminary version of this paper we used fuzzy equivalence relations instead of
fuzzy similarity relations [10]. This change would be justified in Section 3.4.

An easy extension which is not explained in detail here for the sake of clarity, is the addition of a superscript denoting the
fuzzy logic that is used in the semantics of the constructor (typically, Zadeh, Gédel, Lukasiewicz, or Product). For instance, Mg
denotes a conjunction which is interpreted as the minimum (Gddel t-norm). Also, (s | C)g is an upper approximation under
Godel t-norm. Clearly, this only makes sense for those constructors which have negation, t-norm, t-conorm, or implication
functions involved in their semantics, as defined in Section 3.2.4

3.1.6. Fuzzy Knowledge Base
A Fuzzy Knowledge Base (KB) contains a finite set of axioms of one of the following types:

o (A1) Fuzzy concept assertion of the form (a:C< o).

e (A2) Fuzzy role assertion of the form ((a,b): R > o).

e (A3) Fuzzy role assertion of the form ((a,b) : =R < o).

o (A4) Fuzzy role assertion of the form ((a, v): T o).

e (A5) Fuzzy role assertion of the form ((a, v) : =T v< ).

o (A6) Inequality assertion (a # b).

o (A7) Equality assertion (a = b).

o (A8) Fuzzy General Concept Inclusion (fuzzy GCI) of the forms (CC D > a), or (CC D > o).
e (A9) Fuzzy Role Inclusion Axiom (fuzzy RIA) of the forms (W C R > a), or (W C R > ).

¢ (A10) Fuzzy Role Inclusion Axiom or fuzzy RIA of the forms (T; C T, > a), or (T; C T, > o).
e (A11) Transitive role axiom trans(R).

e (A12) Disjoint abstract role axiom dis(S;,55).

e (A13) Disjoint concrete role axiom dis(Tq,Tz).

o (A14) Reflexive role axiom ref(R).

e (A15) Irreflexive role axiom irr(S).

¢ (A16) Symmetric role axiom sym(R).

e (A17) Asymmetric role axiom asy(S).

4 This notation mixes in some way syntax with semantics, but makes it possible to combine fuzzy logical operators belonging to different fuzzy logics,
according to the logical properties that the particular application domain requires.
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Example 3.2. The fuzzy concept assertion (paul: Tall > 0.5) states that Paul is tall with at least degree 0.5. The fuzzy RIA (isF-
riendOf isFriendOf C isFriendOf > 0.75) states that the friends of my friends can also be considered as my friends with at least
degree 0.75.

A fuzzy KB is organized in a fuzzy ABox A with axioms (A1)-(A7), a fuzzy TBox 7 with axioms (A8), and a fuzzy RBox R with
axioms (A9)-(A17).

The pair of axioms (7 > o) and (t < o) is abbreviated as (t = «) [26]. Also, an axiom of the form (tr > 1) is usually abbre-
viated to simply t.

Notice that fuzzy GCIs or RIAs of the forms (t < o) and (7 < «) are not allowed, because they do not have an equivalence in
crisp SROZQ(D).

Similarly as in the crisp case, there are some restrictions to guarantee the decidability of the logic: some roles are as-
sumed to be simple in some concept constructors and role axioms, and there are some additional restrictions in the form
of RIAs [6].

3.2. Semantics

Fuzzy interpretation A fuzzy interpretation Z with respect to a fuzzy concrete domain D is a pair (A%, Z) consisting of a
non-empty set A’ (the interpretation domain) disjoint with Ap and a fuzzy interpretation function - mapping:

e A fuzzy abstract individual a onto an element a” of A’

e A fuzzy concrete individual v onto an element 7p of Ap.

e A fuzzy (possibly rough) concept C onto a function C* : A” — [0, 1].

o A fuzzy abstract role R onto a function R* : A x AT — [0,1].

e A fuzzy concrete role T onto a function T* : A” x Ay — [0, 1].

e An n-ary fuzzy concrete predicate d onto the fuzzy relation dp: Ap" — [0,1].
o A fuzzy modifier mod onto a function f,4:[0,1] — [0,1].

C” (resp. R”) denotes the membership function of the fuzzy (possibly rough) concept C (resp. fuzzy role R) w.r.t. 7 - C*(a)
(resp. R* (a, b)) gives us to what extent the individual a can be considered as an element of C (resp. to what extent (a,b) can be
considered as an element of R) under the fuzzy interpretation Z.

