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Abstract
We illustrate how key forms of reasoning can be captured within

the framework of Conditional Interpretations, a semantics for condi-

tional languages that supports the formalization of a wide range of

reasoning systems. In particular, we outline how to model funda-

mental notions of entailment, beginning with relations that satisfy

classical closure properties and extending to non-monotonic frame-

works such as Rational Closure.

CCS Concepts
• Computing methodologies→ Nonmonotonic, default rea-
soning and belief revision; • Theory of computation→ Auto-
mated reasoning.
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1 Introduction
Conditionals - the “if-then” connections between propositions - form
the backbone of reasoning and argumentation, and much of formal

logic research has focused on analysing this type of relation. This

line of work is particularly relevant toKnowledge Representation and
Reasoning (KRR), as a formal analysis of reasoning is a necessary

step toward its implementation in computational systems. The

properties a conditional connection satisfies depend on the type

of reasoning being modelled. It is well-known that, while classical

material implication is suitable for mathematical reasoning, other

domains - such as presumptive, normative, causal, probabilistic,

fuzzy, or counterfactual reasoning - require different argumentation

patterns, and modelling such alternative conditional structures has

been a main research topic in KRR.

A common approach for formalizing such reasoning patterns is

through structural properties [24] (see later on) and semantic charac-

terisations based on possible-worlds approaches. A potential limit

of the latter approach is that some classical structural properties,

such as right conjunction (And) or right weakening (RW), despite
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being undesirable in certain contexts, appear to be tightly linked to

possible-world semantics.

This paper focuses on conditional reasoning, introduced in [11],

that is a flexible semantic framework allowing to model various

types of conditionals, applicable to different reasoning domains.

Here, the characterisation of reasoning patterns defined by struc-

tural properties is not done referring to possible-worlds, but through

the adoption of a more general, operational kind of semantics. The

key advantage of this approach is its flexibility: (𝑖) for all finite
theories of conditionals, for all combination of reasoning patters,

a unique characteristic model exists [11]
1
; and (𝑖𝑖) while we show

how classical non-monotonic entailment relations (e.g., Rational

Closure) can be modelled within this framework, it also supports

alternatives that are not in line with possible-world frameworks -

such as reasoning patterns excluding (And) or (RW) - and aligns

more naturally with other paradigms, like inheritance networks.

Contribution: The work in [11] presents the semantic framework

and the characterisation of various structural properties through

representation theorems. We extend here such a framework by

defining a variety of entailment relations, including closure under

Horn properties, closure under non-Horn properties, and, notably, a

closure that is equivalent to Rational Closure [23]. We present also

(brute force) algorithms that operate directly on the characteristic

model of a conditional base under a specified set of reasoning rules,

and show how entailment of a conditional 𝐴⇒ 𝐵 can be decided

by verifying whether a specific condition holds in that model.

The paper is organised as follows: Section 2 recaps the formal

framework of conditional interpretations; Section 3 introduces basic

forms of entailment based on the closure under Horn properties;

Section 4 deals with the closure under non-Horn properties, with

a focus on Rational Monotonicity [23]; and Section 5 summarises

our contribution, addresses related work, and outlines some future

research directions.

2 Preliminaries
Syntax and Semantics. Our language contains conditionals of

the form 𝐴 ⇒ 𝐵, but does not allow nesting of conditionals or

combining them via propositional operators (𝐴 and 𝐵 are Boolean

propositional formulae,). This is in line with popular conditional

formalisms, such as the so-called KLM approach [21] and I/O logics

[25]. Specifically, let L be a finitely generated propositional lan-

guage, with logical connectives ¬,∨,∧,→ and↔, and the propo-

sitional symbols ⊤,⊥ having the usual meanings. Capital letters

𝐴, 𝐵, . . . denote propositions, while A,B, . . . refer to sets of propo-

sitions. The classical propositional consequence relation is denoted

by ⊨. The conditional language L⇒ built on top of L, is: L⇒ =def

{𝐴 ⇒ 𝐵 | 𝐴, 𝐵 ∈ L}. In the semantics we use a relation ≤⊆

1
The resulting logic is paraconsistent.
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Figure 1: Graphical representation of I ⊩ 𝐴⇒ 𝐵.

L × L among propositional formulae: Here 𝐴 ≤ 𝐵 is interpreted

as ⊨ 𝐴→ 𝐵. ≤ generates the classical lattice semantics for propo-

sitional formulae, with ∨ and ∧ represented by the join and meet
operations, respectively. The relations < and ≡ are defined in the

usual way from ≤: 𝐴 < 𝐵 represents ⊨ 𝐴 → 𝐵 and ̸⊨ 𝐵 → 𝐴,

while 𝐴 ≡ 𝐵 represents ⊨ 𝐴 ↔ 𝐵. Clearly, ≤ is reflexive and tran-

sitive. min≤ (A) indicates the ≤-minimal elements in A, that is,

min≤ (A) =def {𝐵 ∈ A |̸∃𝐶 ∈ A s.t. 𝐶 < 𝐵}. Also, let us define
A↑ =def {𝐵 | 𝐴 ≤ 𝐵, for some 𝐴 ∈ A}.

We use a well-known order among sets of formulae, based on ≤:
namely, the Smyth order ⪯ over power sets (see, e.g. [30, Section

3]). Formally,

A ⪯ B iff ∀𝐵 ∈ B ∃𝐴 ∈ A s.t. 𝐴 ≤ 𝐵 .

We also write A � B iff A ⪯ B and B ⪯ A.

A choice functionℎ : L → 2
L
maps a formula to a set of formulae.

We say thatℎ is Smyth-monotone, or simply S-monotone, iff for every

𝐴, 𝐵 ∈ L, if 𝐴 ≤ 𝐵 then ℎ(𝐴) ⪯ ℎ(𝐵). Furthermore, 𝐴 ∈ L is a

fixed-point of ℎ iff 𝐴 ∈ ℎ(𝐴) (see e.g. [30]).
Eventually, ℎ is★-closed, where★ ∈ {≤,≡}, iff for all𝐴, 𝐵,𝐶 ∈ L,

if 𝐴 ∈ ℎ(𝐶) and 𝐵 ★𝐴 then 𝐵 ∈ ℎ(𝐶); while ℎ is ★-closed, where
★ ∈ {∧,∨}, iff for all 𝐴, 𝐵,𝐶 ∈ L, if 𝐴 ∈ ℎ(𝐶) and 𝐵 ∈ ℎ(𝐶) then
𝐴★ 𝐵 ∈ ℎ(𝐶).

