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Classical Logics and Knowledge Representation and
Reasoning (KRR)



Propositional Logic



Propositional Logic: Basic Ideas

The elementary building blocks of propositional logic are
» atomic propositions (or simply atoms) that cannot be
decomposed any further: E.g.,

» “The block is red”
> “ltis raining”

» logical connectives “and”, “or”, “not”, by which we can build
propositional formulas



Propositional Logic: syntax

Atomic Propositions

L (denoting false)
T (denoting true)
Any letter of the alphabet, e.g.: p
Any letter of the alphabet with a numeric subscript and/or
superscript, €.9.: G4, p’, I,
» Any alphanumeric string, e.g.: “Tom is the driver”
is an atomic proposition (or simply and atom)



Well-Formed Propositions (WFPs)

[

. Every atomic proposition is a wfp
. If o is a wfp, then so is (—«)
. If « and 3 are wfps, then so are
(conjunction) (a A B) (disjunction)  (aV p)
(implication) (o — ) (equivalence) («a <« fB)
4. Nothing else is a wfp

W N

» Parentheses may be omitted
» we allow (py A---App)and (pr V-V pp)

» Square brackets may be used instead of parentheses
» The symbols —, A, V, —, ++ are called logical connectives



Examples of (WFPs)

((pA(qve)) —d)

(“Betty drives Tom” — (— “Tom is the driver”))



Summary: Syntax of Propositional Logic

Countable alphabet ¥ of atomic propositions: a, b, c, ...

a, 8 —
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(true)
(negation)
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conjunction)
disjunction)
implication)
equivalence)

T
< >
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Atom : atomic proposition

Literal : atomic proposition or negated atomic proposition
(e.g., a, —b)



Semantics: Intuition

» Atomic statements can be true (T) or false (F)

» The truth value of formulas is determined by the truth
values of the atoms

Example: (av b) A cC
» If aand b are false and c is true, then the formula is false
» If aand c are true, then the formula is true



Semantics: formally

» A truth value assignment (or interpretation) of the atoms in

Y is a function Z:

7 = «liff
IET
THL
ITkEa
7 E -«
IEang
IE=aVvp
IEa—p
ITEa+ S

Z:¥—{TF}

> Instead of Z(a) we also write a’
» A formula « is satisfied by an interpretation Z, denoted

iff
iff
iff
iff
iff
iff

a=T

T«
IEFaandZ=p
IEaorZEp

ifZ=athenZ =4
Ik aifandonlyifZ =3



Example

» Consider the formula o
(avb)rc

» Let Z; be the interpretation

al o= T
b = F
o= T

then Z; = o

Iy =(avb)ance iff Zy=(avb)andZy =c
iff 7y =(avb)andch =T
iff (Zy maorZy=b)andch =T
iff (@ =Torbl=T)andch' =T



Example

» Consider the formula o

(avb)rc

> Let 7, be the interpretation

then 7 j~= o



Truth Tables

The truth of a formula ~ in an interpretation Z (denoted ~%) can
also be determined using truth tables

a | "« aﬁ‘a/\ﬂ aﬂ‘a\/ﬂ
T| F F F F F F F
FI T F T F F T T
T F F T F T
T T| T T T T
aﬁ‘a%ﬁ aﬁ‘aHB
F F T F F T
F T T F T F
T F F T F F
T T T T T T



Example

» Consider the formula «

(avb)rc

> Let 74 be the interpretation

ak
bt
ch

then Z; = o
» Infact,oX' =T

ot = (aBvbh)ACchH
= (TVF)AT

TAT

T

— -



Example

» Consider the formula «

(avb)rc

> Let 7, be the interpretation

ale
bl2
cle

then Z, - o
» Infact, ol =F

oz = (af2vbR)ach
(

—H T



Semantics: Interpretations as {0, 1}-functions

» An interpretation can also be specified as a function

I:¥ —{0,1}

» The intuition is that a© = 1 means that ais True, while

al = 0 means that a is False:

ITEa iff af =1

» The truth o of a formula « in Z can be established using

the rules:

—|O[)Z

1—af

max(aZ, 5T)
min(aZ, 57)
max(1 — of, %)
1— ot — B



Example

» Consider the formula o

(avb)Ac

» Let Z; be the interpretation

ak
b
ot

then Z; = o
» In fact, ot = 1

ot = (abvbh)Ach
= min(max(1,0),1)

= min(1,1)

= 1

—

—



Example
» Consider the formula o

(avb)rc

> Let 7, be the interpretation
a =
bl2
T =

|
-~ oo

then Z, t~ o
» Infact, ot =0

oz = (af2vbR)ach
= min(max(0,0),1)

= min(0,1)

= 0



Semantics: Interpretations as sets

» An interpretation can also be specified as a subset of L,
i.e.ZCx

» The intuition is that the atoms in Z are considered True,
while the others are considered False:

Ika iff aeZ

» For instance, the interpretation Z

aZ = T
bT = F
& =T
can be represented as

7 ={a,b}



How many interpretations do exists?

» Suppose there are has n different atoms

» Each atomis either T or F, — there are 2" interpretations

> Example: given « as the formula (aV b) A ¢, there are 2° = 8 different

interpretations for «

Interpretation | a | b | ¢ | Binay Representation | Set Representation
7 FIF|F (0,0,0) [
I FIF|T (0,0,1) {c}
I3 FIT|F (0,1,0) {b}
4 FIT|T (0,1,1) {b,c}
s T|F|F (1,0,0) {a}
Zs TIF|T (1,0,1) {a,c}
17 T|T|F (1,1,0) {a, b}
Ts TIT|T (1,1,1) {a, b, c}

» The interpretations correspond to all possible subsets of {a, b, c}

> Note: Z; = aiff j € {4,6,8}




Satisfiability and Validity

» An interpretation Z is a model of a iff Z = «

» An interpretation Z is a model of set KB of formulae KB iff
Z Eaforallae KB
» A formula « (a set of formulae KB) is
» satisfiable, if there is some Z that satisfies o (KB)
» unsatisfiable, if « is not satisfiable
» falsifiable, if there is some Z that does not satisfy o
» valid (i.e. a tautology), if every 7 is a model of «
» Two formluae «, 5 are logically equivalent (denoted o = ),
if for all Z:

Tl aiffT =3



Examples

» Satisfiable: aVv (b A c)

» Unsatisfiable: (aV b) A (maVv ¢c) A (=bV —c)

> Falsifiable: aV (b A c)

» Valid: (aA(a— b)) — b)

» Logically equivalent: av (bAc)=(aVvb)A(aVve)



Some Consequences

Proposition:  » « is valid iff -« is unsatisfiable
» « is unsatisfiable iff -« is valid

Proposition: a = g iff a «+ 3 is valid
Proposition: If « = 3, and § is the result of replacing « in v by
B,then v = 4.



Equivalences (l)

Commutativity avf = fVa
aANfB = BAa
as-pf = e
Associativity (aVp)Vy = aV(BVy)
(aAB)Ay = an(BAy)
Idempotence aVa = «
alNa = «o
Absorption aV(aAp) = «
aN(aVp) = «a
Distributivity aV(BAYy) = (aVB)A(aVy
an(BVa) = (aAf)V(aAy



Equivalences (ll)

Tautology avT = T
aV-a = T
Unsatisfiabilty aAnF = F
aN—-a = F
Neutrality aAT = «
aVF = «
Double Negation —-—a = «
De Morgan Law  —(aV B) = (—a)A(=8)
~(anp) = (ma)V(=p)
Implication o — S = (—a)Vvp
“(a—=pB) = aA(-p)
Equivalence a « g = (a= BN (B — )
~(aeB) = (CanB)V(-BA)



Normal Forms

There exists some standardized forms of formulae:
» Negation Normal Form (NNF): only atoms can be negated
Example: (aV (—=b)) A ((=¢) — ((—b) A d))
» Conjunctive Normal Form (CNF): conjunction of
disjunctions of literals (called clauses)

(/11\//12\/. . .\//1,-,1 )/\(121\//22\/. . .\//2,72)/\. . ./\(/m1\//m2\/. . .\//mnm)

Example: (aV (=b)) A ((—c) V (=b) vV c) A (cV aV (—d))
» Disjunctive Normal Form (DNF): disjunction of
conjunctions of literals

(/11/\/12/\. . ./\/1,,1 )\/(/21/\/22/\. . ./\/2,72)\/. . .\/(/m1/\/m2/\. . ./\/mnm)

Example: (aA (=b)) vV ((—c) A (=b) Ac) VvV (c A anA (—d))



Normal Forms, cont.
» k-CNF: A CNF in which every clause has at most 3 literals
» Horn clause: clause with at most 1 atom
Example:
-cV-bVvc

» Horn clause may be written as
ayAN...Nan—b

» Krom clause: clause with at most 2 literals
Example:
(—aV —b)

» Krom clause may be written as
/1 — /2

» Can be represented as a graph, with nodes /; and edges —

—®



Proposition
For every propositional formula there exists
» one equivalent formula in NNF
» one equivalent formula in DNF
» one equivalent formula in CNF
» one equivalent formula in 3-CNF.



Transformation into NNF

Apply recursively the following equivalences

= «
(oz\/ﬁ) = ~aAf
—(aANpB) = -~aV-p
“(a—=pB) = an-p
(e f) = (raAB)V(=BAa)



Transformation into CNF

1. Transform into NNF; then
2. Apply recursively the following equivalences

aVv(BAy) = (aVB)A(aVy)
a— [ = -aVp
asf = (a= BN (B —a)



Transformation into DNF

1. Transform into NNF
2. Apply recursively the following equivalences

an(BVy) = (aAB)V(xA9)
a— 3 = (-a)Vvp
asf = (a= BN (B —a)



Transformation into 3-CNF

1. Transform into CNF; then
2. Apply recursively the following equivalence (n > 3)

(hv...VIh) = (hvhVy)AN(myVhV...V)

where y is a new atom



Why Normal Forms?

» We can transform propositional formulas, in particular, we
can construct their NNF, CNF, 3-CNF and DNF

» DNF tells us something as to whether a formula is
satisable. If all disjuncts contain L or complementary
literals, then no model exists. Otherwise, the formula is
satisfiable

» CNF tells us something as to whether a formula is a
tautology. If all clauses (i.e., conjuncts) contain T or
complementary literals, then the formula is a tautology.
Otherwise, the formula is falsifiable

But,

» the transformation into DNF or CNF may be expensive
(exponential in time/space) Example:

(anb)vicnd) D (ave)a(avd)a(bve)a(bvd)



Satisfiability of KBs

> A set KB of formulae is satisfied iff Z = a for all « € KB
» An interpretation Z is a model of set KB of formulae
(denoted Z |= KB) iff Z = o for all « € KB
> A set KB of formulae is
» satisfiable, if there is some Z that satisfies KB
» unsatisfiable, if KB is not satisfiable

» A set KB of formulae entails a formula « iff « is true in all
models of KB, i.e.