Given a t-norm ®, a t-conorm ¢, a negation function & and an implication function =, the fuzzy interpretation function is
extended to complex concepts and roles as follows:

TI(x) =1
1I(x)=0

(CnD)*(x) = C* (x) ® D*(x)
(CuD)*(x) = C*(x) ® D" (x)

(=0 (x) = oC* (%)

VR.O)*(x) = inf,_r {R*(x,y) = C* (¥)}
IRCY (x) = upyeAz{R’o«y) @ C ()}
YT - d)F (%) = inf e, {T* (%, v) = dp ()}
3T - d)” (x) = supea, {T* (x, ¥) @ dp(v)}
{or/a}* (x) = o if x = aZ, O otherwise

> m S.07(x) = sup,, _, p (Miny {5 (x,y) © C¥9)}) @ (@15jckem s # Vi)

(
(
(
(

sns. C) (%) = lnf ..... 1€AT <m1n?+1] {SI(X Yi)® CI Vi }> = @1\1<k<n+1 {yj Yi})
= m ) *) = SuPVl ----- Vm€Ap (mmz 1{TI(X v;) ® dp(?, 1)}) (®j<t{?j # i})
<nT-d)(x) = infy, _v,0e0 (mln:Hl]{TI(x ;) ® dp( Uz)}) (®jard{?; = vi})

(=

(

(

(

(35- Self)f(x) ST (x,x)
(€C—D)*(x) = C*(x) = D*(x)
(

(

(

(

01C1 4 - + omCin) (%) = 01 CL(X) + - - + ot CE, (%)
mod(C ))I( X) = fnoa(C* (%))
[C = o) (x) =1 if C*(x) > o, 0 otherwise

>
[C < a)*(x) =1 if CF(x) < o, O otherwise
(i ll O (x
(si 11O (x

= infex{s7 (x,2) = inf /{7 (z,y) = C*(y)}}

) =
) uPzeX{sl‘I(& Z) ® inf yea? {SI‘I(ZMV) = CIO/)}}
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(51 L OF(x) = inf,cp {sT(x.y) = ()}

(51 11 07 (x) = infaex{sF (x,2) = sup,.y {s7 2. y) © C 1) }}
(51 11 O (0 = sup,ex{sf (x.2) @ sup, e {7 (2.y) © 1)} }
(51 1 O (x) = sup, e {sT(x.y) © C7 () }

R (xy) =R (0.%)

Ur(x,y) =1

(mod(R))” (X,y) = frnoa(R” (x,¥))
(R = a))*(x,y) = 1 if R*(x,y) > o, O otherwise

The fuzzy interpretation function is extended to fuzzy axioms as follows:

a: 0 =% (d?)

a,b) : R)? = R¥(a?,b%)

a,b) : -R)? = oR?(a?,b%)

:T=T*(d?, vp)

:=T = oT (d?, vp)

CC D)’ =inf, .« {C"(x) = D" (x)}

Ri...Ry C R)I = inf)(] X,,ﬂeAI{Supxz,_,x,leAz { (R%(}ﬁ X)) ®® Rg(xnvxnﬂ )) = RZ(XLXnH)}}
T; C T,)? = inf {Ti(x,v) = T5(x,v)}

xeAT vehp

Let ¢ € {a:C,(a,b):R,(a,b): -R,(a,v):T,(a,v):-T}and y e {CC D, R;...Ry CR, T; C T»}. A fuzzy interpretation Z sat-
isfies (is a model of):

(¢poy) iff ¢ >ay.

(a # by iff a” # b’.

(a=b) iff a = b".

(Yoo iffy’ > .

trans(R) iff Vx,y,z e AT, R (x,2) @ R*(z,y) < R* (%, ).
dis(51,5,) iff Vx,y € AT, ST (x,y) = 0 or S3(x,y) = 0.
dis(Ty,Ty) iff Vx € A", v e Ap, T (x,v) =0 or T4 (x, ) = 0.
ref(R)iff Vx € AT, R¥(x,x) = 1.

irr(S)iff Yx e AT,S%(x,x) = 0.

sym(R) iff Vx,y € AT, R*(x,y) = R*(y,X).

asy(S) iff Vx,y € A?, if S*(x,y) > 0 then S*(y,x) = 0.

e A fuzzy KB K = (A, 7T, R) iff it satisfies each element in .A,7 and R.