The semantics of conditionals relies on the concept of a condi-
tional interpretation I = (𝑓 , 𝑔), where 𝑓 : L → 2

L
and 𝑔 : L → 2

L

are choice functions: 𝑓 represents the relevant effects of a propo-
sition, and 𝑔 the possible conditions for a proposition to hold. A

conditional interpretation I = (𝑓 , 𝑔) satisfies a conditional 𝐴⇒ 𝐵,

denoted I ⊩ 𝐴⇒ 𝐵, iff

(1) there is 𝐵′ ∈ L s.t. 𝐵′ ∈ 𝑓 (𝐴) and 𝐵′ ≤ 𝐵; and

(2) 𝐴 ∈ 𝑔(𝐵).
𝐴⇒ 𝐵 is satisfiable (has a model) if there is a conditional interpre-
tation I such that I ⊩ 𝐴⇒ 𝐵. A set of conditionals is satisfiable
iff there is a conditional interpretation satisfying each conditional

in it [11, Def. 1].

As shown in Fig. 1, I ⊩ 𝐴⇒ 𝐵 iff there is a “triangle”𝐴
𝑓
−→ 𝐵′ ≤

𝐵
𝑔
−→ 𝐴. We indicate with 𝐴△𝐵 that there is a triangle 𝐴

𝑓
−→ 𝐵′ ≤

𝐵
𝑔
−→ 𝐴 passing through some 𝐵′ ≤ 𝐵. This definition implies that

an agent accepts a conditional connection between 𝐴 and 𝐵 if 𝐵 is

a logical consequence of some relevant effect 𝐵′ of 𝐴 (𝐵′ ∈ 𝑓 (𝐴)),
and 𝐴 is recognised as a relevant condition for 𝐵 (𝐴 ∈ 𝑔(𝐵)).

For an interpretation I, 𝑆I indicates the set of conditionals

satisfied by I, i.e. 𝑆I =def {𝐴⇒ 𝐵 | I ⊩ 𝐴⇒ 𝐵}.

We recall from [11] that any set 𝑆 of conditionals is always

satisfiable. Specifically, 𝑆 is satisfied by its characteristic model.

Definition 1 ([11]). Let 𝑆 be a set of conditionals. Its character-
istic model is the conditional interpretation I𝑆 = (𝑓𝑆 , 𝑔𝑆 ), where, for
every 𝐴 ∈ L:

(1) A𝐴 =def {𝐵 | 𝐵 ⇒ 𝐴 ∈ 𝑆} and C𝐴 =def {𝐵 | 𝐴⇒ 𝐵 ∈ 𝑆};
(2) 𝑓𝑆 (𝐴) =min≤ (C𝐴) and 𝑔𝑆 (𝐴) =A𝐴 .

I𝑆 characterises 𝑆 , that is, I𝑆 satisfies exactly the set of conditionals

in 𝑆 (i.e. 𝑆I = 𝑆) [11, Proposition 1]. Furthermore, since any set

of conditionals has a characteristic model, the class of conditional

interpretations does not impose any closure under any structural

property [11, Corollary 2].

Structural Properties. The satisfaction of specific structural prop-

erties is achieved by identifying appropriate subclasses of the class

of the conditional interpretations, which is done by imposing appro-

priate constraints on the functions 𝑓 and 𝑔. For example, consider

the property of Monotonicity.

𝐴⇒ 𝐶, ⊨ 𝐵 → 𝐴

𝐵 ⇒ 𝐶
(Mon)

The satisfaction of the property (Mon) can be obtained by imposing

on 𝑓 and𝑔 of any conditional interpretationI = (𝑓 , 𝑔) the following
constraint (MonI ):

(1) 𝑓 is S-Monotone;

(2) 𝑔 is ≤-closed.

Proposition 1 ([11]). A set of conditionals 𝑆 is closed under (Mon)
iff it can be characterised by a conditional model I = (𝑓 , 𝑔) that
satisfies (MonI ).

The results presented in [11] are essentially representational, like
Proposition 1, which demonstrates the suitability of conditional in-

terpretations for modeling various forms of closure. Representation

results have been provided for the following set P of properties:

(LLE)
𝐴⇒𝐶, 𝐴≡𝐵

𝐵⇒𝐶
(RLE)

𝐴⇒𝐵, 𝐵≡𝐶
𝐴⇒𝐶

(Ref) 𝐴⇒ 𝐴 (Cut)
𝐴∧𝐵⇒𝐶, 𝐴⇒𝐵

𝐴⇒𝐶

(Mon)
𝐴⇒𝐶, 𝐵≤𝐴

𝐵⇒𝐶
(And)

𝐴⇒𝐵, 𝐴⇒𝐶
𝐴⇒(𝐵∧𝐶 )

(Or)
𝐴⇒𝐶, 𝐵⇒𝐶
(𝐴∨𝐵)⇒𝐶

(RW)
𝐴⇒𝐵, 𝐵≤𝐶

𝐴⇒𝐶

(ExFalso)
𝐴≤⊥
𝐴⇒𝐵

(CM)
𝐴⇒𝐵, 𝐴⇒𝐶
(𝐴∧𝐵)⇒𝐶

In [11], for each of the properties (P) mentioned above, a corre-

sponding semantic property (PI ) has been defined, along with a

representation theorem stating that a set of conditionals 𝑆 is closed

under (P) if and only if it can be characterized by a conditional

model I = (𝑓 , 𝑔) satisfying (PI ). For clarity, the specific semantic

property corresponding to each structural property will be recalled

when need. For more details about their meaning and desirability

we refer to [11] and references therein. The following result summa-

rizes the relationship between structural properties and conditional

interpretations:
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Proposition 2 ([11], Proposition 14). Let X ⊆ P be a set of
structural properties in P, and XI be the set of the correspondent
semantic properties. If a set 𝑆 of conditionals is closed under the prop-
erties in X, then there is a conditional interpretation characterising 𝑆
and satisfying all the properties in XI .