KB = o iff T = «forall models of KB



Some Properties of Entailment

Deduction Theorem: KBU {a} = iff KB=a —
Contraposition Theorem: KBU {a} = g iff KBU {-f} = ~«

Contradiction Theorem: KB |= « iff KBU {—«a} is unsatisfiable



Checking Entailment by Enumeration

» How can we verify whether KB = a?
» We enumerate all interpretations Z and verify that:

1. if Z is a model of KB then Z is also a model of «;
or equivalently
2. KBU {—«a} is not satisfied by Z (contradiction theorem)



Example

Consider KB = {a,a — b} and a = b. Let us show that KB = «

albllasb| KB al KBU{-a}
o [FIF| T [ F F F
LIF[T| T |[F T F
I, |T|F| F | F F F
L T|T| T [T T F

Hence
> «is true in all models of KB; or equivalently
» KBU {—«a} is unsatisfiable

Therefore, KB = «



Checking KB Satisfiability using analytic tableaux
> A tableaux is tree, where each node is a formula a
» Tableau Inference Rules
1. If a path contains « A 8 then it contains « and g

2. If a path contains a Vv 3 then it contains either « or 8
A clash is a path containing « and -«
A tableau is clash free if there is path not being a clash
A tableau is complete if no rule can be applied to a path
> A KB is satisfiable iff there is a clash-free and complete tableau for it

@
)

vvyy

Tableau fore Ab A (—aVv c) A (—cV —b)

102020



Checking KB Satisfiability using DPLL algorithm

» For C= Il A...Aln Cliteral consistent iff not both / and =/ occur in C for some
letter /
» literal / occurs pure in C iff =/ does not occur in C
»> C[l/T]is as Cin which any occurrence of / is replaced with T, C[// L] is as C in
which any occurrence of [ is replaced with L, and
> F v T isreplaced with T, F v L is replaced with F

DPLL: Davis-Putnam-Logemann-Loveland
1. Let C = Apcyg CNF(F), where CNF(F) transforms F into CNF

2. Return DPLL(C)

Function DPLL(C)

input : A formula C in CNF
output: True if C satisfiable, false otherwise

repeat
if C literal consistent then
return true

end
if (C contains a conjunct that is L) OR (C not literal consistent) then
return false

end
foreach conjunct in C being a literal I do C = C[I/T];
foreach literal | that occurs pure in Cdo C = C[I/T];
until none of the previous steps is applicable;
I: = chooselLiteral(C);
return DPLL(CI[//T]) OR DPLL(C[I/L]) ;




Checking KB Satisfiability using Resolution

> AformulaC=CiA...AC;A...A Cpin CNF, where
Ci=1lVv...v /ik, can be represented as a set of clauses,

where a clause is a set of literals
> Ci= {I,-”...,/,»kl_}, C={Cy,...,Cn}
» Resolution rule:
fromclausesC={...,/,...},C' ={...,~l,...}
infer CUC'\ {I, -/}

Proposition

For a KB being a set of clauses, KB unsatisfiable iff the empty
clause can be inferred.



Example

Consider Cy = {a, b}, C> = {—a,c}, C3 = {—b}, Cy = {—c}
1. from C; and C; infer Cs = {b, c}
2. from C4 and Cj infer Cg = {c}
3. from Cg and Cy infer C; = ()

Therefore, C = {Cy, Cy, C3, C4} is not satisfiable



Checking KB Satisfiability using ILP

» An alternative method for satisfiability checking consists on
relying on Integer Linear Programming (ILP)
» Basic idea:
» For a formula ¢ consider a variable x, taking values in {0,1}
» The intuition is that ¢ is true iff x4 =1
» Apply semantic preserving transformations, generating ILP

equations
» Check if the set of inequations has a solution



Consider a knowledge base KB
1. EQg =0

2. Forall ¢ € KB,EQkp := EQg U {xy = 1,0(0)}

xp € {0,1}
Xp =1=x4r,0(¢"), x4 € {0,1}

X = min(Xe, , Xp,)
o(¢) = a(#1), o(b2), xp € {0, 1}

Xp = max(x¢1 7Xd>2)
o(#1), o(d2), Xp € {0,1}

o(=¢1 V $2)
o((¢1 = d2) A (d2 — ¢1))

Note1: x = min(y,z)isx < y,x < z,x>y+z—1
Note2: x = max(y, z)isx > y,x > z,x < y+z
Proposition
KB satisfiable iff EQxg has a solution.

if

if

if

if

if

b=p
¢ =g’

¢ =P1 N P2

¢ =P1V P2

¢ =1 — P2
¢ =1 < P2 .



Example

Consider KB = {a,a — b}. Let us show that KB = b
1. Consider KB' = KB U {—b}
2. We have to show that KB' not satisfiable
3. Compute EQyg

EQw = {Xa=1,xaw=1xp=1}

U {X-b=1—xp,x € {0,1}}

U {X=a+ Xb > Xoavb, X=a < Xoavb, Xp < X-avb}
U

{X-a=1-Xsx-a€{0,1}}

4. It can be verified that EQyg does not have a solution



Proposition
Checking the satisfiability of a propositional 3-CNF KB is a
NP-complete problem.



Exercise: Expert System for Automobile Diagnosis

Knowledge base

Observed

Prove

(GasInTank A FuelLineOK) — GasInEngine
(GaslInEngine A GoodSpark) — EngineRuns
(PowerToPlugs A PlugsClean) — GoodSpark
(BatteryCharged A CablesOK) — PowerToPlugs

—EngineRuns, GasInTank, PlugsClean, BatteryCharged

—FuelLineOK v —CablesOK



First-Order Logic



Pros and Cons of Propositional Logic

» We can already do a lot with propositional logic
»> Propositional logic is declarative
» Propositional logic allows partial/disjunctive/negated
information
» Propositional logic is compositional
» Meaning in propositional logic is context-independent
» But it is unpleasant that we cannot access the structure of
atomic sentences
» Atomic formulas of propositional logic are too atomic
» They are just statements which my be true or false but

which have no internal structure
» Propositional logic assumes the world contains facts



First-Order Logic: Basic ldeas

» In First Order Logic (FOL) the atomic formulas are
interpreted as statements about relationships between
objects

» FOL (like natural language) assumes the world contains:

Objects: people, houses, numbers, colors, baseball
games, wars, ...
Relations: red, round, prime, brother of, bigger than, part
of, comes between, ...
Functions: father of, best friend, one more than, plus, ...



Predicates and Constants

» Let’s consider the statements:
Mary is female
John is male
Mary and John are siblings
» In propositional logic the above statements are atomic
propositions:

MarylsFemale
JohnlsMale
MaryAndJohnAreSiblings

» In FOL atomic statements use predicates, with constants
as argument
Female(mary)
Male(john)
Siblings(mary, john)



Variables and Quantifiers

» Let’s consider the statements:
Everybody is male or female
A male is not a female
» In FOL predicates may have variables as arguments,
whose value is bounded by quantifiers

vx.Male(x) v Female(x)
vx.Male(x) — —Female(x)

» Deduction (why?):
» Mary is not male
> i.e., —-Male(mary)



Functions

» Let’s consider the statement:
The father of a person is male

» In FOL objects of the domain may be denoted by functions
applied to (other) objects:

vx.Male(father(x))



Syntax of FOL: atomic sentences

» Countably infinite supply of symbols (signature):

» variable symbols: x,y, z, ...

» n-ary function symbols: f, g, h, ...

» individual constants: a, b, ¢, ...

» n-ary predicate symbols: P, Q. R, ...

Term:

t — X (variable)
| a (constant)
| f(t,....,tn) (function application)

Ground Term: terms that do not contain variables
Atomic Formula:

a — P(ty,...,tn) (atomic formula)

Ground Atom: Atom that does not contain variables



Examples

Term: father(x), +(x,y)
Ground Term: father(john), +(2, 3)

Atom: Loves(john, x)
Ground Atom: Loves(john, mary)



Syntax of FOL

Formula:
o, — P(t, ..., ty)
| L
| T
| —a
| anp
| avp
| a—=p
| aep
| Vx.«
| I«

(atomic formula)
(false)

(true)
(negation)
(conjunction)
(disjunction)

(implication)
(equivalence)

(universal quantification)
(existential quantification)

Ground Formula: Formula that does not contain variables

Examples: » Everyone in ltaly is smart:
vx.In(x, italy) — Smart(x)
» Someone in France is smart:
3x.In(x, france) A Smart(x)



Open, Closed and Ground Formula

» A formula with a free variable (not bounded by a quantifier)
is called open

Vx.[P(x,y) < [3x.3z.[Q(x,y,z) — R(x,y)]]]
» A formula with no free variables is called closed
Yy ¥x.[P(x,y) < [3x.3z.[Q(x,y,z) — R(x, y)]]]
» A formula with no variables is called ground

[P(a,b) <+ [Q(a,b,c) — R(a,b)]]



Semantics of FOL: intuition

» Just like in propositional logic, a (complex) FOL formula is
either true or false with respect to a given interpretation

» An interpretation specifies referents for

constant symbols +— objects
function symbols +— functional relations
predicate symbol — relations

» An atomic sentence P(t,...,t,) is true in a given
interpretation iff the objects referred to by t,...,t, are in
the relation referred to by the predicate P

» An interpretation in which a formula is true is called a
model for the formula



Semantics of FOL: Interpretations

> Interpretation: Z = (A, 1)

> A is an arbitrary non-empty set of objects
» T s a function that maps

> any constant ainto an object in A:
aeh
» any n-ary function symbol f to a function:
A" - A
> any n-ary predicate symbol P to a relation:

PIgAn



Interpretation Example

Consider
x.3y.Loves(x, friendOf(y))
Loves(a, b)
> Interpretation: Z = (A, -%)
» A = {john, mary, tim, claudia}

» mapping of constants:

al = john
b*

= mary
» mapping of functions:

mary if d=john
claudia if d=mary
john if d=tim

tim if d = claudia

friendOf* (d) =

» mapping of predicates:

Loves™ = {(john, mary), (john, claudia), (mary, tim), (claudia, tim)}



Example (cont.)

The same interpretation can also be represented as:
> Interpretation: Z = (A, -T)
» A = {john,mary,tim, claudia}

» mapping of constants:

al = john
bt = mary

» mapping of functions:

{friendOf(john, mary), friendOf(mary, claudia),
friendOf(tim, john), friendOf(claudia, tim) }

» mapping of predicates:

{Loves(john, mary), Loves(john, claudia),
Loves(mary, tim), Loves(claudia, tim)}



Semantic of FOL: interpretation of ground terms

» Interpretation of ground terms
f(ty, ... t)F = A(tZ,... t7h)
Example:

(friendOf(a))* = friendOf*(aZ)
— friendOf” (john)
= mary



Semantic of FOL: Satisfaction (Model)

» Satisfaction (model of) of ground atoms P(t;, ..., ty)

TEP(,... ty) iff (H%,...  tF) € PT

Example:
» 7 = Loves(a,b)

7 = Loves(a,b)

» T |~ Loves(b, a)

7 |~ Loves(b, a)

iff

iff
iff

(aZ,b?) € Loves”
(john, mary) € Loves”

(b”,a%) ¢ Loves”
(mary, john) ¢ Loves”



Semantic of FOL: Variable Assignments

> An Interpretation Z = (A, -Z) maps
> avariable x into an object in A:

xten
» Let x be a variable and let d € A be an object. Then
i
is an interpretation, which is as Z, except that x is mapped
into d: i.e.
S _ I if z#x
- d if z=x
For instance, .
X = g
2 fZ
P _ pI



Interpretation Example

Consider: Loves(x, )
> Interpretation: Z = (A, -T)
»> A = {john, mary, tim, claudia}
> mapping of variables:
XI
yI

john
mary

> mapping of predicates:
Loves” = {(john, mary), (mary, tim)}
> T = Loves(x,y)

T = Loves(x,y) iff (xT,yZ) e Loves”
iff  (john, mary) € Loves®

> 7gaudia LL | oves(x,y)

claudia . zclaudia  rclaudia claudia
Iy = Loves(x,y) iff (xv YY) & Loves™y

iff (xZ,claudia) ¢ Loves”
iff  (john, claudia) ¢ Loves”



Semantics of FOL: Satisfiability of formulae

» An interpretation Z satisfies (is a model of) a formula « («
is true in Z), denoted 7 = « iff:

T Pt,... t)
7 E -«
IEaNp
IEaVvp
IEa—p
IEa+p

iff
iff
iff
iff
iff
iff

R A
T a
ITE=aandZ =4
IEaotZEp
ITE-aVp
IE(a—=B)A(B—a)



Semantics of FOL.: Satisfiability of formulae (cont.)

T =Vx.a iff forallde AT =a

7 }=3x.a iff forsomed e A,Z¢ = o

> 7 satisfies (is a model of) a set of formulae KB (denoted
T = KB)iffforeacha € KB, T = «



Example
Interpretation Z = (A,

BlockZ
Red?

Z) with
(dh,... o} with n > 1

= d y'=d

— 4 b= d

= {di}

= A

1. Z |= Block(a) v —Block(a) ?
2. T = Block(x) — —Block(y) ?
3. T = ¥x.3y.[Block(x) — Red(y)] ?

4. For KB = {Block(a), Block(b), ¥x.[Block(x) — Red(x)]}

Tl=KB?