Notice that individual assertions are considered to be crisp, since the equality and inequality of individuals have always
been considered crisp in the fuzzy DL literature [57,52].

3.3. Reasoning tasks
The reasoning tasks of fuzzy rough SROZQ(D) are the same as in fuzzy SROZQ(D) [5].

e Fuzzy KB satisfiability. Given a fuzzy KB K, this problem consists on checking the existence of a fuzzy interpretation sat-
isfying K. Usually, it is the only reasoning task considered, since, as it happens in the crisp case, most inference problems
can be reduced to it [54].

e Fuzzy (possibly rough) concept satisfiability. A fuzzy (possibly rough) concept C is o-satisfiable w.r.t. a fuzzy KB K iff there
can exist models of K where C has instances with degree «, i.e. C* > a.

e Fuzzy entailment: A KB K entails a fuzzy axiom 7 of the forms (A1)-(A5) and (A8), denoted K models 7 iff every model of £
satisfies t.

e Fuzzy (possibly rough) concept subsumption: A fuzzy (possibly rough) concept C is a-subsumed by a fuzzy (possibly rough)
concept D w.r.t. a fuzzy KB K iff K entails the fuzzy GCI (CC D > a).

e Greatest lower bound. The greatest lower bound (glb) of an axiom ¢ € {a: C,(a,b) : R, (a,b) : -R,(a,v) : T,(a,v) : =T,C C D}
w.r.t. a fuzzy KB K is defined as the glb(K, ¢) = sup{a: K £ (¢ = a)}.
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3.4. Some properties
It can be easily shown that fuzzy rough SROZQ(D) is a sound extension of rough SROZQ(D), in the sense that fuzzy inter-

pretations coincide with rough interpretations if we restrict the degrees of truth to {0,1}.
Let s be a fuzzy similarity relation. The following properties derive directly from those of fuzzy rough sets [13]:

(SILOC(SIOCCC(stOC(s110) (7)
(SIOC(ETOCT0 (8)
1OCEITOC(sTO 9)
CC D implies (s || C)C (s || D) (10)
CC D implies(s 1| C) C (s 1l D) (11)
CC D implies(s | C)C (s | D) (12)
CC D implies(s |1 C)C (s [T D) (13)
CC D implies(s 171 C) C (s 11 D) (14)
CC D implies(s 1 C) C (s T D) (15)
(s11CnD)=(s1L )N (s |l D) (16)
(STLCND)E(sTLCO)n(sTLD) (17)
(slCnD)y=(s1C)n(s|D) (18)
(s11CND)C(s11 )N (s 11 D) (19)
SITCND)E(s1TON(s1TD) (20)
(sTCND)E(sTC)N(sTD) (21)
(s11CUD) I (s 11 C)U(s || D) (22)
(sTLCuD)I(sTC)u(sTLD) (23)
(s1CUD)I(s1OU(sID) (24)
(s11CuD) 3 (s 11 O)u(s |1 D) (25)
(sTTCuD)=(s11C)u(s1TD) (26)
(sTCUD)=(sTOU(sTD) (27)
Under an involutive negation, and an R-implication or the S-implication associated to the negation, we have that:
(s1C)=~(s1-C) (28)
10 =~(s]-0) (29)
(10 =-(s m ~C) (30)
110 ==(s 1l -0 (31)
(11 C)=~(s11-0) 32)
(110 =-(s n ~C) (33)
Under an R-implication, it holds that:
(s110)CCC(s11C) (34)

The following properties justify the fact that we used fuzzy similarity relations rather than fuzzy equivalence relations. Un-
der an R-implication, if s is also transitive (i.e. if s is a fuzzy equivalence relation), it holds that:

STLETLO)=6T110) (35)
SITEITO)=6110) (36)
ELO=6T10O=(s10) 37)
EIO=610=610 (38)

Now we will introduce some new properties showing the relation between the fuzzy rough constructors and the universal
and existential quantification:

(s1C)=Vvs-C (39)
(s1C)=3s-C (40)
SHO=(61(10) (41)
11O =(s1(s10)) (42)
EIO=@61610) (43)
E1IMO=061610) (44)
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Properties (39)—(44) show that fuzzy rough SROZQ(D) can be reduced to (and hence it is not more expressive than) fuzzy
SROIQ(D). Furthermore, as we will see in Section 6, they are crucial to obtain our reasoning algorithms and to show that
reasoning in both logics belong to the same complexity class.