3 Basic Forms of Entailment
We begin with basic entailment relations. A conditional Knowledge
Base (KB) K is a finite set of conditionals. The structural proper-

ties in P, defined in the previous section, are referred to as Horn-
properties, because they have the form of a Horn clause: a set of

positive premises with a single positive conclusion. The following

proposition is straightforward.

Proposition 3. Let (P) be any Horn-property and 𝑆1 and 𝑆2 be
any two sets of conditionals closed under (P). Then 𝑆1 ∩ 𝑆2 is also
closed under (P).

This intersection property is important for modeling entailment

relations. Given a finite set of conditionals 𝑆 and consider the set𝔖

of all its possible supersets closed under a set of Horn-properties.

By Proposition 3, the intersection

⋂
𝔖 of all such supersets is itself

closed under the same Horn-properties, that is

⋂
𝔖 ∈ 𝔖. Thus, we

derive the following corollary from Propositions 3.

Corollary 1. Let X ⊆ P be a finite set of Horn-properties andK
a conditional KB. Then there is an unique smallest setK ′ s.t.K ⊆ K ′
and K ′ is closed under X.
This property ensures that any form of entailment characterised

as closure under Horn-properties is easily definable, as a unique

smallest closure is guaranteed to exist. This aligns with the classical

Tarskian approach to logical consequence [31], which is defined

by closure under three Horn-properties (Reflexivity, Monotonicity,
and Cut), and semantically on the intersection of all the formulae

satisfied by all the classical models of the premises.

With our representation results established, the next step is

defining a reasoning system. Starting from a conditional KB K , we
derive new conditionals based on the reasoning patterns (i.e. the

structural properties) we want to satisfy. The basic idea is as follows:

(1) we build the characteristic model IK = (𝑓K , 𝑔K ) of K ;
(2) according to the kind of closure we want to enforce, we

compute the smallest change in 𝑓K and in𝑔K so to guarantee

such a closure.

Once such a model has been built, the entailment of a conditional

𝐴 ⇒ 𝐵 amounts to test whether the triangle 𝐴△𝐵 holds in that

model. Now, regarding point 1., IK = (𝑓K , 𝑔K ) is defined as in

Definition 1. Concerning point 2., to ‘close’ under a Horn-property,

we modify 𝑓 and 𝑔 accordingly for each structural property.

A notable case involves Left- and Right-Logical Equivalence (LLE

and RLE), which are fundamental properties that most logic systems

are expected to satisfy. One could argue that a system failing to

satisfy them cannot truly be considered a logic system. In this work,

we assume systems are closed under (LLE) and (RLE). Consequently,

w.l.o.g. we use 𝐴 as a representative for all 𝐵 logically equivalent

to 𝐴. Therefore, if L is generated by 𝑛 propositional letters then

|L| = 2
2
𝑛
and, thus, L may be assumed finite.

Concerning point 1., Algorithm 1 shows how to build the char-

acteristic model IK of K and its correctness is immediate from a

Algorithm 1: CharacteristicModel(K)
Input: A conditional KB K
Output: The characteristic model IK = (𝑓K , 𝑔K )
1: AK = {𝐴 | 𝐴⇒ 𝐵 ∈ K}
2: CK = {𝐵 | 𝐴⇒ 𝐵 ∈ K}
3: forall𝐴 ∈ L do
4: 𝑓K (𝐴) = ∅
5: 𝑔K (𝐴) = ∅
6: forall𝐴 ∈ L do
7: if 𝐴 ∈ AK then

8: C𝐴 ← {𝐵 | 𝐴⇒ 𝐵 ∈ K}
9: 𝑓K (𝐴) =min≤ (C𝐴 )

10: if 𝐴 ∈ CK then
11: A𝐴 ← {𝐵 | 𝐵 ⇒ 𝐴 ∈ K}
12: 𝑔K (𝐴) = A𝐴

13: return IK = (𝑓K , 𝑔K )

comparison with Definition 1. Concerning point 2., we consider

each closure property, one by one.

Reflexivity (Ref). Also (Ref) is a fundamental property, stating

that any proposition assumed is also included in the conclusions.

While generally desirable, there are notable exceptions. For instance,

if the conditional 𝐴⇒ 𝐵 has a deontic interpretation, such as “If 𝐴,

then it ought to be 𝐵”, reflexivity can lead to undesirable outcomes,

such as “If there has been a crime, then there ought to be a crime”.

Ensuring closure under (Ref) is easy: for every formula𝐴, it suffices

to require that 𝐴 itself is a fixed point of both 𝑓 and 𝑔. That is [11],

(RefI ) for all 𝐴:

(1) 𝐴 is a fixed-point of both 𝑓 and 𝑔.

The closure under (RefI ) can be enforced by Algorithm 2. For

Algorithm 2: Ref(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (Ref)

1: foreach𝐴 ∈ L do
2: 𝑓 (𝐴) = 𝑓 (𝐴) ∪ {𝐴}
3: 𝑔 (𝐴) = 𝑔 (𝐴) ∪ {𝐴}
4: return I = (𝑓 , 𝑔)

Algorithm 2, as with the others in this section, wemust demonstrate

that it enforces the minimal change required in the set of satisfied

conditionals to satisfy the involved Horn-property ((RefI ), in this

case). To achieve this, we first formalise the concept of minimal

change.

Definition 2. Given two conditional interpretations I and I′,
I′ is an extension of I (written I ≤𝑒𝑥𝑡 I′) iff 𝑆I ⊆ 𝑆I′ . Given a
finite set X ⊆ P of Horn-properties, I′ is a minimal X-extension of
I iff

• I ≤𝑒𝑥𝑡 I′;
• I′ is closed under all the properties in X;
• there is no interpretation I′′ s.t. I ≤𝑒𝑥𝑡 I′′ <𝑒𝑥𝑡 I′ and I′′
is closed under all the properties in X.