Satisfiability and Validity

Similarly as in propositional logic, a formula a can be
satisfiable, unsatisfiable, falsifiable or valid

| 4

| 2
| 2
>

« is satisfiable iff there is some model Z of a
« is unsatisfiable iff there is no model Z of «
« is falsifiable iff there is some Z not satisfying

«is valid (i.e., a tautology) iff every interpretation Z is a
model of «



Equivalence

Analogously, two formulas are logically equivalent (denoted
a = B) if for all Z we have
ITEa iff TER

Note that P(x) # P(y).
Indeed, consider Interpretation Z = (A, -Z) with

A = {di,d}

i = di ¥yt = d

P = {di}



Entailment

Entailment is defined similarly as in propositional logic.

» A formula « entails a formula 5 (denoted a = 5) iff 5 is true
in all models of «

> A set KB of formulae entails a formula o (denoted KB = «)
iff o is true in all models of KB

Proposition: KB = « iff KB U {—a} is not satisfiable.



Example

KB ={ Human(socrates),
Vx.[Human(x) — Mortal(x)] }

KB [ Mortal(socrates) ?

Yes.
Consider a model Z = (A, -T) of KB
Then Z = Human(socrates), i.e. socrates” € Human”

Then Z = ¥x.[Human(x) — Mortal(x)], i.e. Human” C Mortal”

vV v vy

As a consequence, socrates” € Mortal”,
i.e. Z = Mortal(socrates)

» Therefore, Z = Mortal(socrates) in any model Z of KB,
i.e. KB = Mortal(socrates)



Example

KB ={ Block(a),Block(b),
Vx.3y.[Block(x) — Red(y)] }

KB = Red(b)?

No.
Consider Z = (A, -Z) with

A = {di,do}

al = d bl =
Block? = {di,d>}
Red? = {di}

Then 7 = KB, but Z [~ Red(b).



More Examples

> = x.[P(x)V -P(x)]
> P(a) = 3x.P(x)
» 3x.[P(x) A [P(x) = Q(x)]] = 3x.Q(x)



Equality

v

Equality is a special predicate
Syntax: t; = t, for terms t; and &
Semantics: Z = t = b iff 47 = 7, i.e., t; and b, refer to
the same object
Example: two humans are siblings iff they have the same
parents
vx.vy.[Sibling(x,y) <+ [-(x=Yy)A
dm.3f.[-(m = f) A Parent(m, x) A Parent(f, x)A
Parent(m,y) A Parent(f, y)]]]



Notes on Universal Quantification

» “Everyone in Italy is smart”:
vx.[In(x, italy) — Smart(x)]

> Typically, — is the main connective with ¥
» Common mistake: using A as the main connective with v

vx.[In(x, italy) A Smart(x)]

means “Everyone is in ltaly and everyone is smart”



Notes on Existential Quantification

> “Someone in France is smart”:
3x.[In(x, france) A Smart(x)]

> Typically, A is the main connective with 3
» Common mistake: using — as the main connective with 3

3Ix.[In(x, france) — Smart(x)]

is true if “there is no one in France”



Properties of quantifiers

> Vx.Vy.a is the same as Vy.Vx.a (why?)
» dx.Jy.« is the same as Jy.3x.a (why?)

> Jx.Vy.a is not the same as Vy.3x.a (why?)
> 3x.Vy.Loves(x,y)
“There is a person who loves everyone in the world”
> Vy.3x.Loves(x,y)
“Everyone in the world is loved by at least one person” (not
necessatrily the same)

» Quantifier duality

vx.Loves(x,beer) = —3x.-Loves(x,beer)
Jx.Loves(x, spinach)

—Vx.—Loves(x, spinach)



Equivalences

All propositional equivalences +

(Vx.a) A B
(Vx.a) V B
(3x.a)A B
(Ix.a) VvV
(Vx.a) A (Yx.5)
(3x.a) V (3x.5)
—VX.«0

—3IX.«

Note:

Vx.(a A B) if x not free in
Vx.(a Vv B) if x not free in 8
Ix.(a A B)if x not free in 8
Ix.(a Vv B) if x not free in 3
Vx.(a A B)

Ix.(aV p)

dx. -«

VX.—a



Equivalences (cont.)

» Let 5! denote the formula obtained from 3 by replacing all
free occurrences of x with the term ¢

> Let Q € {V,3}

(Qix.a) V (Qox.5) Qi x.Quy.(a Vv B%) for new variable y
(Qyx.a) A (Qox.B) = Qix.Qoy.(a A BY) for new variable y

For instance,

<
x
je)
.
<
<
>
Q
>
N—r
Il

vx.Yy.(p(x) V q(¥))
Ix.3y.(p(x) A q(y))

g
x
ko]
>
>
m
>
Q
>
=
|



The Prenex Normal Form

Quantifier prefix + (quantifier free) matrix
Qi x1.QoXo. ... QuXp.au

where Q; € {V,3} and « does not contain any quantifier
1. Elimination of «+» and —
2. Push —inwards
3. Pull quantifiers outwards

For instance

=Xx.((vy.3z.P(x,y, z)) — 3x.Q(x)) =VX.(—(Vy.3z.P(x,y,2)) V Ix.Q(x))
X (=(—(Vy.3z.P(x,y,z)) v Ix.Q(x)))
. (——(Vy.3z.P(x,y,2)) A =3x.Q(X))
Ix.((Vy.3z.P(x,y, 2)) A Vx.=Q(x))
Ix.Vy.3z.(P(x, Y, z) A vx.—Q(x))

Ix.Vy.3z.vu.(P(x,y, z) A =Q(u))

111111



Skolemization

Elimination of 3 in a prenex normal form

dx.a +— o for new constant ¢

Vxdy.a Vx.a}f,(x) for new function symbol f
For instance,

Ix.Vy.3zVu.(P(x,y,2) A=Q(u)) +— Vy.3z.Vu.(P(c,y,z) A —=Q(u))
vy.3z.Vu.(P(c,y,z) A —Q(u)) — Vy.Vu.(P(c,y,f(y)) A =Q(u))

Proposition: Let « be a proposition in prenex normal form and let

sk(«) its skolemization. Then « is satisfiable iff sk(«) is
satisfiable.

Hence any formula can be transformed into a satisfiability preserving
form (« quantifier free):

VXx1.VXo....VXp.«



Herbrand Interpretation

Consider a formula 8 := Vxq.Vx2. ... VXa.r, where « is quantifier free.
Hebrand universe: the smallest set Us of terms inductively defined as:

» if cis a constant that occurs in « then ¢ € Us. If no
constant occurs in « then ¢ € Ug for a new constant ¢

» if fis an n-ary function symbol occurring in « and
t,....,th € Ug, then f(t;,...,t) € U

Hebrand base: the set B of ground atoms such that

» if Pis an n-ary predicate symbol occurring in « and
t1,...,tn€ Uﬁ,then P(t1,...,tn)€ Bg

Hebrand Interpretation: any subset Z of Bg (A € Z means that A is true in Z)



Herbrand Models

A Herbrand model is a Herbrand interpretion that is a model.
For instance, given

B = xVy.(P(f(x)) A Qg(y) v P(a))

Hebrand universe: Ug = {a, f(a), g(a), f(f(a)), f(g(a)), 9(f(a)), ...}
Hebrand base: Bj = {P(a), Q(a), P((a)), P(9(a)), Q(f(a)), Q(g(a)), ...}
Hebrand Interpretation: Examples,

Z
I

{P(a)}
{P(g(a)), Q(f(a))}

Hebrand models: Examples,

1 E B
L ¥ B

Proposition: Vxq.VXz. ... Vxn.a (o quantifier free) is satisfiable iff it has a Hebrand
model. Hence, any formula is satisfiable iff it has a Herbrand model.



The Conjunctive Normal Form

V prefix + (quantifier free) matrix
Vx1.Vxo. .. . ¥Xn.(Cy A Co A ... A Ck)

where each C; (clause) is a disjunction of literals
Proposition: Any formula can be transformed into a satisfiability
preserving Conjunctive Normal Form.
1. Transform the formula into a prenex normal form
2. Apply skolemization

3. Transform the quantifier free matrix into conjunctive normal
form in a similar way as for propositional logic



Excercise

)
I

= {Person(john), Person(andrea), Female(susan), Male(bill) }
{ Loves(andrea, bill), Loves(susan, andrea), HasFriend(john, susan), HasFriend(john, andrea) }
{Vx.Person(x) «+» (Male(x) v Female(x), —~3x.Male(x) N Female(x)}

Cc C

KB |= 3y3z.HasFriend(john, y) A Female(y) A Loves(y, z) A Male(z) ?



Introduction to Semantic Web Languages (SWLs)



The Semantic Web Family of Languages

» Semantic Web family of languages widely used to specify ontologies
> Wide variety of languages

» RDFS: Triple language, -Resource Description Framework
> The logical counterpart is pdf
> RIF: Rule language, -Rule Interchange Format,
> Relate to the Logic Programming (LP) paradigm
» OWL 2: Conceptual language, -Ontology Web Language

> Relate to Description Logics (DLs)



The cases of RDF and RDFS



Resource Description Framework Schema (RDFS)

» RDFS: W3C standard and popular logic for KR
» Statements

» Triples of the form (s, p, 0)
> Informally, binary predicate p(s, 0)

(fever,hasTreatment,paracetamol)
» Special predicates: typing and specialisations, etc.

(paracetamol,type,antipyretic)
(antipyretic,sc,drug)

» Knowledge Graphs may be seen as a special case



The logic of RDF & RDFS: pdf

Syntax:
» Alphabets:

» U (RDF URI references)
» B (Blank nodes)
» L (Literals)

» For simplicity we will denote unions of these sets simply
concatenating their names

» Terms: UBL (g,b,...,w)
» Variables: B (x,y, 2)

> Triple:
(s,p,0) € UBL x U x UBL

> 5,0 ¢ pdf
» s subject, p predicate, o object

» Note: e.g. (type, sp, p) not allowed



» Graph/Knowledge Base G: set of triples 7

» Ground graph: no blank nodes, i.e. variables
» Map (or variable assignment):
> 1 :UBL — UBL, u(t) =t, forall t € UL

#(G) = {(u(s), u(p), u(0)) | (s, p, 0) € G}

» Map u from Gy to Go, and write i : Gy — Go
> if uis such that u(Gy) C Gz



Example

G = {(paracetamol,type,antipyretic),
(antipyretic,sc,drugTreatment),
(morphine,type, opioid), (opioid,sc,drugTreatment),
(drugTreatment, SC, treatment),

(brainTumour,type, tumour),
(hasDrugTreatment,Sp,hasTreatmentL
(hasTreatment,dom, illness),
(hasTreatmentﬂange,treatmentL
(hasDrugTreatmentﬂange7drugTreatmentL
(fever,hasDrugTreatment,paracetamol)

(brainTumour, hasDrugTreatment,morphine) }



Example (Ontology-based Multimedia Information
Retrieval )

(snoopy, type, dog) (woodstock, type, bird)

(o1, IsAbout, snoopy) (02,IsAbout,woodstock)
G=
(dog, sc,animal) (bird,sc,animal)



pdf (Intentional) Semantics

pdf interpretation:

Ao~

o o

oo

1= <ARaADPaAC7AL7 PII]]7 CII]]? 'I> )

AR are the resources
Apr are property names
Ac C AR are the classes

A C AR are the literal values and contains all the literals
inLNV

P[] is a function P[]: Apr — 28R*AR

C[-]is a function C[]: Ag — 24

< maps each t € UL N V into a value £ € Ag U App,
where -7 is the identity for literals; and

. T maps each variable x € B into a value xZ € Ag



Models

Intuitively,
» A ground triple (s, p, 0) in an RDF graph G will be true
under the interpretation Z if
» pis interpreted as a property name
» s and o are interpreted as resources
> the interpretation of the pair (s, 0) belongs to the extension
of the property assigned to p
» Blank nodes, i.e. variables, work as existential variables: a
triple ((x, p, 0) with x € B would be true under Z if
> there exists a resource s such that (s, p, 0) is true under Z



pdf model/entailment

z ): G if and only if Z satisfies conditions

Simple:

Subproperty:

Subclass:

Typing I:

Typing II:

1.