There are several properties inherited from fuzzy SROZQ(D) that are not discussed here [5,6,9]. We just recall that under
an R-implication, there are several axioms which are syntactic sugar (and consequently it can be assumed that they do not
appear in fuzzy KBs) due to the following equivalences [5]:

e irr(S) =T C -3S.8elf,
e trans(R)=RRCR,
e sym(R)=RCR".

4. Some use cases

In this section we present some use cases that demonstrate the usefulness of the fuzzy rough DLs proposed here. Sec-
tion 4.1 discusses the application to a general notion of problems: information systems. Next, Section 4.2 presents the appli-
cation to query refinement in information retrieval. Finally, Section 4.3 discusses the use of fuzzy rough concepts as concept
modifiers. All these use cases show that our approach offer some advantages with respect to both classical ontologies and
fuzzy rough set theory.

4.1. Information systems

An information system is a pair (U,A), where U={o,,...,0¢} is a non-empty finite set of objects (the universe) and
A={a,,...,an}is a non-empty finite set of attributes such that a:U — V, for every a € A, where the set V, is called the value
set of a [34].

Consider a sample information system, originally proposed in [61], and defined as follows:

Object a, as as ay as
04 1 2 0 1 1
0> 1 2 0 1 1
03 2 0 0 1 0
04 0 0 1 2 1
05 2 1 0 2 1
0g 0 0 1 2 2
07 2 0 0 1 0
0g 0 1 2 2 1
09 2 1 0 2 2
010 2 0 0 1 0

Firstly, we would like to note that crisp information systems can trivially be represented by using a DL. Let v;; be the value
of the attribute g; for the object o;. For every cell of the information system, we can add a role assertion of the form:

(Oj., V,'j) - aj

According to the available information, the objects 0; and 0, cannot be distinguished. Similarly, the objects o3, 07, and 019
cannot be distinguished either. Note that a indiscernibility relation R can be explicitly represented in a KB as follows:

(01702) . R,(03707) : R, (037010) . R, (07,010) :R

Furthermore, crisp information systems may be generalized to the case where there is some information about the applica-
tion domain represented using a DL KB and, thus, attribute values can be inferred from the available knowledge. For instance,
assume the following KB:

K = {fiat500 : Fiat, Fiat C Car, Car C InumberOfWheels.{2}}

It is easy to see that K entails the following role assertion, which means that the object fiat500 has a value 2 for the attribute
numberOfWheels.

(fiat500, 2) : numberOfWheels

This approach can be extended to the fuzzy case. A fuzzy information system is a pair (U,A), where U is the universe and
A={ay,...,a,} is a non-empty finite set of fuzzy attributes such that a: U — 9B, for every a € A. Essentially, the values of a
fuzzy attribute a (the values of the cells in a information system) are fuzzy sets. For instance, let us consider again the pre-
vious example, but now assuming that as is a fuzzy attribute:
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Object a, a, as ay as

01 1 2 0 1 High

0, 1 2 0 1 Very high
03 2 0 0 1 Low

04 0 0 1 2 Medium
05 2 1 0 2 Low

0g 0 0 1 2 Medium
07 2 0 0 1 Very low
0g 0 1 2 2 High

09 2 1 0 2 Medium
019 2 0 0 1 Low

Let v;; be a fuzzy set represented by one of the fuzzy membership functions allowed as fuzzy concrete predicates d. Then,
every cell can be represented as follows:

O . Elaj-v,-j

For instance, the fact that fiat500 has a value medium for the attribute hasMaxSpeed (representing the maximum speed), can be
represented as follows:

fiat500 : FhasMaxSpeed - Medium

In the fuzzy case, the indiscernibility relation is fuzzy. For example, 0, and 0, are not fully indiscernible. On the contrary, they
are indiscernible to some degree o;, which depends on the compatibility of the labels high and very high. Again, this can be
represented with the following fuzzy role assertion:

((01,02) : R = )

Of course, attribute values can be inferred from the available knowledge. For instance, given the following KB:
K = {(porsche911 : FastCar > f3), FastCar C JhasMaxSpeed.High}

It is easy to see that K entails the following fuzzy concept assertion under an R-implication:
(porsche911 : JhasMaxSpeed - High > f)

In summary, the advantage of our approach compared to fuzzy rough theory is that we can have an ontology with back-
ground knowledge and use it to deduce implicit knowledge.