Note that minimality in change refers to the sets of satisfied condi-

tionals, not necessarily to the change applied to the functions 𝑓 and

𝑔. Corollary 1 ensures that for any conditional KB K and any finite

set X of Horn-properties, there is an unique smallest extension
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of K that is closed under X. However, more than one conditional

interpretation may satisfy exactly such an extension.

Algorithms 3-9 correspond each to one of the remaining struc-

tural properties from Section 2: (Cut), (Mon), (And), (Or), (RW),

(Ex-Falso), and (CM), which we address next.

Cut (Cut). This well-known property of classical logic is gen-

erally considered desirable. Algorithm 3 returns a minimal (Cut)-

extension, by enforcing the property (CutI ) defined as [11]:

(CutI ) for all 𝐴, 𝐵,𝐶:

(1) If 𝐴△𝐵, then 𝑓 (𝐴) ⪯ 𝑓 (𝐴 ∧ 𝐵);
(2) If 𝐴 ∈ 𝑔(𝐵) and 𝐴 ∧ 𝐵 ∈ 𝑔(𝐶), then 𝐴 ∈ 𝑔(𝐶).

Algorithm 3: Cut(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (Cut)

1: 𝑓 ′ ← ∅
2: 𝑔′ ← ∅
3: while 𝑔′ ≠ 𝑔 or 𝑓 ′ ≠ 𝑓 do
4: 𝑔′ ← 𝑔

5: 𝑓 ′ ← 𝑓

6: foreach𝐴 ∈ L do
7: foreach 𝐵 ∈ L do

8: if 𝐴 ∈ 𝑔 (𝐵) then
9: foreach𝐶 ∈ L do

10: if 𝐴 ∧ 𝐵 ∈ 𝑔 (𝐶 ) then
11: 𝑔 (𝐶 ) ← 𝑔 (𝐶 ) ∪ {𝐴}

12: foreach𝐴 ∈ L do
13: foreach 𝐵 ∈ L do

14: if 𝐴△𝐵 ∈ I then
15: 𝑓 (𝐴) ← 𝑓 (𝐴) ∪ 𝑓 (𝐴 ∧ 𝐵)

16: return I = (𝑓 , 𝑔)

Monotonicity (Mon). Another well-known property of classical

logic, (Mon) models the certainty of conclusions given the premises.

It often needs to be relaxed or reformulated in domains involv-

ing incomplete or defeasible information. Algorithm 4 returns a

minimal (Mon)-extension, enforcing the following property [11]:

(MonI )
(1) 𝑓 is S-Monotone;

(2) 𝑔 is ≤-closed.

Right Conjunction (And). This is a standard property in possible-

worlds semantics, but it may be undesirable in certain frameworks,

such as probabilistic entailment or some deontic settings. For ex-

ample, in some cases, multiple preferable but mutually exclusive

courses of action may exist. Algorithm 5 returns a minimal (And)-

extension, by enforcing the characterising condition (AndI ) defined
as [11]:

(AndI ) for all 𝐴, 𝐵:

(1) if 𝐵,𝐶 ∈ min≤ (𝑓 (𝐴)), then 𝐵 ≡ 𝐶 ;
(2) 𝑔(𝐴) ∩ 𝑔(𝐵) ⊆ 𝑔(𝐵 ∧𝐶).

Left Disjunction (OR).. This models the classical principle of ‘rea-

soning by cases’. Algorithm 6 enforces the closure under (OrI ) and
returns a minimal (Or)-extension, where [11]

(OrI ) for all 𝐴, 𝐵:

(1) min≤ (𝑓 (𝐴)↑ ∩ 𝑓 (𝐵)↑) ⊆ 𝑓 (𝐴 ∨ 𝐵);

Algorithm 4: Mon(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (Mon)

1: foreach𝐴 ∈ L do
2: foreach 𝐵 ∈ L do

3: if 𝐴 ≤ 𝐵 then
4: 𝑓 (𝐴) ← 𝑓 (𝐴) ∪ 𝑓 (𝐵)

5: foreach𝐴 ∈ L do
6: foreach 𝐵 ∈ L do

7: if 𝐴 ≤ 𝐵 then
8: foreach𝐶 ∈ L do

9: if 𝐵 ∈ 𝑔 (𝐶 ) then
10: 𝑔 (𝐶 ) ← 𝑔 (𝐶 ) ∪ {𝐴}

11: return I = (𝑓 , 𝑔)

(2) 𝑔 is ∨-closed.

Right Weakening (RW). This rule states that from 𝐴 ⇒ 𝐵 we

can conclude 𝐴 ⇒ 𝐶 for any 𝐶 s.t. 𝐵 ≤ 𝐶 , and semantically it is

characterised by (RWI ), which is defined as [11]:

(RWI ) for all 𝐴, 𝐵:

(1) if 𝐴 ≤ 𝐵 then 𝑔(𝐴) ⊆ 𝑔(𝐵).
It is a property almost unavoidable in possible-worlds semantics,

and generally desirable. However, in some contexts, such as deontic

or causal settings, it may be counterintuitive. For example, while

we might believe that in the presence of a crime we should call the

police, it would make little sense to think that we should either

call or not call the police. Algorithm 7 returns a minimal (RW)-

extension.

Ex Falso Quodlibet (ExFalso). This classical principle asserts that
from absurdity, anything follows. It is characterised by the following

semantic property [11]:

(EFQI ) for all 𝐴: if 𝐴 ≡ ⊥, then
(1) ⊥ ∈ 𝑓 (𝐴);
(2) 𝐴 ∈ 𝑔(𝐵), for all 𝐵.

While a principle of classical logic, it is rejected in some approaches,

notably paraconsistent logic. Algorithm 8 returns aminimal (ExFalso)-

extension.