> wn o~

for each (s, p, 0) € G, p~ € App and (sT, o) € P[p”]

P[sp”] is transitive over A p
it (p, q) € P[spT]thenp, q € App and Plp] € Plal

P[sc”] is transitive over Ag
if (c, d) € P[sc] then c,d € A and C[c] C C[d]

x € C[c]ifand onlyif (x, c) € P[typeI];
if (p, ¢) € P[domZ] and (x, y) € P[p] then x € C[c]
if (p, c) € P[rangeI] and (x, y) € P[p] then y € Clc]

foreach e € pdf, e” € App;

if (p, ) € P[domI] thenp € App and ¢ € Ag
if (p, ¢) € Plrange”] then p € Ap and ¢ € Ag
if (x, c) € PltypeT] then ¢ € Ag.

G ): H if and only if every model of G is also a model of H



Note

» Often P[sp?] (resp. C[sc?]) is also reflexive over Ap
(resp. Ag)
» We omit this requirement and, thus, do NOT support
inferences such as

G F (aspa
G E (asc,a)

which anyway are of marginal interest



Example ((Model/Entailment))

Ap

Ap

Ac
PlIsAbout]
Pltype]
P[sc]
Cldog]
Clbird]
Clanimal]

fI

(snoopy, type, dog) (woodstock, type, bird)
(dog, sc, animal) (bird, sc, animal)

{ (o1, IshAbout, snoopy) (02, IsAbout, woodstock) }
G =

I = (AR, p,Ac, AL, PL], CL']L 'I>

{o1, 02, snoopy, woodstock, dog, bird, animal’}

{IsAbout, type, sc}

{dog, bird, animal’}

{ (o1, snoopy), (02, woodstock) }

{(snoopy, dog), (woodstock, bird), (snoopy, animal), (woodstock, animal) }
{(dog, animal), (bird, animal) }

{snoopy }

{woodstock }

{snoopy , woodstock }

tforallt € UL

G T is a model of G
(snoopy, type, animal) In all models Z of G, (snoopy, animal)y € P[type]



Deduction System for RDF & RDFS

» The system is arranged in groups of rules that captures the
semantic conditions of models

> Ineveryrule, A B, C, X, and Y are meta-variables
representing elements in UBL

» An instantiation of a rule is a uniform replacement of the
metavariables occurring in the triples of the rule by
elements of UBL, such that all the triples obtained after the
replacement are well formed RDF triples



Deductive System for pdf
GHH
1. Simple:
(@) Gforamapp:G =G (b) SforG CG

2. Subproperty:
(a) (A,sp,B),(B,sp,C) (b) (D,sp,E),(X,D,Y)

(A,sp,C) (X,E,Y)
3. Subclass:
(A,sc,B),(B,sc,C) (A,sc,B),(X,type,A)
(a) (A,sc,C) (b) (X,type,B)
4. Typing:
(D,dom,B),(X,D,Y) b (D,range,B),(X,D,Y)
(a) (X.type,B) (b) (Y type,B)

5. Implicit Typing:
(A,dom, B),(D,sp,A),(X,D,Y)
(a) TR e B)

(Arange,B),(D,sp,A),(X,D,Y)
(b) (Ytype,B)

Closure of G:

C(G) = {r | GI-* 7}

where I— *is as I— except rule (1a) is excluded



» Notion of proof:

» Let G and H be graphs
> Then G+ H iff there is a sequence of graphs Py, ..., P
with Py = G and P = H, and for each j (2 < j < k) one of
the following holds:
1. there exists amap p : P, — P;_1 (rule (1a));
2. P C Pj—4 (rule (1b));
3. there is an instantiation g of one of the rules (2)—(5), such
that RC Pi_yand Pi=P,_1 UR'.
» The sequence of rules used at each step (plus its
instantiation or map), is called a proof of H from G.

Proposition (Soundness and completeness)
The RDFS proof system - is sound and complete for |=, that is,
GFHIiffGEH.



Example (Proof)

(snoopy, type, dog) (woodstock, type, bird)

(o1, IsAbout, snoopy) (02, IsAbout, woodstock)
G=
(dog, sc, animal) (bird, sc, animal)

Let us proof that
G E (snoopy, type, animal)

G ~ (snoopy, type, dog) (1) Rule Simple (b)
G *+ (dog, sc, animal) (2) Rule Simple (b)
G + (snoopy,type,animal) (3) Rule SubClass (b) applied to (1) + (2)



Some pdf Properties

1.

No o &~ 0D

Every pdf-graph is satisfiable (i.e. has canonical model)
> RDFS is paraconsistent

G Hitandonlyif G = H
The closure of G is unique and |CI(G)| € ©(|G|?)
Deciding G ): H is an NP-complete problem

If H is ground, then G): H if and only if H C CI(G)

There is no triple 7 such that ) = 7

RDFS can represent only positive statements,

e.g. “Paracetamol is a treatment for fever”

» RDFS with negative statements,
see [Straccia and Casini, 2022]

“Opioids and antipyretics are disjoint classes”
“Radio therapies are non drug treatments”
“Ebola has no treatment”

» Note: “Paracetamol is not a treatment for Ebola"
» Can not be inferred (under OWA)
» Can be under CWA, but CWA is not acceptable for RDFS



RDFS CQ Answering

» Conjunctive query: is a Datalog-like rule of the form
gx) < 3y.71,...,m

where 71, ..., are triples in which variables in x and y
may occur (we may omit 3y)

» The answer set of CQ q is

ans(q, G) = {t| GU{q} F q()}
> Example:

q(x, y) < (x, creates, y), (x,type, Flemish), (X, paints, y), (¥, exhibited, Uffizi)

“Retrieve all the artifacts x created by Flemish artists y,
being exhibited at Uffizi Gallery"



We will also write a query as

q(x) < 3y.o(X,y)

where p(X,y)is 71,...,7

Furthermore, q(x) is called the head of the query, while
Jy.¢(x,y) is is called the body of the query

Disjunctive query (or, union of conjunctive queries) q: is,
as usual, a finite set of conjunctive queries in which all the

rules have the same head
Example

q(x,y) < (x,creates,y), (x,type, Flemish), (x, paints, y), (y, exhibited, Uffizi)
q(x,y) <« (x,creates,y), (x,type, Flemish), (x, paints, y), (v, exhibited, Louvre)

“Retrieve all the artifacts x created by Flemish artists y,
being exhibited either at Uffizi Gallery or at the Louvre
Museum"



RDFS Query Answering in practice

» A simple query answering procedure for RDFS graphs is
the following:

» Compute the closure of a graph off-line
» Store the RDFs triples into a Relational database
» Translate the query into a SQL statement
> Execute the SQL statement over the relational database
» |n practice, some care should be in place due to the large
size of data: > 10° triples

> To date, several implmented systems exists



The case of OWL 2



The Web Ontology Language OWL 2

» OWL 2 is a family of the object oriented languages

class Person partial Human
restriction (hasName somevValuesFrom String)
restriction (hasBirthPlace somevaluesFrom Geoplace)

“The class Person is a subclass of class Human and has two attributes: hasName having a string as
value, and hasBirthPlace whose value is an instance of the class Geoplace”.

> Description Logics are the logics that stand behind OWL 2
» OWL languages differentiate in syntax and computational complexity of reasoning problems



OWL 2 Profiles

OWL 2 EL

OwWL 2 QL

OWL 2 RL

vy

v

Useful for large size of properties and/or classes
The EL acronym refers to the ££ family of DLs
Basic reasoning problems solved in Poly-time

Useful for very large volumes of instance data
Conjunctive query answering via query rewriting and
SQL

OWL 2 QL relates to the DL family DL-Lite

Query answering in LOGSPACE w.r.t. data complexity
(size of facts)

Useful for scalable reasoning without sacrificing too
much expressive power

OWL 2 RL maps to Datalog (an LP language)
Computational complexity: same as for Datalog,
Poly-time w.r.t. data complexity (size of facts), EXPTIME
w.r.t. combined complexity (size of knowledge base)



Description Logics (DLs)

The logics behind OWL 2 and its profiles, http://dl.kr.org/

» Concept/Class: are unary predicates

» Role or attribute: binary predicates

» Taxonomy: Concept and role hierarchies can be expressed
» Individual: constants

>

Operators: to build complex classes out from class names


http://dl.kr.org/

» Basic ingredients:

» a:C, called concept assertion, meaning that individual a is
an instance of concept/class C

a:Person 1 3hasChild.Femal

> (a,b):R, called role assertion, meaning that the pair of
individuals (a, b) is an instance of the property/role R

(tom, mary):hasChild

» C C D, called General Concept Inclusion (GCI), meaning
that the class C is a subclass of class D

Father C Male m 3hasChild.Person



Example (Toy Example)

Sex = MaleU Female
Malen Female T L
Person T Humann JhasSex.Sex
MalePerson = Personm 3hasSex.Male

functional(hasSex)

umberto:Person 1 3hasSex.—~Female

KB = umberto:MalePerson



The DL Family

»> A given DL is defined by set of concept and role forming operators
» Basic language: ALC (Attributive Language with Complement)

Syntax Semantics Example
C,D — T [ T

€ | L(x)

A | Ax) Human
cnbD | C(x) A D(x) Human 1 Male
cub | C(x) Vv D(x) Nice L Rich

-C | =C(x) —Meat
3R.C | 3y.R(x,y) A C(y) Jhas_child. Blond
VR.C Vy.R(x,y) = C(y) Vhas_child.Human
cCCD Vx.C(x) = D(x) Happy_Father C Man M 3has_child. Female
a.C C(a) John:Happy _Father




DL Semantics

> Semantics is given in terms of an interpretation Z = (A%, %), where

» AT is the domain (a non-empty set)
» .Tis an interpretation function that maps:
> Concept (class) name Ainto a subset AZ of AT
> Role (property) name R into a subset RZ of AT x A
> Individual name a into an element of A”
> Interpretation function -Z is extended to concept
expressions:

T = A

1T =90
(C1 ﬂCg) = C1IﬂCQI
(C1LJCQ T — C1IUC21

w
1
)

N
Il

{xe AT |3y.(x,y) € RF Ay € C%}

)

(-0)* AT\ C*
)

(VR.C)Y = {xecAT|Vy.(x,y)eR* = yecC?}



» Example: assume 7 = (AZ,-T) such that

AT = {ab,c,d e f 1,245 8}
Person* = {a,b,c,d}
Blonde* = {b,d}
hasChild* = {(a,b),(a,c),(c,d), (b, c)}

» What is the interpretation of Personn 3hasChild.Blond ?

(Person M 3hasChild. Blond)”
= Person” N {x | 3y.(x,y) € hasChild® Ay e Blond®}
={a,b,c,d}yn{x | Iy.(x,y) € {(a,b),(a,c),(c,d),(b,c)} Ay € {b,d}}
={a,b,c,d} n{a,c}
={ac}

» Finally, we say that
> 7 is amodel of C C D, written Z |= C C D, iff C* C D*
T is a model of a:C, written Z |= a:C, iff a* € C*
T is a model of (&, b):R, written Z = (a, b):R, iff (a*, b*) € R*
Tisamodelof a= b, written T = a= b, iff a© = b*

>
>
>
> Tisamodelof a# b, written Z |= a # b, iff a* # b*



DLs and First-Order-Logic

> Satisfiability preserving ALC mapping to FOL: introduce

> a unary predicate A for an atomic concept A

> a binary predicate R for a role R
» Translate as follows

t((T, x)
t(L, x)
HA, x)
t(C1 M CZ,X)
f(C1 ] Cz,X)

» Example:

—
—
—
—
—

true

false

A(X)
t(C1,X) N t(Cg,X)
t(C1,X) \Y% t(Cz,X)

t(—=C, x)
t(3R.C, x)
t(VR.C, x)

t(CC D)
t(a:C)
t((a, b):R)

t(HappyFather C Man 1 3hasChild.Female) =
Vx.HappyFather(x) = (Man(x) A (3y.hasChild(x, y) A Female(y)))

t(a:Man n 3hasChild.Female) =
Man(a) A (3y.hasChild(a, y) A Female(y))

111111

=t(C, x)
Jy.R(x,y) NH(C,y)
vy.R(x,y) = t(C,y)
Vx.t(C, x) = (D, x)

t(C, a)

R(a, b)



Note on DL Naming

AL:

220 0o

0

&

F
R+:

For instance,

SHIF
SHOIN
SROLQ

c,D — T |L1L |JA|CnD |-A|3RT |VR.C
Concept negation, —=C. Thus, ALC = AL +C
Used for ALC with transitive roles R+
Concept disjunction, Cy U C»
Existential quantification, 3R.C
Role inclusion axioms, Ry C Ry, e.g. is_component_of C is_part_of

Number restrictions, (> n R) and (< n R), e.g. (> 3 has_Child) (has
at least 3 children)

Qualified number restrictions, (> n R.C) and (< n R.C),
e.g. (< 2 has_Child.Adult) (has at most 2 adult children)

Nominals (singleton class), {a}, e.g. 3has_child.{mary}.