4.2. Query refinement in information retrieval

Query refinement is an essential task in information retrieval that aims to obtain different search results by extending a
particular query with new terms that are related to the original query terms.

De Cock et al. studied the application of fuzzy rough sets to the query refinement problem [11,13]. In particular, they
showed that the use of tight upper approximations works very well in practice, since it combines the effects of upper (that
introduce too many irrelevant terms) and lower approximations (that easily produce an empty query).

In this subsection, we will show how to encode query refinement problems in fuzzy rough SROZQ(D) by presenting an
example originally proposed in [11,13].

Let R be a fuzzy equivalence relation among all the possible query terms. R measures to which extent two terms can be
considered as similar. For instance, R can be computed by measuring the co-occurrence frequency of pair of terms. The def-
inition of R is expressed in the following table of fuzzy role assertions:

R mac computer apple fruit pie recipe store emulator hardware
mac 1 0.89 0.89 0 0.01 0 0.75 0.83 0.66
computer 1 0.94 0.44 0.44 0.56 0.25 1 0.83
apple 1 0.83 0.99 0.83 0.83 0.25 0.99
fruit 1 0.44 0.66 1 0 0.03

pie 1 1 0.97 0 0.06
recipe 1 1 0 0.03
store 1 0.34 0.75
emulator 1 1

hardware 1
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The degrees of truth are interpreted as lower bounds, except if the degree is 0, which is interpreted as an exact bound. For
instance, the second cell in the table represents the fuzzy role assertion {(mac,computer:R) > 0.89), while the fourth cell rep-
resents the ((mac,fruit):R=0).

Now, let us consider a sample query. For instance, suppose that we are looking for apple pie recipes. Hence, we are inter-
ested in documents that have to do with all the terms apple, pie and recipe. Note that apple is an ambiguous word, which can
refer both to a piece of fruit and to a computer company. This query can be seen as a conjunctive query (apple, pie, recipe). In
our fuzzy rough DL, this query can be represented with the following assertions:

(apple: Q=1), (pie:Q=1), (recipe:Q=1)

It is important to stress that the original example is implicitly making a closed domain assumption. This is not usually done in
DLs, but it can enforced by adding the following axiom:

T C {mac} U {computer} U {apple} U {fruit} LI {pie} U {recipe} U {store} U {emulator} U {hardware}

Once we have defined our fuzzy KB K, the relevance of a term t to a query Q, can be computed using the new fuzzy rough
constructors as follows:

glb(K,t: (R11Q)

For instance, even if glb(K,mac: Q) = 0), it holds that glb(,mac: (R |1 Q)) = 0.42. That is, the query refinement process
makes the term mac relevant to the query to some degree.

The following table allows to compare the results that we obtain with the original query (first column) and with the query
refinement process based on the tight upper approximation (second column):

Q (R11Q)

mac 0 0.42
computer 0 0.25
apple 1 1

fruit 0 0.83
pie 1 1

recipe 1 1

store 0 0.83
emulator 0 0.25
hardware 0 0.25

The interesting advantage of our approach is that we can represent not only the query terms and their relations, but also
some background knowledge related to the domain, by using the different possibilities that fuzzy rough SROZQ(D) offers.

Additionally, we can trivially add weights to the query terms, and consider queries of the form {w;/apple, w,/pie, W3/recipe},
which can be represented as:

(apple: Q = wyq), (pie: Q = Wy), (recipe:Q = ws)

4.3. Fuzzy rough concepts as concept modifiers

To conclude this section, we would like to discuss the use of fuzzy rough concepts as concept modifiers. De Cock et al.
proposed the use of fuzzy rough sets as fuzzy modifiers [14]. For example, the authors considered the modifiers roughly, more-
OrLess, rather, very, definitely, and extremely, interpreted by means of the following inclusion relation:

extremely(X) C definitely(X) C very(X) C X C rather(X)

45
C moreOrLess(X) C roughly(X) (45)

Given a fuzzy concept C and a fuzzy similarity relation s, it is possible to define these fuzzy modifiers as follows:

extremely(C) = (s || C)p
definitely(C) = (s | O)p
very(C) = (s | C),
rather(C) = (s 1 C);
moreOrLess(C) = (s T C)¢
roughly(C) = (s 17T C)¢

It is not difficult to see that using the previous definition, the inclusion relation (45) among modifiers holds.
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Due to Property (7), it is immediate to see that in fact extremely(C) C definitely(C), very(C) C C C rather(C),
moreOrLess(C) C roughly(C).