Cautious Monotonicity (CM). This constrained form of mono-

tonicity is generally desirable in most non-monotonic reasoning

applications [24]. Algorithm 9 returns a minimal (CM)-extension,

by enforcing the closure under (CMI ), defined as [11]:

(CMI ) for all 𝐴, 𝐵,

(1) if 𝐴△𝐵, then 𝑓 (𝐴 ∧ 𝐵) ⪯ 𝑓 (𝐴);
(2) if 𝐴 ∈ 𝑔(𝐵) ∩ 𝑔(𝐶) then 𝐴 ∧ 𝐵 ∈ 𝑔(𝐶).

For each of the above closure properties it is possible to prove that,

given any conditional KB K , the correspondent algorithm returns

a model of the minimal closure of K under the associated property.

Proposition 4. Let (𝑃) ∈ {(Ref), (Cut), (Mon), (And), (Or), (RW),

(ExFalso), (CM)}. Given a conditional interpretation IK , that is the
characteristic model of a KB K , Algorithm P(IK ) returns a minimal
(𝑃)-extension of IK .

This section concludes by addressing the combination of closures

under multiple Horn properties. Each algorithm takes as input the
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Algorithm 5: And(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (And)

1: foreach𝐴 ∈ L do
2: 𝑓 (𝐴) ← ∧

𝑓 (𝐴)
3: 𝑔′ ← ∅
4: while 𝑔′ ≠ 𝑔 do
5: 𝑔′ ← 𝑔

6: foreach𝐴 ∈ L do
7: foreach 𝐵 ∈ L do

8: 𝑔 (𝐴 ∧ 𝐵) ← 𝑔 (𝐴 ∧ 𝐵) ∪ (𝑔 (𝐴) ∩ 𝑔 (𝐵) )

9: return I = (𝑓 , 𝑔)

Algorithm 6: Or(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (Or)

1: foreach𝐴 ∈ L do
2: foreach A ∈ P (𝑔 (𝐴) ) do

3: 𝑔 (𝐴) ← 𝑔 (𝐴) ∪ {∨A}
4: foreach 𝐵 ∈ 𝑔 (𝐴) do

5: 𝑓 (𝐵) ← 𝑓 (𝐵) ∪ {𝐴}

6: return I = (𝑓 , 𝑔)

Algorithm 7: RW(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (RW)

1: foreach𝐴 ∈ L do
2: foreach 𝐵 ∈ L do

3: if 𝐵 ≤ 𝐴 then
4: 𝑔 (𝐴) ← 𝑔 (𝐴) ∪ 𝑔 (𝐵)

5: return I = (𝑓 , 𝑔)

Algorithm 8: ExFalso(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (ExFalso)

1: 𝑓 (⊥) ← 𝑓 (⊥) ∪ {⊥}
2: foreach𝐴 ∈ L do
3: 𝑔 (𝐴) ← 𝑔 (𝐴) ∪ {⊥}
4: return I = (𝑓 , 𝑔)

characteristic model of a KB K and Proposition 4 guarantees that

its output is a conditional interpretation representing the minimal

closure 𝑆 ofK under a given Horn-property. However, this does not

guarantee that it is actually the characteristic model I𝑆 of 𝑆 , as per

Definition 1. Nevertheless, Algorithm 10 reduces any conditional

interpretation to another one that satisfies the same conditionals,

but additionally satisfies Definition 1 (Proposition 5), which is then

used in Algorithm 11 to prove Proposition 6. Algorithm 11 has as

input a conditional KB K and an arbitrary set of Horn-properties

X ⊆ P, and returns a model of K that is the minimal extension of

IK w.r.t. the properties in X.2

Proposition 5. Let I be any conditional interpretation. Algo-
rithm 10 returns a conditional interpretation I′ s.t. 𝑆I′ = 𝑆I and I′
is the characteristic model of 𝑆I as per Definition 1.
2
Please note that at line 9 of the algorithm, Palg refers to the algorithm corresponding

to the Horn-property 𝑃 that is taken under consideration: for instance, if 𝑃 is (And),

then Palg (I) is And(I) .

Algorithm 9: CM(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: A minimal extension of I = (𝑓 , 𝑔) closed under (CM)

1: 𝑓 ′ ← ∅
2: 𝑔′ ← ∅
3: while 𝑔′ ≠ 𝑔 or 𝑓 ′ ≠ 𝑓 do
4: 𝑔′ ← 𝑔

5: 𝑓 ′ ← 𝑓

6: foreach𝐴 ∈ L do
7: foreach 𝐵 ∈ L do

8: foreach𝐶 ∈ L do
9: if 𝐴 ∈ 𝑔 (𝐵) ∩ 𝑔 (𝐶 ) then

10: 𝑔 (𝐵) ← 𝑔 (𝐵) ∪ {𝐴 ∧𝐶 }
11: 𝑔 (𝐶 ) ← 𝑔 (𝐶 ) ∪ {𝐴 ∧ 𝐵}

12: foreach𝐴 ∈ L do
13: foreach 𝐵 ∈ L do

14: if 𝐴△𝐵 ∈ I then
15: 𝑓 (𝐴 ∧ 𝐵) ← 𝑓 (𝐴 ∧ 𝐵) ∪ 𝑓 (𝐴)

16: return I = (𝑓 , 𝑔)

Algorithm 10: Reduction(I)
Input: A conditional interpretation I = (𝑓 , 𝑔)
Output: The characteristic model of 𝑆I
1: foreach𝐴 ∈ L do
2: 𝑓 (𝐴) ← min≤ (𝑓 (𝐴) )
3: foreach 𝐵 ∈ 𝑓 (𝐴) do

4: if 𝐴△𝐵 ∉ I then
5: 𝑓 (𝐴) ← 𝑓 (𝐴) \ {𝐵}

6: foreach 𝐵 ∈ 𝑔 (𝐴) do
7: if 𝐵△𝐴 ∉ I then

8: 𝑔 (𝐴) ← 𝑔 (𝐴) \ {𝐵}

9: return I = (𝑓 , 𝑔)

Algorithm 11: PClosure(K,X)
Input: A conditional KB K and a set of Horn-Properties X ⊆ P
Output: The minimal extension I of IK closed under X
1: IK = (𝑓K , 𝑔K ) ← CharacteristicModel(K)
2: I = (𝑓 , 𝑔) ← IK
3: 𝑓 ′ ← ∅
4: 𝑔′ ← ∅
5: while 𝑔′ ≠ 𝑔 or 𝑓 ′ ≠ 𝑓 do
6: 𝑔′ ← 𝑔

7: 𝑓 ′ ← 𝑓

8: foreach 𝑃 ∈ X do
9: I = (𝑓 , 𝑔) ← Palg (I)
10: I = (𝑓 , 𝑔) ← Reduction(I)

11: return I = (𝑓 , 𝑔)

Proposition 6. Let K be a conditional KB and X ⊆ P a set
of Horn-properties. Then Algorithm 11 terminates and returns the
characteristic model of the smallest set 𝑆 of conditionals s.t. K ⊆ 𝑆

and 𝑆 is closed under X.