Note: a:C equiv to {a} C C and (a, b):R equiv to {a} C 3R.{b}
Inverse role, R~, e.g. isPartOf = hasPart~

Functional role, f, e.g. functional(hasAge)

transitive role, e.g. transitive(isPartOf)

S+H+T+F=ALCR+HIF OWL-Lite
S+H+O+T+N =ALCRLHOIN OWL-DL
S+R+0O+IT+Q=ALCRL+ROIN OWL 2



Semantics of Additional Constructs

Z®

Ry:

Role inclusion axioms, Z = Ry C R, iff RyT C By~

Number restrictions,

(=nR)’ ={xea: |{y|(x,y) € R} > n},

(nR)? ={xeAT:|{y|(x,y) € RT} <n}

Qualified number restrictions,

(>nRC) ={xel{y|(x,y) € RE Ay e CT}| > n},
(<nRCT ={xeAT:|{y|(x,y) e REAnyeCT} <n}

Nominals (singleton class), {a} = {a’}

Inverse role, (R~)* = {(x,y) | (y,x) € R%}

Functional role, | |= fun(f) iff V2VyVz if (x,y) € fZ and (x, z) € f*
they =2z

transitive role,

(R+)T = {(x,y) | 3z such that (x, z) € RT A (z,y) € R}



Basics on Concrete Domains

» Concrete domains: reals, integers, strings, ...
(tim, 14):hasAge
(sf, “SoftComputing” ) :hasAcronym
(sourcel, “ComputerScience’ ) :isAbout
(service2, “InformationRetrievalTool" ) :Matches
Minor = Person 3hasAge. <is

» Semantics: a clean separation between “object” classes and concrete
domains
> D= (Ap,®p)
» Apis an interpretation domain
> op is the set of concrete domain predicates d with a
predefined arity n and fixed interpretation d® C A7,
> Concrete properties: RZ C AT x Ap
» Notation: (D). E.g., ALC(D) is ALC + concrete domains



> Example: assume Z = (AT, -Z) such that
AT = {ab,c d ef1,24,5,8}
Person® = {a, b, c,d}

»  Consider the following concrete domain with of some unary predicates (n = 1) over reals

> Ap =R,
> &p = {=m>m, <m,>m,<m| m € R}
> the fixed interpretation of the predicates is

(:m)D = {m} b
M GmP? = {klk>m}
AR {TH R L

> Concrete properties: hasAgeT C AT x R

hasAge™ = {(a,9), (¢, 20), (b, 12)}
> What is the interpretation of Person m 3hasAge. <1g ?

(Person M JhasAge. <1g)*
= Person” N {x | 3y € Rsuchthat (x, y) € hasAgeZ Ay € (<q5)%

={a,b,c,d} n{x|3Iy.(x,y) € {(a9),(c,20),(b,12)} Ay < 18}
={a,b,c,d} n{a b}
={a,b



DL Knowledge Base

» A DL Knowledge Base is a pair K = (T, .A), where

» T is a TBox
» containing general inclusion axioms of the form C C D,
» concept definitions of the form A= C
> primitive concept definitions of the form AC C
» role inclusions of the form RC P
> role equivalence of the form R =P
> Ais a ABox
> containing assertions of the form a:C
> containing assertions of the form (a, b):R

> An interpretation Z is a model of I, written Z = K iff Z =T and Z = A,
where

> 7 =T (Z is amodel of T) iff Z is a model of each element in 7
> 7T E A (Zis amodel of A) iff Z is a model of each element in A



Syntax and semantics of the DL SROZQ(D) (OWL 2)

Concepts Syntax (C) FOL Reading of C(x)

[(%5)) A AX)
(c2) T 1

(C3) 1 0

(C4) cnb C(x) A D(x)

(cs) cub C(x) v D(x)

(Ce) -C -C(x)

(c7) vR.C vy.R(x,y) = C(y)

(C8) JR.C 3y.R(x,y) A C(y)

(C9) vT.d Vv.T(x,v) — d(v)

(C10) 3T.d Jv.T(x, v) Ad(v)

(C11) {a} x=a

(C12) (>m8.C)  3yr ... Fym AL{(S(x, ¥1) A CU A Ni<jck<mYj # Yk
(C13) (EmS.C) Vy. V}’m+1 A8 ¥i) A CW)) = Vicjck<m Y = Yk
(C14) (>mTd)  3vg... ;e AL (T ) AAV)) A Av<jck<m Y 7 Vk
(C15) (EmTd) Vv, VVm+1 AZ((TOG V) Ad(V) = Vigjckam Y = VK
(C16) 35.Self S(x, x)

Roles Syntax (R) Semantics of R(x, y)

(R1) R R(x,y)

(R2) R~ R(y, x)

(R3) U 1




Axiom Syntax (E) Semantics (Z satisfies E if ...)

(A1) a.C C(a)
(A2) (a, b):R R(a, b)
(A3) (a, b):=R —R(a, b)
(A4) (a,v):T T(a, v)
(A5) (a,v):=T -T(a,v)
(AB) cCD Vx.C(x) — D(x)
(A7) Ri...RnC R  VxVxy13x.
Ixn.(Ry (x4, X, ) A .o A Rn(Xn, Xpi1)) = R(X1, Xni1)
(A8) = VXV Ty (x, 1) — To(x, V)
(A9) trans(R) VxVyvz.R(x,z) A R(z,y) — R(x,y)
(A10) disj(Sy, Sp) VxVy.S1(x,¥) A So(x,y) = 0
(A11) disj( Ty, T») VXYV Ty (X, V) A Ta(x, ) =
(A12) ref(R) vx.R(x, x)
(A13) irr(S) Vx.—8(x, x)
(A14) sym(R) vxvy.R(x,y) = R(y, X)
(A15)  asy(S) VXYY, S(x, y) = ~S(y, )




OWL 2 as Description Logic (excerpt)

Concept/Class constructors:

Abstract Syntax DL Syntax Example
Descriptions (C)
A (URI reference) A Conference
owl:Thing T
owl:Nothing 1
intersectionOf(Cy Cp . ..) Cy 1 Cy Reference N Journal
union0f(Cy Cy...) Cy UGy Organization Ll Institution
complementO£(C) -C — MasterThesis
oneOf(0 ...) {o1,...} {"WISE","ISWC",...}
restriction(R someValuesFrom(C)) 3R.C Jparts.InCollection
restriction(R allvaluesFrom(C)) VR.C Vdate.Date
restriction(R hasvalue(0)) 3R.{o} Jdate. {2005}
restriction(RminCardinality(n)) (> nR) (= 1 location)
restriction(RmaxCardinality(n)) (£ nR) (< 1 publisher)
restriction(U someValuesFrom(D)) 3uU.D Jissue.integer
restriction(U allvaluesFrom(D)) vU.D Vname.string
restriction(U hasvalue(v)) 3U. =y} Jseries.=pycg"
restriction(UminCardinality(n)) (= nU) (= 1title)
restriction(UmaxCardinality(n)) (£nU) (< 1 author)

Note: R is an abstract role, while U is a concrete property of
arity two.



Axioms:

Abstract Syntax DL Syntax Example
Axioms
Class(A partial Cy... Cp) ACCin...MGCp Human T Animal 1 Biped
Class(A complete Cy...Cp) A=Cin...NGCy Man = Human 1 Male
EnumeratedClass(A 0y ...0p) A={oj}uU...uU{on} RGB = {r} U {g} U {b}
SubClass0f(CyCp) CiC G
EquivalentClasses(Cy ... Cp) Ci=...=0Cp
DisjointClasses(Cy ... Cp) CingGi=L,i#j Male M Female C L
ObjectpProperty(R super (Ry)... super (Rp) RLC R; HasDaughter T hasChild
domain(Cy) ...domain(Cp) (>1R)C G (> 1 hasChild) C Human
range(Cy) ...range(Cp) T C VR.C; T E VhasChild.Human
[inverseof(P)] R=P" hasChild = hasParent™
[symmetric] RC R™ similar = similar—
[functional] TC (1R T C (L 1 hasMother)
[Inversefunctional] TC(K1R7)
[Transitive]) Tr(R) Tr(ancestor)
SubPropertyOf(RyRy) R C Ry
EquivalentProperties(Ry ... Rp) Ri=...=Rp cost = price

AnnotationProperty(S)




Abstract Syntax DL Syntax Example

DatatypeProperty(U super (Uj)... super (Up) ULC U;
domain(Cy) ...domain(Cp) (>1U)C G (> 1 hasAge) C Human
range(Dyq) ...range(Dp) T CVU.D; T L VhasAge.posinteger
[functionall) TC(K10V) T C (< 1 hasAge)

SubPropertyOf(U; Us) Ui C U hasName T hasFirstName

EquivalentProperties(Us ... Up) U =...=Us

Individuals [

Individual(o type (Cy)... type (Cpn)) :Ci tim:Human
value(Ry01)...value(Rpop) (0, 0j):R; (tim, mary):hasChild
value(Uyvq) ...value(Upvp) (0, v1):U; (tim, 14):hasAge

SameIndividual(0q ... 0n) 0y =...=0p president_Bush = G.W.Bush

DifferentIndividuals(0y ...0p) oj # 9, i#j john # peter

Symbols [

Object Property R (URI reference) R hasChild

Datatype Property U (URI reference) u hasAge

Individual o (URI reference) U tim

Data Value v (RDF literal) U “International Conference on Semantic W




Basic Inference Problems (Formally)

Consistency:

Subsumption:

Equivalence:

Instantiation:

Retrieval:

Check if knowledge is meaningful

> |s K satisfiability? — Is there some model Z of K ?
» |s C satisfiability? — CT # @) for some some model 7 of
K?
structure knowledge, compute taxonomy

> K= CLC D?w lsittrue that C* C D* for all models 7
of K ?

check if two classes denote same set of instances

> K= C=D?w Isittrue that C* = D for all models
of £ ?

check if individual a instance of class C

> K | a:C?+— lIsittrue that a* € C7 for all models Z of
K?

retrieve set of individuals that are instances of calss C
» Compute the set{a | K |= a:C}



Reduction to Satisfiability

Problems are all reducible to KB satisfiability

Subsumption: £ = CC Diff (T, Au{a:Cmn-D}) not
satisfiable, where a is a new individual

Equivalence: K= C=Diff K= CCDandK=DLC C
Instantiation: K = a:C iff (T, AU {a:—C}) not satisfiable

Retrieval: The computation of the set {a | K = a:C} is
reducible to the instance checking problem



Non-standard Inferences

There are also some non-standard inferences.

Most Specific Concept: Given KB = (T, .A) and individuals
ai, ..., an, create a most specific concept
C = msc(KB, ay, ..., an) such that KB |= a;:C
Least Common Subsumer: Given KB = (T, A) and concepts
Cy,..., Cp, create a most specific concept
C =lcs(KB, Cy,...,Cp)suchthat KB=C;C C
Note:

msc(KB, ay,...,an) = Ics(KB, msc(KB,ay),..., msc(KB, ap))

Ies(KB, Cy,...,Cn) = Ics(KB,lcs(KB, Ics(KB, Cy, C2), C3),...,) ...