Furthermore, the well-known property o ®; 8 < o ®g B, implies that (s C) C (sT C)s. Consequently, rather(C) C
moreOrLess(C).

Similarly, the well-known property (o) ®¢ < (6a) & B, implies that o =p f < oo = f. Consequently (s | C)xp C
(s | C) and thus definitely(C) C very(C).

An advantage of this approach for modelling fuzzy concept modifiers is the flexibility, since a fuzzy ontology designer can
count on different fuzzy rough approximations and different fuzzy logic operators. It is also interesting to remark that fuzzy
rough constructors are implemented in some fuzzy DL reasoners, as described in Section 5. In the literature there are several
approaches for representing fuzzy modifiers in fuzzy DLs [16,25,26,55,60,62]. However, they have not been implemented in
practice with the notable exception of triangular and linear fuzzy modifiers, supported by ruzzyDL [7] and DeLorean [4].

The advantage of our approach compared to fuzzy rough theory is that we can apply these concept modifiers to complex
concepts built using the constructors of the fuzzy rough DL.

5. Reasoning and implementation

In this section we will show how two current highly expressive fuzzy DL reasoners have been adapted to support fuzzy
rough DLs, namely ruzzyDL system [7] and DELoreaN system [4].

To this end, we recall that Properties (39) and (40) show that we can map upper (s; T C) and lower (s; | C) approximation
concepts can be represented as fuzzy DL concepts 3s;-C and Vs;- C, respectively. That is, we consider the following
transformation:

(5il ) Vs;-C (46)
(5i1C)—3s;-C (47)
Thus, we may replace upper and lover approximation concepts with ordinary fuzzy DL concepts. This is exactly the same

transformation pointed out for the crisp case [50].
Furthermore, tight and loose approximation are translated by using Properties (41)-(44):

(sl G- Vs (Vsi-G) (48)
(1L G 3si- (Vs - G) (49)
(s11G)—=Vsi-(3si- G) (50)
(S TT COHHS,‘-(HS,‘-C,’) (51)

We also need to add some axioms stating that s; is a fuzzy similarity or fuzzy equivalence relation. Since the translation can
be performed in polynomial time and introduces a polynomial number of new axioms (2 for every fuzzy similarity relation
and 3 for every fuzzy equivalence relation), reasoning in fuzzy rough SROZQ(D) and reasoning in fuzzy SROZQ(D) belong to
the same complexity class. In general, the complexity class for reasoning with fuzzy SROZQ(D) is still unknown. For some
fragments of it, reductions to the non-fuzzy case are known [5,6,9].

In the following, we shall discuss some concrete implementation details.

5.1. ruzzyDL reasoner

FuzzyDL is a publicly available reasoner for fuzzy SHZF (D) under Zadeh, Lukasiewicz and Godel logics [7]. The differences
with respect to the logic defined in Section 3 are the following. On the one hand, it did not initially support role constructors
R4-R6, concept constructors C12-C16, C22-C27, and axioms A3, A5, A12-A15, A17. On the other hand, FuzzyDL can also sup-
port a lot of features not covered here.

Its reasoning algorithm combines a tableaux algorithm and a mixed integer linear optimization problem. The basic idea is
to build a tableaux using a set of satisfiability preserving rules which generate new simpler fuzzy assertion axioms together
with some inequations over [0, 1]-valued variables. Finally, an optimization problem through the set of inequations is solved.
A detailed description of the reasoning algorithm cannot fit into this paper, but it can be found in [58].

In this subsection we describe how we have extended ruzzypL in order to support C16, C22-C27, and A14. Essentially, we
needed to support reflexive roles, added some convenient syntactic sugar, and implemented the transformation in Eqs. (46)-
(51).

Firstly, we included some new concept constructors: tight lower approximations, loose lower approximation, (conven-
tional) lower approximations, tight upper approximations, loose upper approximation, (conventional) upper approxima-
tions, and local reflexivity concepts, which are of the following forms: (t1as; C), (11a s C), (1as; C), (tua s C), (lua s
C), (vas Q), (self S), respectively, where s; is a fuzzy similarity or a fuzzy equivalence relation, S is a simple fuzzy role
and C is a fuzzy concept. Local reflexivity concepts are not necessary for the rough extension, but adding them is easy (rea-
soning is similar to the case of reflexive roles).