We can now define the notion of entailment.

Definition 3. Let K be a conditional KB, and X ⊆ P a set of
Horn-properties. Let𝔐XK be the set of all the conditional models of K
that are closed under the properties X. Then a conditional 𝐴⇒ 𝐵 is
entailed by K w.r.t. X, denoted K ⊨X 𝐴⇒ 𝐵, is defined as follows:

K ⊨X 𝐴⇒ 𝐵 iff I ⊩ 𝐴⇒ 𝐵 for all I ∈ 𝔐XK .
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The following is an immediate consequence of Proposition 6 and

Corollary 1.

Corollary 2. Let K be a conditional KB, X ⊆ P a set of Horn-
properties,𝐴⇒ 𝐵 a conditional, andI∗ the output of PClosure(K,X).
Then

K ⊨X 𝐴⇒ 𝐵 iff I∗ ⊩ 𝐴⇒ 𝐵 .

By Corollary 2, we may decide K ⊨X 𝐴⇒ 𝐵 by checking whether

𝐴△𝐵 holds in the model returned by PClosure(K,X).

4 Rational Monotonicity
So far we have focused on structural properties in Horn form. How-

ever, there are also significant structural properties that cannot

be represented in Horn form. In order to show how to manage

non-Horn properties in the present semantics, we consider one of

the most notable ones, Rational Monotonicity (RM) [23].

Rational Monotonicity:
𝐴 ̸⇒ ¬𝐵, 𝐴⇒ 𝐶

(𝐴 ∧ 𝐵) ⇒ 𝐶
(RM)

(RM) is a form or constrained monotonicity, stronger than (CM),

that is regarded as a key property for reasoning systems modeling

presumptive reasoning [22]. From a semantics perspective, (RM)

and other non-Horn properties have not been addressed in [11].

Here, we demonstrate that the class of conditional interpretations

satisfying (RM) can be characterised by imposing the following

semantic constraint:

(RMI ) Let I = (𝑓 , 𝑔) be a conditional interpretation. For any

formulae 𝐴, 𝐵,𝐶 , if 𝐴△¬𝐵 ∉ I, then
(1) 𝑓 (𝐴 ∧ 𝐵) ⪯ 𝑓 (𝐴);
(2) if 𝐴 ∈ 𝑔(𝐶) then 𝐴 ∧ 𝐵 ∈ 𝑔(𝐶).

The condition (RMI ) gives a semantic characterisation of the clo-

sure under (RM).

Proposition 7. A set of conditionals 𝑆 is closed under (RM) iff
𝑆 = 𝑆I for some I = (𝑓 , 𝑔) that satisfies (RMI ).

Next, we address entailment. Amain challenge with non-Horn prop-

erties is that that their closure is not preserved under intersection,

as it can be easily shown for (RM).

Example 1. Let L be the propositional language generated from
the propositional letters {𝑎, 𝑏}. The two sets of conditionals 𝑆1 = {𝑎 ⇒
𝑏, (𝑎 ∧ 𝑏) ⇒ 𝑏} and 𝑆2 = {𝑎 ⇒ 𝑏, 𝑎 ⇒ ¬𝑏} are both closed under
(RM), but their intersection 𝑆1 ∩ 𝑆2 = {𝑎 ⇒ 𝑏} is not.

Proposition 8. Closure under (RM) is not preserved under the
intersection of sets of conditionals.

Therefore, the Tarskian characterisation of entailment in Defini-

tion 3 cannot be directly applied. Several entailment relations satisfy

(RM), usually based on the choice of a specific model (e.g. [10, 22]).

This includes the well-known notion of Rational Closure (RC) [23],
that we take under consideration here. There are multiple semantic

characterisation of RC in a possible-worlds framework [2–4, 16,

23, 27], as well as various decision procedures [8, 9, 14, 23], all

modelling the same entailment relation.

In what follows, we assume that the final set of conditionals will

be closed under all the properties in P \{(Mon)}. Since (RLE), (Cut),

and (ExFalso) can be derived from the others properties, they are

redundant and, thus, we consider the set P∗ = {(LLE), (Ref), (And),
(Or), (RW), (CM)}.

The core idea of (RM), particularly in its application to RC, is to

reason classically (that is, we apply monotonicity) unless we recog-

nise the situation as atypical. If we believe that usually𝐴⇒ 𝐶 holds

(e.g., typically, horses are fast), and we are not aware that 𝐴⇒ ¬𝐵
(e.g., we are not aware that a typical horse is not black), that is, 𝐵 is

compatible with typical cases of 𝐴, then we must conclude, reason-

ing monotonically, that typically the situations in which both𝐴 and

𝐵 are true imply𝐶 (that is, typically black horses are fast). However,

if we are aware that some extra-premise 𝐵 is not compatible with

the typical cases of 𝐴 (e.g., we believe that typical horses are not

crippled), then we are not forced to apply monotonicity reasoning

about the most typical situations in which 𝐴 and 𝐵 are both true

(that is, we are not forced to derive that crippled horses are fast).

This constrained application of monotonicity is evident when com-

paring (RMI ) with (MonI ): (RMI ) represents a constrained version
of (MonI ), where the S-Monotonicity of 𝑓 and the ≤-closure of 𝑔
are applied only until a potential conflict arises.