Reasoning in DLs

» OWL 2: tableaux based algorithms

» OWL 2 EL: structural based algorithm

» OWL 2 QL: query rewriting based algorithm
» OWL 2 RL: mapping to Datalog



OWL QL

> OWL 2 QL is related to the DL — Lite DL family [Artale et al., 2009]

» DL — Litecore, the core language for the whole family (A atomic concept, P atomic role, and P~ is its
inverse):
B — A|3R
c — B|-B
R — P|P™
E — R|-R.
» Inclusion axioms that are of the form B C C
» DL — Litegz from DL — Litecore allowing R C E
» DL — Liter is obtained from DL — Litecore allowing By M ... M B, E C
» DL — Liter is obtained by extending DL — Litecore With global functional roles

DLR-Lite DLR-Lite

DLR-Lite
core.

DL-Lite DL-Lite
F.r

DL:Litegre

Figure: excerpt of the DL-Lite family.



OWL 2 RL is related to the Horn-DL family [Grosof et al., 2003, ter Horst, 2005] (A atomic concept,
m € {0, 1}, | is a value of the concrete domain, R is an object property, a individual, T is a datatype

property):
—
—

—
—

TTC Ol

Inclusion axioms have the form

Al{a} | By NB, | BjUB, | 3R.B|3T.d
A|CiMCy| —~B|VR.C|3R{a}|VT.d|
(SmR.B) | (< mA)| (< mT.d)

3R.{a} | 3T. =| Dy N D,

PP
B C ¢
A = D
R C R
Ry = R

There are others, such as disj(By, B), dom(R, C), ran(R, C), dom(T, C), fun(R), irr(R),
sym(R), asy(R), trans(()R), disj(Ry, Ro)



OWL QL and OWL RL can be mapped into Datalog

Excerpt:

o(a:A)
a((a, b):R)

o(Ry C Ry)
o(BC C)

on(YR.C, x)

op(By M Ba, x)
O’b(HFI.B7 X)

T role( Ry X, ¥)
Troe(R™, %, ¥)

where x, y new variables

=
—

11

USRS

11

11

A(a).
R(a,b).

orole(R2, X, ¥) + roe(R1, X, y)
Uh(Cv X) <~ Ub(Bv X)

Uh(sz) ~ UYO/E(R)va)

ob(Bi, x), ap(Bz, X)
Urole(H7 va)z O'b(B, .y)

A(x)
A(x)



The case of tableau algorithms

v

Tableaux algorithm deciding satisfiability
> Try to build a tree-like model Z of the KB

» Decompose concepts C syntactically

> Apply tableau expansion rules
» Infer constraints on elements of model

» Tableau rules correspond to constructors in logic (1,4, ...

» Some rules are nondeterministic (e.g., L, <)
» In practice, this means search

» Stop when no more rules applicable or clash occurs
> Clash is an obvious contradiction, e.g., A(x), ~A(x)

» Cycle check (blocking) may be needed for termination



Negation Normal Form (NNF)

» We have to transform concepts into Negation Normal
Form: push negation inside using de Morgan’ laws

-T = L
-1l = T
-—C C
—|(C1 M Cz) — =CiU-Co
—\(C1 U Cg) — =CiMN-C

and
-(3R.C) — VR.-C

~(vR.C) ~ 3R-C



Completion-Forest

> This is a forest of trees, where
> each node x is labelled with a set £(x) of concepts
> each edge (x, y) is labelled with £({x, y)) = { R} for some role R (edges
correspond to relationships between pairs of individuals)

> The forest is initialised with
> aroot node a, labelled £(x) = @ for each individual a occurring in the KB
> an edge (a, b) labelled L({a, b)) = {R} for each (a, b):R occurring in the
KB
»> Then, for each a:C occurring in the KB, set £(a) — £(a) U {C}

> The algorithm expands the tree either by extending £(x) for some node x or by
adding new leaf nodes.

> Edges are added when expanding 3R.C
> A completion-forest contains a clash if, for a node x, {C, -C} C £(x)

> If nodes x and y are connected by an edge(x, y), then y is called a successor of
x and x is called a predecessor of y. Ancestor is the transitive closure of
predecessor.

> Anode y is called an R-successor of a node x if y is a successor of x and
L((x,y)) ={R}.

» The algorithm returns “satisfiable" if rules can be applied s.t. they yield a
clash-free, complete (no more rules can be applied) completion forest



ALC Tableau rules without GCl’s

Rule

Description

()

if 1.

then
if 1.

then
if 1.

then
if 1.

then

CinGC e L(x)and
{Ci,Co} € L(x)
L(x) = L(xX)U{Cy, Co}

Ciu Cs € L(x) and

{C1,CINL(x)=10
L(x) = L(x)U{C} for some C € {Cy, C5}

3R.C € L(x) and

x has no R-successor y with C € L(y)
create a new node y with £((x,y)) = {R} and L(y) = {C}

VR.C € L(x) and
x has an R-successor y with C & L(y)

L(y) = Ly)u{C}



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.CNVR.(~C U -D) N 3R.D}

X



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

L(x)={3R.CNVR.(-Cu-D)n3R.D}

X



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,YR.(~C L ~D),3R.D}

X



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {IR.C,YR.(-C U ~D),3R.D}

X



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {IR.C,YR.(-C U ~D),3R.D}

X
R
L(y1) = {C}y/



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C L -D),3R.D}

X
R
L(y1) = {C}y/



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X

R
L(y1) ={C,-Cu-D} /

»



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X

R
L(y1) ={C,-Cu-D} /

»



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X
R
L(y1) = {C.,~CL~D,~C} /
W



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X
R
L(y1) = {C,~CL-D,~C} /
W

Clash



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X

R
L(y1) ={C,-Cu-D} /

»



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X
R
L(y1) = {C,~C LD, D} /
¥



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,YR.(-C U -D),2R.D}

X
R
L(y1) = {C,~CL-D,—~D} /
¥



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,YR.(-C U -D),2R.D}

X
R R
L(y1) = {C,~C L ~D, D} / \ L(y2) = {D}
Y1 )Z)



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C L -D),3R.D}

X
R R
e =16-cu-0-01 7 N com- o)
Y1 )Z)



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X
R R
L(y1) ={C,~Cu~-D,-D} / \E(}’Z): {D,-Cu~D}
Y1 Y2



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,VR.(~C U -D),3R.D}

X
R R
L(y1) ={C,~Cu~-D,-D} / \E(}’Z): {D,-Cu~D}
Y1 Y2



Example

Is 3R.CNVR.(-C U -D)N3R.D satisfiable? Yes.

£(x) = {3R.C,YR.(-C U ~D),3R.D}

X
R R
E(y1):{C,_'C|_|—|D,—‘D} / \E(yz): {D7_'C|—|_‘D,ﬁc}
34 Y2



Example

Is 3R.C M VR.(—=C U —D) r 3R.D satisfiable? Yes.

L(x) = {3R.C,VR.(~C U —D), 3R.D}

X

R R
L(y1) ={C,~Cu ~D, D} L(y2) = {D,~Cu ~D, -C}

n Y2

> Finished. No more rules applicable and the tableau is complete and clash-free
» Hence, the concept is satisfiable

> The tree corresponds to a model T = (A%, .%)
> The nodes are the elements of the domain: AT = {x,y1,¥0}
> For each atomic concept A, set AZ = {z | A € £(2)}
> T ={n} DT = {p}
> For each role R, set RZ = {(x, y) | there is an edge labeled R from x to y}
> R = {10, (X y2)}

> It can be shown that x € (3R.C M VR.(~C LU —~D) M 3R.D)T #



Example

Is 3R.C M VYR.-C satisfiable? No.
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Example

Is 3R.C M VYR.-C satisfiable? No.

£(x) = {3R.C,YR.~C}

X

R
L(y1) ={C,~C} /

)4



Example

Is 3R.C N VR.-C satisfiable? No.

£(x) = {3R.C,YR.~C}

X

R
L(y1) = {C,-C}

n
Clash
»  Finished. No more rules applicable and the tableau is complete, but not clash-free
» Hence, the concept is not satisfiable

> l.e. no model can be built, e.g.

> aT = {x, 5}
¢t = {n}

>
> AT = {(x,y1)}
> is not a model because

(3R.cnvR.-C)T = (3R.C)T N (VR-C)T = {x} N0 =10



Soundness and Completeness

Theorem
Let A be an ALC ABox and F a completion-forest obtained by

applying the tableau rules to A. Then
1. The rule application terminates;

2. If F is clash-free and complete, then F defines a
(canonical) (tree) model for A; and

3. If A has a model Z, then the rules can be applied such that
they yield a clash-free and complete completion-forest.



KBs with GCls

v

We have seen how to test the satisfiability of an ABox .A
But, how can we check if a KB KB = (T, A) is satisfiable with 7~ # 0?
Basic idea: since C C D is equivalentto T C nnf(-C U D)),
> replace each C C D with its equivalent form T C nnf(—~C U D)
> use therule: foreach T C E € T, add E to every node

v

v

» But, termination is not guaranteed
» E.g., consider KB = (T, A)

T {Human C 3hasMother.Human}
A = {umberto:Human}



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}

L(umberto) = {Human, —Human L1 ShasMother.Human} umberto



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}

L(umberto) = {Human, —~Human U 3hasMother.Human, —Human} umberto



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —~Human U 3hasMother.Human, —Human} umberto

Clash



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}

L(umberto) = {Human, —Human L1 ShasMother.Human} umberto



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}

L(umberto) = {Human, —~Human U 3hasMother.Human, 3hasMother. Human} umberto



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}

L(umberto) = {Human, —~Human U 3hasMother.Human, 3hasMother. Human} umberto



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother

L(y1) = {Human, ~Human L1 3hasMother.Human} 2



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother

L(y1) = {Human, —Human 1 ShasMother.Human} 2



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother

L(y1) = {Human, ~Human L1 3hasMother.Human, ShasMother.Human} v



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother
L(yy) = {Human, —~Human LI 3hasMother.Human, 3hasMother.Human} v
hasMother l

L(y2) = {Human, —Human U 3hasMother.Human} Y2



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother
L(yy) = {Human, —~Human LI 3hasMother.Human, 3hasMother.Human} v
hasMother l

L(y2) = {Human, —Human U 3hasMother.Human} Y2



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother
L(yy) = {Human, —~Human LI 3hasMother.Human, 3hasMother.Human} v
hasMother l

L(y2) = {Human, —~Human L 3hasMother.Human, ShasMother.Human} Vo



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother
L(yy) = {Human, —~Human LI 3hasMother.Human, 3hasMother.Human} v
hasMother l

L(y2) = {Human, —~Human L 3hasMother.Human, ShasMother.Human} Vo



» E.g., consider KB = (T, .A)

T = {Human C 3hasMother.Human}
A = {umberto:Human}
L(umberto) = {Human, —Human LI ShasMother.Human, 3hasMother.Human} umberto
hasMother
L(yy) = {Human, —~Human LI 3hasMother.Human, 3hasMother.Human} v
hasMother l

L(y2) = {Human, —~Human L 3hasMother.Human, 3hasMother.Human} Y2



Node Blocking in ALC

»> When creating new node, check ancestors for equal label set
» If such a node is found, new node is blocked
»> No rule is applied to blocked nodes

L(umberto) = {Human, —Human L 3hasMother.Human, 3hasMother .Human} umberto

hasMother

L(y1) = {Human, —Human L1 ShasMother.Human, ShasMother.Human} "

hasMother

L(y2) = {Human, —Human L 3hasMother.Human, 3hasMother .Human} Yo blocked: L(y1) = L(y»)



Node Blocking in ALC

»> When creating new node, check ancestors for equal label set
» If such a node is found, new node is blocked
»> No rule is applied to blocked nodes

L(umberto) = {Human, —Human L 3hasMother.Human, 3hasMother .Human} umberto

hasMother

L(y1) = {Human, —Human L1 ShasMother.Human, 3hasMother.Human} "

hasMother hasMother

L(y2) = {Human, —Human L 3hasMother.Human, 3hasMother.Human} Y2 blocked: L(y1) = L(y»)

> Block represents cyclical model

> AT = {umberto, y1, y»}
» Humant = {umberto, y1, y2}

> hasMother™ = {(umberto, y1), (y1,Y2), (V2, ¥1)}



Blocking in ALC

| 4

>

>

A non-root node x is blocked if for some ancestor y, y is
blocked or £L(x) = L(y), where y is not a root node.