Fuzzy similarity and equivalence relations must be previously defined using the following syntax:
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(define — fuzzy — similarity s).

(define — fuzzy — equivalence s).

Then, we extended ruzzypL with reflexive roles of the form (reflexive R), where R is a fuzzy role. For convenience, we al-
lowed symmetric role axioms of the form (symmetric R). Symmetric role axioms are just syntactic sugar and could already
be simulated in ruzzypi, since, under an R-implication, the axiom RC R~ and the symmetry of R are equivalent.

The reasoning algorithm was extended as follows:

e For every fuzzy similarity relation (define-fuzzy-similarity s;) we assert s; to be reflexive and symmetric by adding
the following axioms: (reflexive R), (symmetric R).

e For every fuzzy equivalence relation (de fine-fuzzy-equivalence s;), we assert s; to be reflexive, and symmetric (as in
the previous step), but also transitive by adding the following axiom: (transitive R).

o Every tight lower approximation concept (t1a s; C) is replaced with a lower restriction concept (1a (1a s; C)).

e Every loose lower approximation concept (11a s; C) is replaced with an upper restriction concept (ua(la s; C)).

e Every tight upper approximation concept (tua s; C) is replaced with a lower restriction concept (1a(ua s; C)).

o Every loose upper approximation concept (1ua s; C) is replaced with an upper restriction concept (ua(ua s; C)).

e Every lower approximation concept (1a s; C) is replaced with a universal restriction concept (a1l s; C).

e Every upper approximation concept (ua s; C) is replaced with an existential restriction concept (some s; C).

e Every symmetric role axiom (symmetric R) is replaced with an inverse role axiom (inverse R invR) and a role inclusion
axiom (implies-role R invR). Under an R-implication, it is well known that sym(R) is equivalent to RC R™.

e The rule for a local reflexivity concept (self S) asserts that an individual is related to itself. Roughly speaking, for every
individual x of a model, we create a relation S(x,x) with some degree.

e The rule for reflexive roles (reflexive R) asserts that every individual is related to itself. Roughly speaking, for every
individual x of a model, we create a relation R(x,x) = 1.

5.2. DELoREAN reasoner

DeLoreaN is a reasoner for fuzzy SROZQ(D) under Zadeh and Godel logics [4]. The differences with respect to the logic
defined in Section 3 are that it did not initially support role constructors R5-R6, and concept constructors C17-C18 and
C22-C27.

Its reasoning algorithm is based on a reduction to a classical DL, so current DL reasoners can be reused. A full description
may be found in [5,6].

In this subsection we describe how we have extended DeLoreaN in order to support C22-C27. Essentially, we implemented
the transformation in Egs. (46)-(51).

To begin with, we extended the syntax with the new concept constructors®: (tight-lowers;C),(loose-lowers; C),(lower
siC), (tight-uppers; C),(loose-uppers; C), (upper s; C), where s; is a fuzzy similarity relation and C is a fuzzy concept.

Then, the reasoning algorithm was extended as follows:

o Every tight lower approximation concept (tight-lower s; C) is replaced with a lower restriction concept (Lower (Lower s; C)).

e Every loose lower approximation concept (1oose-lower s; C) is replaced with an upper restriction concept (upper(-
lower s; C)).

e Every tight upper approximation concept (tight-uppers; C) is replaced with a lower restriction concept (1ower (upper
S; C)).

o Every loose upper approximation concept (Lower—upper s; C) is replaced with an upper restriction concept (upper(up-
pers; Q).

e Every concept (upper s; C) is replaced with an existential restriction concept (some s; C). Furthermore, we add the follow-
ing axioms if they do not exist in the fuzzy RBox: (reflexive s;), (symmetric s)).

e Every concept (Lower s; C) is replaced with a universal restriction concept (a11 s; C). Once again, we add the following
axioms in case they do not exist in the fuzzy RBox: (reflexive s;), (symmetric s).

Note that the fuzzy relations that take part in some approximation concept are interpreted as fuzzy similarity relations. If

the user wants to interpret a fuzzy relation s as a fuzzy equivalence relation, it is necessary to add a transitive role axiom
(transitive s).