We are going now to present the algorithms to model an entail-

ment relation equivalent to RCwithin our framework. Conceptually,

the procedure, is as follows:

• identify conflicts and, thus, exceptional conditionals;

• assign a rank to the conditionals;

• build a conditional interpretation that is closed under RM;

and

• decide entailment of a conditional via triangle verification

with that model.

Algorithm 12 identifies potential conflicts: that is, to identify among

the conditionals 𝐴 ⇒ 𝐵 in K all the potential conflicts, i.e. the

cases in which we would be forced to conclude 𝐴⇒ ⊥ if we were

reasoning monotonically. Formally, 𝐴 ⇒ 𝐵 ∈ K is exceptional
w.r.t. K iff K ⊨P∗ ⊤ ⇒ ¬𝐴 (𝐴 is not satisfied in all the typical

situations).

Algorithm 12: Exceptional(K)
Input: A conditional KB K
Output: E ⊆ K s.t. E is the set of exceptional conditionals w.r.t. K and P∗
1: IK ← CharacteristicModel(K)
2: I ← PClosure(K, P∗ )
3: E ← ∅
4: foreach𝐴⇒ 𝐵 ∈ K do
5: if ⊤△¬𝐴 ∈ I then

E ← E ∪ {𝐴⇒ 𝐵}

6: return E

Using Algorithm 13, which builds on Algorithm 12, we rank

conditionals in K into different levels of exceptionality.

This ranking enables Algorithm 14 to assign a level of excep-

tionality to any formula relative to the overall ranking. Finally,

Algorithm 15 uses the ranking to construct the characteristic model

of the closure of K under P∗ and (RM) by modifying 𝑓 and 𝑔 in

such a way to enforce Monotonicity wherever possible, while avoid-

ing potential conflicts. Now, we can prove that I𝑟K , the output of
RClosure(K,X), satisfies (RM).
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Algorithm 13: ComputeLayers(K)
Input: A conditional KB K
Output: An exceptionality ranking 𝑟K of the conditionals and an exceptionality

ranking 𝔄K of the antecedents

1: 𝑖 ← 0

2: E0 ← K
3: E1 ← Exceptional(E0)
4: A0 = {𝐴 | 𝐴⇒ 𝐵 ∈ E0 \ E1 }
5: while E𝑖+1 ≠ E𝑖 do
6: 𝑖 ← 𝑖 + 1
7: E𝑖+1 ← Exceptional(E𝑖 )
8: A𝑖 = {𝐴 | 𝐴⇒ 𝐵 ∈ E𝑖 \ E𝑖+1 }
9: E∞ ← E𝑖
10: A∞ ← {𝐴 | 𝐴⇒ 𝐵 ∈ E∞ }
11: 𝑟K ← (E0, . . . , E𝑖−1, E∞ )
12: 𝔄K ← (A0, . . . ,A𝑖−1,A∞ )
13: return ⟨𝑟K ,𝔄K ⟩

Algorithm 14: ComputeHeight(𝐴,K)
Input: A formula𝐴, a conditional KB K
Output: The height of the formula𝐴

1: ⟨𝑟K ,𝔄K ⟩ ← ComputeLayers(K)
2: 𝑛 ← (|𝑟K | − 1)
3: 𝑖 ← 0

4: ℎ𝐴 ← 0

5: while 𝑖 ≤ 𝑛 or ℎ′ = ℎ𝐴 do
6: 𝑖 ← 𝑖 + 1
7: ℎ′ ← ℎ𝐴
8: I ← PClosure(E𝑖 , P∗ )
9: if ⊤△¬𝐴 ∈ I then

ℎ𝐴 ← ℎ𝐴 + 1

10: if ℎ𝐴 = 𝑛 + 1 then
11: I ← PClosure(E∞, P∗ )
12: if ⊤△¬𝐴 ∈ I then

ℎ𝐴 ←∞

13: return ℎ𝐴

Algorithm 15: RClosure(K)
Input: A conditional KB K
Output: The conditional interpretation I𝑟K = (𝑓 , 𝑐 ) , characterising the RC of K
1: ⟨𝑟K ,𝔄K ⟩ ← ComputeLayers(K)
2: 𝑛 ← (|𝑟K | − 1)
3: I𝑟K = (𝑓 , 𝑔) ← PClosure(K, P∗ )
4: foreach𝐴 ∈ L do
5: ℎ𝐴 ← ComputeHeight(𝐴,K)
6: 𝑗 ← ℎ𝐴
7: foreach 𝐵 ∈ A 𝑗 (A 𝑗 ∈ 𝔄K ) do

8: if 𝐴 ≤ 𝐵 then
9: 𝑓 (𝐴) ← 𝑓 (𝐴) ∪ 𝑓 (𝐵)
10: foreach 𝐷 ∈ L do

11: if 𝐵 ∈ 𝑔 (𝐷 ) then
12: 𝑔 (𝐷 ) ← 𝑔 (𝐷 ) ∪ {𝐴}

13: foreach 𝑃 ∈ P∗ do
14: I𝑟K ← Palg (I𝑟K )
15: I𝑟K ← Reduction(I𝑟K )
16: return I𝑟K

Proposition 9. Given any conditional base K , RClosure(K)
returns a model I𝑟K that corresponds to the RC of K .

A straightforward consequence of Proposition 9 is that the model

I𝑟K satisfies (RC), since RC is closed under such a property [23].

Corollary 3. Given any conditional base K , RClosure(K) re-
turns a model I𝑟K closed under (RM).

Referring to the model I𝑟K , we define an entailment relation that

adapts RC to our semantic framework.

Definition 4. Let K be a conditional KB. A conditional 𝐴⇒ 𝐵

is RC-entailed by K , denoted K ⊨rc 𝐴⇒ 𝐵, iff I𝑟K ⊩ 𝐴⇒ 𝐵, where
I𝑟K is the model returned by RClosure(K).

Computational Complexity. We shortly address the computa-

tional complexity of our algorithms. It is not difficult to see that

the computational complexity of our algorithms depends critically

on |L|. Specifically, the following can be shown.

Proposition 10. For all algorithms 1-15 and entailment checks
the worst case running time is polynomial w.r.t. |L|.

