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A Proofs

Theorem 1. ConsiderZ x 7 with the orderings<; and <. Then

1. @', @&, ®"*, " and the extensions of combination functions are continuous (and, thus, monotonic)
W.rt. <y and <g;

2. any extended negation function is monotonic wsi;

3. if the negation function satisfies the de Morgan lawsyigb € 7.—(a ® b) = —a ® —b then the
extended negation function is continuous w-.

Proof. We proof only the last item, as the others are immediate. Consider a chain of inteyvals
1 =% ..., wherez; = [a;;b;] with a;,b; € 7. To show the continuity of the extended negation
function w.r.t.<,, we show that @., z; = @%.,—x;. Indeed, the following holds:

2 @50 25 = 2[@)2005; ®;520b5] = [7 ®;0 bj; — Bjz0 a;] = [Biz07b;; ®jz0ay]
= @j>o0[~bj;ma;] = ®;>07(a; by] = ®f>0;

Theorem 2. For any np-programP, T» is monotonic and, if the de Morgan laws hold, continuous
W.rt. <.

Proof. The proof of monotonicity is easy. To proof the continuity wxt,, consider a chain of inter-
pretationsly <k I1 <k .... To proof continuity ofl'’», we show that for any € Bp,

Tr(®]>01))(A) = &>0Tp(1))(4) (1)

As Cp is a complete lattice, the sequenfe <, I1 =i ... has a least upper bound, sdy=

®%50l;. For anyB € Bp, we haved’I;(B) = I(B) and, from Theorem 2p%.,1;(=B) =
®¥- 01 (B) = -~ ®}s, I;(B) = —I(B) and, thus, for any literal or certainty valiie

®j>0l;(L) = I(L) @

Now, consider the finite sef{" is finite) of all ground rules, . .., r; having A as head, where; =
A S, L (fa, fR, £2)). Let us evaluate the left hand side of Equation 1.

Tp(®)501)(A) = Tr(I)(A) = fal{fp(lai; aal, FoHI(LY), - I(L3,})):0 < i < k})

On the other hand side,
@>0Tr(Ij)(A) = ®fsofa({falass oul, fe({Ii (L), .. Ij(Ly, })):0 < i < k})
But, f4, f; andf: are continuous and, thus, by Equation 2, the following holds.

B0 Tr(L)(A) = fa({ B0 {fallaws ail, LT (LY, ..., (L, })):0 < i < k}})
fafollous aal, &0 { fe (T (1Y), -, I (L3, D}):0 < i < K})
fallfp(loss o], fo{ @520 (L1, -, @501 (L0, 1):0 < i < k})
falfollow; aal, fEQI(LY), ... I(L3,})):0 < i < k})

Therefore, Equation 1 holds and, thi%; is continuous.



