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A Proofs

Theorem 1. ConsiderT × T with the orderings�t and�k. Then

1. ⊗t,⊕t,⊗k,⊕k and the extensions of combination functions are continuous (and, thus, monotonic)
w.r.t.�t and�k;

2. any extended negation function is monotonic w.r.t.�k;
3. if the negation function satisfies the de Morgan laws, i.e.∀a, b ∈ T .¬(a⊕ b) = ¬a⊗¬b then the

extended negation function is continuous w.r.t.�k.

Proof. We proof only the last item, as the others are immediate. Consider a chain of intervalsx0 �k

x1 �k . . ., wherexj = [aj ; bj ] with aj , bj ∈ T . To show the continuity of the extended negation
function w.r.t.�k, we show that¬ ⊕k

j≥0 xj = ⊕k
j≥0¬xj . Indeed, the following holds:

¬ ⊕k
j≥0 xj = ¬[⊕j≥0aj ;⊗j≥0bj ] = [¬ ⊗j≥0 bj ;¬ ⊕j≥0 aj ] = [⊕j≥0¬bj ;⊗j≥0¬aj ]

= ⊕j≥0[¬bj ;¬aj ] = ⊕j≥0¬[aj ; bj ] = ⊕k
j≥0¬xj

Theorem 2. For any np-programP , TP is monotonic and, if the de Morgan laws hold, continuous
w.r.t.�k.

Proof. The proof of monotonicity is easy. To proof the continuity w.r.t.�k, consider a chain of inter-
pretationsI0 �k I1 �k . . .. To proof continuity ofTP , we show that for anyA ∈ BP ,

TP (⊕k
j≥0Ij)(A) = ⊕k

j≥0TP (Ij)(A) (1)

As CP is a complete lattice, the sequenceI0 �k I1 �k . . . has a least upper bound, saȳI =
⊕k

j≥0Ij . For anyB ∈ BP , we have⊕k
j≥0Ij(B) = Ī(B) and, from Theorem 2,⊕k

j≥0Ij(¬B) =

⊕k
j≥0¬Ij(B) = ¬ ⊕k

j≥0 Ij(B) = ¬Ī(B) and, thus, for any literal or certainty valueL,

⊕k
j≥0Ij(L) = Ī(L) (2)

Now, consider the finite set (P ∗ is finite) of all ground rulesr1, . . . , rk havingA as head, whereri =

A
αi← Li
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On the other hand side,
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But, fd, f i
p andf i

c are continuous and, thus, by Equation 2, the following holds.
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Therefore, Equation 1 holds and, thus,TP is continuous.