6. Related work

In this section, we will begin by discussing separately fuzzy and rough extensions of DLs, and then we will report on the
few works that consider fuzzy rough DLs.

5 The syntax is similar to that of FuzzyDL, although there are some differences in the reserved words of the language for historical reasons.
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Fuzzy DLs. Since the first work of Yen in 1991 [64], an important number of fuzzy extensions to DLs can be found in
the literature. Some notable works are [5,6,8,9,21,24,47,52,53,55-57,60]; for a more detailed survey we
refer the reader to the survey in [38]. The present paper builds on the very expressive fuzzy DL
SROIQ(D), extending it with fuzzy rough sets.

Rough DLs. There are also some works on rough DLs [17,19,30,33,32,36,50]. In particular, Schlobach et al. show that
for any DL having universal and existential restrictions, as well as reflexive, symmetric and transitive
roles, reasoning in a rough DL can be reduced to reasoning with a classical DL [50]. In the present paper,
however, we introduce rough concepts in a fuzzy DL, instead of in a classical DL.

Fuzzy rough DLs. There is little research on fuzzy rough DLs. In the older paper, Dey et al. present a fuzzy rough ontology
[15]. They do not elaborate on the formal details of the subjacent DL, and reasoning is restricted to a sim-
ple form of concept querying. Our approach however, has a more formal basis and makes it possible to
use any of the reasoning tasks for fuzzy DLs.

Jiang et al. provide a fuzzy rough extension of the DL SHZN/, and show how that it is equivalent to fuzzy
SHIN by using a similar translation as in the current paper [29]. Jiang et al. also provide an extension of
the DL .A£C with intuitionistic fuzzy rough sets [28]. Although a useful syntactic sugar is provided, their
approach does not provide additional expressive power, since they also show how to reduce reasoning in
their logic to reasoning in fuzzy ALC over a lattice [56]. These works are restricted to Zadeh logic, and
consider generalized fuzzy rough sets. In generalized fuzzy rough sets, indiscernibility relations are
not required to be reflexive and symmetric. This assumption of generalized fuzzy rough sets is necessary
because reflexivity cannot be represented neither in .ALC nor in SHZN.

There are several differences comparing to our approach. Firstly, we consider the more expressive DL
SROIQ(D) as the subjacent logic. Secondly, as a consequence of the increase of expressivity, indiscern-
ibility relations can be represented using fuzzy similarity or fuzzy equivalence relations. Thirdly, the
semantics of our logic is independent from the fuzzy logic considered. In particular, we allow to use
an R-implication, which is necessary to prove some of the common properties of fuzzy rough sets (for
some background on implication functions, the reader is referred to Section 2.1). On the contrary [29]
uses Kleene-Dienes implication, which is known to have counter-intuitive effects in fuzzy DLs [5,24].
Fourthly, we have introduced tight and loose rough approximations [13]. Finally, we have described
how to implement our approach.

7. Conclusions

In this paper we have studied a DL managing vagueness in two different but complementary ways, combining a fuzzy DL
with fuzzy rough sets. In particular, we have presented a very expressive fuzzy rough extension of the DL SROZQ(D), the
logic behind the language OWL 2. The rough extension is general (independent of the family of fuzzy operators), and uses
k possible fuzzy similarity relations. In addition to the well-known lower and upper approximations, we include tight and
loose approximations, reflecting the fact that an element can belong to several fuzzy similarity classes.

Reasoning in fuzzy rough SROZQ(D) can be reduced to reasoning in fuzzy SROZQ(D). Reasoning under this latter logic is
not currently possible, but we have extended and implemented two well-known reasoning algorithms for fuzzy DLs in order
to deal with two important fragments of the logic. On the one hand, ruzzypL implements a combination of a tableaux algo-
rithm and a mixed integer linear optimization problem, and already supports fuzzy rough SHZF(D) under Zadeh, tukas-
iewicz and Godel logics. On the other hand, DeLorean implements a translation to a crisp DL and supports fuzzy rough
SROIQ(D) under Zadeh and Gédel logics.

Extending the expressivity of the fuzzy DLs reasoners, in order to support in practice more expressive fragments of fuzzy
rough SROZQ(D), remains an open research problem.

Another approach that would be worth to explore is the extension of rough and fuzzy rough DLs with possibilistic logic,
similarly as in [42], where degrees of certainty indicate to what extent equivalence classes are included in (possibly fuzzy)
rough concepts.
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