A blocked node x is indirectly blocked if its predecessor is
blocked, otherwise it is directly blocked.

If x is directly blocked, it has a unique ancestor y such that
L(x) = L(y)

if there existed another ancestor z such that £(x) = £(2)
then either y or z must be blocked.

If x is directly blocked and y is the unique ancestor such
that £(x) = L(y), we will say that y blocks x



ALC Tableau rules with GClI’s

Rule Description
(m if 1. Ci N Gy € L(x), x is not indirectly blocked and
2. {C1,Cg} Z[,(X)
then L(x) = L(x) U{C1, Co}
(W) if 1. CiU G € L(x), x is not indirectly blocked and
2. {C1,Cg}ﬂ£(X):®
then L(x) — L(x) U {C} for some C € {Cy, Co}
E) if 1. 3R.C € L(x), x is not blocked and
2. x has no R-successor y with C € L(y)
then create a new node y with £((x,y)) = {R} and L(y) = {C}
) if 1. VR.C € L(x), x is not indirectly blocked and
2. x has an R-successor y with C & L(y)
then L(y) — L(y) U{C}
(©) if1. T LC E €T, xisnotindirectly blocked and
2. E¢L(x)=0
then L(x) — L(x)U{E}



Soundness and Completeness

Theorem
Let KB be an ALC KB and F a completion-forest obtained by

applying the tableau rules to KB. Then
1. The rule application terminates;
2. If F is clash-free and complete, then F defines a
(canonical) (tree) model for KB; and

3. If KB has a model Z, then the rules can be applied such
that they yield a clash-free and complete completion-forest.



The case of Logic Programs (LPs)



LPs Basics, for ease, Datalog

> Predicates are n-ary
> Terms are variables or constants
» Facts ground atoms
For instance,
has_parent(mary, jo)
> Rules are of the form
P(x) < ¢(x,y)
where
> (x,y) is a formula built from atoms of the form B(z) and connectors
A, V, 0,1
> z;is atuple of literals, or variables in x, y
> For instance,
has_father(x,y) < has_parent(x,y) A Male(y)
Remark
Note that

has_father(x,y) < has_parent(x,y), Male(y)

is the same as repplacing “,” with A



> Extensional database (EDB): set of facts

> Intentional database (IDB): set of rules
» Logic Program P:

» P =EDBUIDB
» No predicate symbol in EDB occurs in the head of a rule in
IDB

» The principle is that we do not allow that /DB may redefine
the extension of predicates in EDB

» EDB is usually, stored into a relational database



LPs Semantics: FOL semantics

»> P* is constructed as follows:

set P* to the set of all ground instantiations of rules in P
replace a fact p(c) in P* with the rule p(c) « 1

if atom A is not head of any rule in P*, then add A < 0 to P*
replace several rules in P* having same head

e

A o1
A< vz
with A< @1 Vo V... Vn

A(—gDn

Note: in P* each atom A € Bp is head of exactly one rule

Herbrand Base of P is the set Bp of ground atoms

Interpretation is a function / : Bp — {0,1}

Model | = Piffforall r € P* I =r,where | = A« ¢iff I(p) < I(A)

vvyyvyy



» Entailment: for a ground atom p(c)
P = p(c) iff all models of P satisfy p(c)
> Least model Mp of P exists and is least fixed-point of
Tr()(A) = I(p), forall A« ¢ € P*
» M can be computed as the limit of

b = 0
liin = Tp(l).



Example

Qx) « B(x) Qa) « B(a)vC(a)
p_) QX)) « CX)  ,._) ab) « Bb)VCb)
=\ B(a) =\ Bla « 1
C(b) cb) « 1
i Q(a) Q(b) B(a) B(b) C(a) C(b)
(PR 0 0 0 0 0
() 0 1 0 0 1
L 1 1 1 0 0 1
[ 1 1 0 0 1

> b=NhieTp(k)=lh=5h
> |, is least fixed-point and, thus, minimal model Mp = {Q(a), Q(b), B(a), C(b)}



LP Query Answering

Proposition
P ': p(t1’ X3) tn) IﬁMP |: p(t'l PREEY) tn)

> As a consequence, we may restrict our attention to minimal
models only

» Query: is a rule of the form

q(x) < ©(Xx,Yy)

» If P = q(c) then cis called an answer to q
» The answer set of g w.r.t. P is defined as

ans(P,q) = {c | P = q(c)}



Toy Example

Q(x) « B(x
Q(x) + C(x)
B(a)
C(b)

PEQa) PlEQb) ans(P,Q)={a b}



A general top-down query procedure for ground LPs

> |dea: use theory of fixed-point computation of equational systems over {0, 1}
Assign a variable x; to an atom A; € Bp
> Map arule A< f(Ay,...,An) € P* into the equation x4 = f(Xa,, ..., Xa,)

v

p<(qVr)At ismappedinto Xp = min(max(Xq, Xr), X¢)
» A LP P is thus mapped into the equational system, using P*

xio= flx,..x,)

Xn = fa(Xny, .-, Xny,)
» f; is monotone and, thus, the system has least fixed-point, which is the limit of

0
f(yi) -

where f = (f1, ..., fa) and f(x) = (fi(x1), ..., fa(Xn))
> The least-fixed point is the least model of P

Yo
Yit1



Example

Q(x) <« B(x) Q(a) «+ B(a)VvC(a)
P Q(x) + C(x) P — Q(b) <+ B(b)Vv C(b)
- B(a) - B(a) +« 1
C(b) Cb) « 1
Xqa) = max(Xp(a) Xc(a))
Xqp)y = max(Xpp), Xc(b))
XB(a) = 1
XC(b) = 1
Yi  Xaa) Xa) XB@a) XB(b) Xc(a) Xc(b)
Yo O 0 0 0 0 0
2 0 0 1 0 0 1
yo 1 1 1 0 0 1
ys 1 1 1 0 0 1

> Yo =y ief(y) =ys =Y
>y, is least fixed-point and, thus, minimal model



» A simple query answering procedure to determine
ans(P, q(x)):
1. Convert P into P*
2. Compute the minimal model My of P*, i.e. of P
3. Store the minimal model My of P* in a database
4. Translate q(x) into a SQL statement
5. Execute the SQL query over the relational database

» Problem: Mp may be huge (exponential in the size of P*)
» Possible solution: top-down query answering procedure
» First step: a top-down query answering procedure for
ground queries
> Given g(c), check if P |= g(c) by computing just a fragment
of Mp sufficient to answer the question
» A top-down procedure exists for equational systems
» Therefore, it works for LPs too



Procedure Solve(S, Q)
Input: monotonic system S = (£, V, ), where Q C V is the set of query variables;
Output: A set B C V, with Q C B such that the mapping v equals Ifp(f) on B.
A: =Q,dg: =Q,in: =0,forall x € Vdov(x) =0, exp(x)=0
while A # () do
select x; € A, A: = A\ {xj},dg: = dgU s(x;)
re =hH(v(x), ..., v(xy,))
if r = v(x;) then v(x;): =r, A: = AU (p(x;) N dg) fi
if not exp(x;) then exp(x;) =1, A: = AU (s(x;) \ in), in: = inuU s(x;) fi
remove x from Aif v(x) =T
od

Noon~w

L is complete lattice. For q(x) <+ ¢ € P, with s(q) we denote the set of sons
of g w.r.t. r, i.e. the set of intentional predicate symbols occurring in ¢. With
p(q) we denote the set of parents of g, i.e. the setp(q) = {pi: g € s(pi, r)}
(the set of predicate symbols directly depending on q).



Example

a <« bnac Xa = min(Xp, Xc)
pr_) C « av d Xe = max(Xa, Xq)
- b — 1 Xp = 1
d — 1 Xd = 1
P Ea?

1. A= {Xa},Xj=Xa, 2 =0,dg = {Xa, Xp, X}, = 0,2 = {Xp, Xc }, exp(Xa) = 1,in = {Xp, Xc}

2. Xp=Xp,A={xc},r=1,v(xp) = 1,2 = {Xc, Xa}, exp(xp) = 1

3. Xi=Xc,A={Xa},dg = {Xa, Xp, Xc, Xg}, I = 0, exp(xc) = 1,2 = {Xa, Xg}, in = {Xa, Xp, Xc, Xg }
4. Xj=Xxg,2={xa},r=1,v(xg) =1,exp(xg) = 1,2 = {Xa, Xc }

5. Xj=Xc, A= {Xa},r=1,v(xc) =1

6. Xi=Xxa,A=0,r=1,v(xg) =1

7.  stop. returnv (in particular, v(xa) = 1)



» The fact that only a part of the model is computed
becomes evident

» the computation does not change if we add any program P’
to P not containing atoms of P
» a bottom-up computation will consider P’ as well
» Problem: we answer ground queries g(c) only
> There are too many ¢ on which to test g(c)

» Solution: generalize Solve(S, Q) to compute ALL answers
in one run only

> |dea: the procedure is as for Solve(S, Q), but we compute
answers incrementally



Computmg All Answers

A query is an atom Q (query atom) of the form q(x)

> For a given n-ary predicate p and a set of answers Ay, of p, for convenience we represent Ap as an n-ary
table tabAp, containing the records of the form (cy, .. ., cn)

> if A; and Af, are two sets of answers for p, we write A; = Ag iff AZ, c A,ZJ

»  QOur algorithm is an improved top-down query answering algorithm based on Semi Naive Evaluation for

Datalog
1. start by assuming all IDB (Intentional Database) relations empty;
2. repeatedly evaluate the rules using the EDB (Extensional Database) and the previous IDB, to get a
new IDB;

3. end when no change to IDB.
> Consider a rule p(x) <+ (X, y) with predicates py, . . . , pg in rule body ¢(x,y)
» Consider interpretation Z
1, ifec € Ap,
Z(pi(c)) = !
(pite)) {O, otherwise.
> Assume ,
eval(p, By -, Bg) = e |1 = max Z((e, )}
where ¢’ is a tuple of constants occurring in Ui APi
» eval can be implemented using SQL queries over relational tables tabAp1 R tabApk
> Eg.,
path(x,y) <+ edge(x,y) V (path(x, z) A edge(z, y))
> eval(path, Degge, Dpath) is

m1,2(taba_y, ) U w1 a(taba_ D=3 tabp ) - (1)



No ar0p~

Procedure Answer(L, K, Q)
Input: Truth space £ = {0, 1}, knowledge base IC, set Q of query predicate symbols
Output: A mapping v such that it contains all answers of predicates in Q.
A:= Q, dg := Q, in := 0, for all predicate symbols pin P do v(p) = @, exp(p) = false
while 2 # 0 do
selectp; € , 2 :=2\ {p;}, dg := dg U s(p;)
if (p; extensional predicate) A (v(p;) = @) then v(p;) := taby;
if (p; intentional predicate) then Ap,; = eval(p;, v(p,-1 )y ey v(p,-k' )
if Ap, = v(p;) then v(p;) := Ap;, 2 := AU (p(p;) N dg) fi

if not exp(p;) then exp(p;) = true, A := AU (s(p;) \ in), in := in U s(p;) fi
od

for predicate symbol p;, s(p;) is the set of predicate symbols occurring in the rule body of p;, i.e. the sons of
Pi;
for predicate symbol p;, p(p;) = {p; : p; € s(pj)}, i.e. the parents of p;;
in step 5, Piys - - - Pjyare all predicate symbols occurring in the rule body of p;, i.e. the sons
1
s(pi) = {Pjy» - - - 7Piki} of p;.