We conclude with an illustrative example.

Example 2. Let K = {b ⇒ f, (b ∧ p) ⇒ ¬f}. It is the usual
penguin example: b is bird, p is penguin, f is flying; also, s is sparrow.
Let’s check whether (p∧b)△f ∈ I𝑟K . In the characteristic model ofK ,
IK = (𝑓K , 𝑔K ), (p∧b) ∉ 𝑔K (f), otherwise, by Definition 1, we would
have had (p ∧ b) ⇒ f ∈ K . Since p ∧ b appears as an antecedent
in K , we know its level of exceptionality from ComputeLayers(K):
(p∧ b)△¬f implies b△p→ ¬f3; By (And) we have b△f∧ (p→ ¬f)
and, by (RW), b△¬p, that implies ⊤△b → ¬p, that is, by (RLE),
⊤△¬(b∧p). In fact, from ComputeLayers(K) we obtain E1 = {(b∧
p) ⇒ ¬f} and E2 = ∅. Hence (p ∧ b) ∈ A1 and (easy to check)
being in A1 implies that ℎ (p∧b) = 1. Since the only element of A1 is
(p ∧ b) itself, there are no changes in the 𝑓 and in the 𝑔 involving
(p ∧ b), and consequently (p ∧ b)△f ∉ I𝑟K . That is, we cannot derive
that penguins fly. Now we can check whether (s ∧ b)△f ∈ I𝑟K . Since
(s∧b) ⇒ f ∉ K , (s∧b) ∉ 𝑔K (f). From Computeheight((s∧b),K)
we obtain ℎs∧b = 0, since we cannot obtain ⊤ ⇒ ¬(s ∧ b) from the
closure of K under P∗. Let’s check how 𝑓 and 𝑔 are modified w.r.t.
(s∧ b) by Algorithm 15. We have that b ∈ A0 and (s∧ b) ≤ b. Since
f ∈ 𝑓K (b), by line 9 in Algorithm 15 we end up with f ∈ 𝑓 (s ∧ b)
in the final model I𝑟K . Analogously, b ∈ 𝑔K (f), and, by line 12 in
Algorithm 15, in the final model I𝑟K we have (s ∧ b) ∈ 𝑔(f). Hence
we can conclude that (s ∧ b)△f ∈ I𝑟K : since we have no potential
conflicts, sparrows inherit the property of flying from typical birds.

5 Conclusions
Summary. We have demonstrated how key forms of reasoning

can be captured within the framework of conditional interpreta-

tions [11], an approach that departs significantly from the tradi-

tional possible-worlds semantics commonly used in the literature.

Instead, reasoning is modelled via the manipulation of choice func-

tions 𝑓 and 𝑔, offering a level of flexibility not typically afforded by

possible-worlds frameworks. Notably, this semantics supports the

formalization of a wide range of reasoning rules, with the distinc-

tive property that, regardless of the chosen rule set, a characteristic

model of its closure always exists.

In particular, we have shown how to model different forms of en-

tailment, beginning with classical monotonic entailment relations

and extending to non-Horn properties such as Rational Monotonic-

ity (RM), and have proposed algorithms that operate directly on

the characteristic model of a conditional base under a given set of

3
The closure under P∗ validates the derivation of𝐴⇒ 𝐵 → 𝐶 from𝐴 ∧ 𝐵 ⇒ 𝐶 [21,

Lemma 5.2].
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reasoning rules. This enables entailment of a conditional 𝐴⇒ 𝐵 to

be determined by simply verifying whether𝐴△𝐵 holds in the model

- a development that underscores the flexibility of our approach.

We believe this framework has the potential to support novel char-

acterizations of entailment relations, including the integration of

pattern-based constraints, as found in multiple inheritance net-

works [10, 18, 29].

Closely related work. There have been a few attempts to for-

malise non-classical forms of conditional reasoning that do not

satisfy properties like (RW), e.g. [5, 7, 28]. The property (RW) is

inbuilt in other possible-worlds semantics, such as the very general

framework based on Plausibility Measures [15]. Our approach di-

verges from traditional methods by abandoning possible worlds and

modeling reasoning through the manipulation of choice functions

𝑓 and 𝑔, which we believe offers greater flexibility. If we consider

forms of reasoning that are closed at least under (LLE), (RLE), and

(Anti-RW) (a constrained for of (RW)), it is possible to revert to the

possible-worlds framework as in [7], though the relationship be-

tween that framework and ours remains unexplored. Additionally,

in [26] a deontic system, based on I/O logics [25], which initially

satisfies (only) (RLE), is presented.

Future work. First of all, we would like to look at various other

forms of non-monotonic closure operations, such as Relevant Clo-
sure [6], Lexicographic Closure [22], Inheritance-based ones [10, 18,

29], c-inference [1, 19], and System W [17, 20]. We want to inves-

tigate how these frameworks can be addressed in the context of

conditional interpretations. Also, we intend to investigate the clo-

sure under constrained forms of the classical closure properties (e.g.,

(AntiRW) w.r.t. (RW) [7]), in the same perspective used for the de-

velopment of systems satisfying constrained forms of monotonicity.

Another topic for future work involves the development of scal-

able reasoning algorithms. The (brute-force) reasoning algorithm

presented here are intended primarily as a theoretical tool. Nonethe-

less, given the operational nature of our semantics, we are looking

for an implementation for some suitable logics. Achieving this will

require refining the algorithms, both in terms of their formulation

(e.g. removal of redundant computations –as they occur right now)

and through the use of efficient data structures. For example, one

could represent a characteristic model as an annotated graph with

𝑓 , 𝑔, and ≤ edges, enabling direct graph-based construction of the

characteristic model. In the light of Proposition 10 another direc-

tion of future research is to consider those cases in which both

|L| and testing ≤ may be polynomially bounded by the size of a

KB. In fact, we believe that our approach holds particular promise,

potentially also from a computational standpoint, when applied to

non-classical reasoning in low-complexity knowledge compilation

based methods, such as graph-based semantic frameworks (RDFS or

knowledge graphs [12]) or the ontology language OWL 2 EL [13].
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