Path Example

path(x, y)

<+ edge(X, y) V (path(x, 2) A edge(z, y))

tabeage
c b
a c
b a
a b

1. a:= {path},pj := path,A := §,dg := {path, edge}, Ap.cy, := 0
exp(path) := 1,A := {path, edge}, in := {path, edge}
2. pj:=path,A:= {edge}, Apary := 0
3. pj:=edge,A:= 0, Acgge > v(edge), v(edge) := Acgge, A := {path}, exp(edge) := 1
4.  pj:=path,A:=0, Apaen > v(path), v(path) := Apdth, A := {path}
5. pj:=path,A:=0,Agacy > v(path), v(path) := Apaen, A= {path}
6. pj:=path,A:=0,Ay .y > v(path), v(path) := Apaen, A i= {path}
7.  pj:=path,A:=0, Ay = v(path)
8. stop. return v(path)

[ Tteri T By, [ v(p:) |
0. — v(edge) = v(path) =0
1. Apath = 0 —

2. Apath = 0 —
3. | Acage ={(a,b),(b,a),(a,¢), (¢, 0)} v(edge) = Acage
4. Apaen = {(a b), (b, a), (a,¢), (¢, b) } v(path) = Apatn
5. [ BAparn = {{a @), (a b}, (a,¢), (b, a), (b, b), (b, ©), (¢, &), (¢, b) } v(path) = Apacn
6. Aparn = {(a, @), (a,b), (a,0), (b, a), (b, b), (b, ¢), (¢, a),(c,b), {c,c)} | v(path)= Apacn
7. Aparn = {(a,a), (a b), (a 0), (b, a), (b, b), (b,C), (¢, a),(c,b),(c,O)} | —




Uncertainty and Fuzzyness in Logics



Uncertainty vs. Vagueness: a clarification



Uncertainty vs Vagueness: a clarification

> [nitial difficulty:
» Understand the conceptual differences between uncertainty
and vagueness

» Main problem:

» Interpreting a degree as a measure of uncertainty rather
than as a measure of vagueness



Uncertain Statements

> A statement is true or false in any world/interpretation
» We are “uncertain” about which world to consider
» We may have e.g. a probability or possibility distribution
over possible worlds

» E.g., “it will rain tomorrow”

» We cannot exactly establish whether it will rain tomorrow or
not, due to our incomplete knowledge about our world
» We can estimate to which degree this is probable



>

Consider a propositional statement (formula) ¢
Interpretation (world) Z € W,

Z:W—{0,1}

Z(¢) =1 means ¢ is true in Z, denoted 7 |= ¢
Each interpretation Z depicts some concrete world
Given n propositional letters, |W| = 2"

In uncertainty theory, we do not know which interpretation
7 is the actual one



» One may construct a probability distribution over the worlds

Pr: W —[0,1]
2.7 Pr(Z) =1

» Pr(Z) indicates the probability that Z is the actual world
» Probability Pr(¢) of a statement ¢ in Pr
Pr(¢) =Y Pr(Z)
Iko

> Pr(¢) is the probability of the event: "¢ is true"



Example (Sport Cars)

»> Sport Car:

vx, hp, sp, ac SportCar(x) <+ HP(x, hp) A Speed(x, sp) A Acceleration(x, ac)
Ahp > 210Asp>220Nac < 7.0

audi_tt mg ferrari_enzo
» Ferrari Enzo is a Sport Car: HP = 651, Speed > 350, Acc. = 3.14
» MG is not a Sport Car: HP = 59, Speed = 170, Acc. = 14.3
> Is Audi TT 2.0 a Sport Car ? HP = unknown, Speed = 243, Acc. = 6.9

> We can estimate from a training set (Naive Bayes Classification)

Pr(SportCar|AudiTT) = Pr(AudiTT|SportCar) - Pr(SportCar) - (1/Pr(AudiTT))
Pr(speed < 243|SportCar) - Pr(accel > 6.9|SportCar) - Pr(SportCar)
Pr(speed < 243) - Pr(accel > 6.9)




Vague Statements

> A statement is vague whenever it involves vague concepts
or vague objects
> Heavy rain
» Tall person
» Hot temperature
» The dunes in a desert

» The truth of a vague statement is a matter of degree, as it
is intrinsically difficult to establish whether the statement is
entirely true or false

» There are 33 °C. Is it hot?



> A concept is vague whenever its extension is deemed
lacking in clarity
> Aboutness of a picture or piece of text
» Tall person
» High temperature
> Nice weather
» Adventurous trip
» Similar proof

» Vague concepts:

» Are abundant in everyday speech and almost inevitable
» Their meaning is often subjective and context dependent



> An object is vague whenever its identity is lacking in clarity
» Dust
» Cloud
» Dunes
» Sun
» Vague objects:
> Are not identical to anything, except to themselves
(reflexivity)
» Are characterised by a vague identity relation (e.g. a
similarity relation)



TripAdvisor: Hotel User Judgments



Vague Statements (cont.)

> A statement is true to some degree, which is taken from a
truth space (usually [0, 1])

» The convention prescribing that a proposition is either true
or false is changed towards graded propositions
» E.g., “heavy rain”

» The compatibility of “heavy” in the phrase “heavy rain” is
graded and the degree depends on the amount of rain is
falling

> The intensity of precipitation is expressed in terms of a
precipitation rate R: volume flux of precipitation through a
horizontal surface, i.e. m*/m?s = ms™'

> Itis usually expressed in mm/h



“Heavy rain” continued...E.g., in weather forecasts one may find:

» Rain intensity measured as precipitation rate R: volume flux of
precipitation through a horizontal surface, i.e. m®*/m?h = mh=1

Rain. Falling drops of water larger than 0.5 mm in diameter. “Rain” usually implies that the
rain will fall steadily over a period of time;
Light rain. Rain falls at the rate of 2.6 mm or less an hour;
Moderate rain. Rain falls at the rate of 2.7 mm to 7.6 mm an hour;
Heavy rain. Rain falls at the rate of 7.7 mm an hour or more.

R=77mm/h — heavyrain

» Quite harsh distinction: R—7.6mm/h — moderate rain

» This is clearly unsatisfactory, as quite naturally

”

» The more rain is falling, the more the sentence “heavy rain
is true

» Vice-versa, the less rain is falling the less the sentence is
true



» In other words, that the sentence “heavy rain” is no longer either
true or false, but is intrinsically graded

»> Even if we have complete knowledge about the current
world, i.e. exact specification of the precipitation rate

» More fine grained approach:
» Define the various types of rains as

» Light rain, moderate rain and heavy rain are vague
concepts



v

Consider a propositional statement ¢

A propositional interpretation Z maps ¢ to a truth degree in [0, 1]
Z(¢) € [0,1]

l.e., we are unable to establish whether a statement is entirely

true or false due the occurrence of vague concept

Vague statements are truth-functional

»> Degree of truth of a statement can be calculated from the
degrees of truth of its constituents
» Note that this is not possible for uncertain statements

Example of truth functional interpretation of vague statements:

(¢ AY) min(Z(¢), Z(v))
L(pV ) = max(Z(¢),Z(¥))
Z(=9) 1-1(9)



Example

» Sport Car:
Vx, hp, sp, ac SportCar(x) <+ 0.3 - HP(x, hp) 4+ 0.2 - Speed(x, sp) + 0.5 - Accel(x, ac)

» Each feature, gives a degree of truth depending on the value and the
membership function
HP(x,hp) = rs(180,250)(hp)
Speed(x, sp) rs(180,240)(sp)
Accel(x, ac) 1s(6.0,8.0)(ac)

Is(a,b) rs(a,b)
> Degree of truth of SportCar(AudiTT): 0.3-0.28 +0.3-1.0 +0.5-0.55 = 0.447



> The fuzzy membership functions can be learned from a training set (large
literature)

HP(x, hp) = rs(192,242)(hp)
Speed(x,sp) = rs(193,234)(sp)
Is(6.5,7.5)(ac)

Accel(x, ac)

Is(a,b) rs(a,b)
» Learned Training Sport Class:

Vx, hp, sp, ac TrainingSportCar(x) <> 0.3 - HP(x, hp) + 0.2 - Speed(x, sp) + 0.5 - Accel(x, ac)
> Now, a classification method can be applied: e.g. kNN classifier

VX, hp, sp, ac SportCar(x) +> Similar(x, y) - TrainingSportCar(y
y € Topy (x)

Vx, hp, sp, ac Similar(x, y) <> 0.3 - HP(x, hpx) - HP(y, hpy) + 0.2 - Speed(x, spx) - Speed(y, spy) +
+ 0.5 - Accel(x, acx) - Accel(y, acy)

where Topy(x) is the set of top-k ranked most similar cars to car x



Uncertain & Vague Statements

> Recap:
> In a probabilistic setting each statement is either true or
false, but there is e.g. a probability distribution telling us
how probable each interpretation/sentence is

I(¢) € {0,1}, Pr(Z) € [0.1] and Pr(¢) = > Pr(T) €[0,1]
Iko

» In vagueness theory instead, sentences are graded

Z(¢) € [0,1]



Uncertain Vague Statements

> Are there sentences combining the two orthogonal
concepts of uncertainty and vagueness?
> Yes, and we use them daily ! E.g.,
> “Very likely there will be heavy rain tomorrow"
» This type of sentences are called uncertain vague
sentences
> Essentially, there is
» uncertainty about the world we will have tomorrow
» vagueness about the various types of rain
> Exercise: formalise
» “Quite unlikely, | will pay to many of you some fair amount of
money if the temperature in the following days will be
slighlty higher than now”



» Consider a propositional statement ¢
» A model for uncertain vague sentences:
» Define probability distribution over worlds Z € W, i.e.

Pr(T) € [0,1],) _Pr(7) =1

» Sentences are graded: each interpretation Z € W is truth
functional and maps sentences into [0, 1]

Z(¢) € [0,1]

» For a sentence ¢, consider the expected truth of ¢
ET(¢) =) Pr(I)-1(¢).
s

> Note: if Z is bivalent (that is, Z(¢) € {0,1}) then ET(¢) = Pr(¢)



Uncertainty or Vagueness ?

» The distinction between uncertainty and vagueness is not
always clear: depends on the assumptions

» (Multimedia) Information Retrieval:

Query: “I'm looking for a house”

System Answer: score/degree 0.83

» What’s behind the computational model?



» Probabilistic model

>

>

Assumption: a multimedia object is either relevant or not relevant to a

query g
Score: The probability of being a multimedia object o relevant (Rel) to q

score := Pr(Rel | q,0)

» Vague/Fuzzy model

>

>

Assumption: a multimedia object o is about a semantic index term (t € T)
to some degree in [0, 1]
The mapping of objects 0 € O to semantic entities t € T is called semantic
annotation

F:0xT—[0,1]

F (o, t) indicates to which degree the multimedia object o is about the
semantic index term ¢
Score: The evaluation of how much the multimedia object o is about the
the information need g

score := F(o0,q)



Probability & Propositional Logic

» A statement ¢ is either true or false

» Due to lack of knowledge we can only estimate to which probability
degree they are true or false

» Usually we have a possible world semantics with a distribution over
possible worlds

> Possible world: any classical interpretation /, mapping any statement ¢
into {0,1}

W = {I classical interpretation}, /() € {0,1}
» Probability distribution: a mapping
w: W—=10,1], (/) €10,1]
such that

> () =1

lew

> (/) indicates the probability that the world / is indeed the actual one



> A statement ¢ corresponds to the event M, “the set of models of

o e
M, = {11} ¢}

» The probability of a statement ¢ is determined as

Pr(¢) = Pr(My) = u(l)
IEe



Example

Probabilistic setting:

¢ = sprinklerOn v wet

W | sprinklerOn | wet |

p 0 0 | 0.1
b 0 1 |02
Is 1 0 |04
Iy 1 1 103
1= u(l)
lew
Pr(e) Pr({l, I3, l4})

02+04+03=0.9



Properties of probabilistic formulae

I (I AVAR VA | B VAR VAN

Pr(e) + Pf(w)
min(Pr(y), P
max(0, Pr(y) +
Pr(y) + Pr(v) —
min(1, Pr(y) +
max(Pr(y), Pr
1— Pr(y)

0

1

Pr(e V)
r(¢))
Pr(v)—1)
Pr(e A1)
Pr(3))

(¥))



Probabilistic Knowledge Bases

Finite nonempty set of basic events & ={py,...,pn}
Event p: Boolean combination of basic events

Logical constraint ) <= : events ¢ and ¢: “p implies 1"

vV v.v Y

Conditional constraint (v|¢)[/, u]: events ¢ and ¢, and
I,uel0,1]: “conditional probability of ¢ given ¢ is in [/, u]”

» 1« > [is a shortcut for (/| T)[/, 1], v» < u is a shortcut for
(¥[T)I0, ]
» Probabilistic knowledge base KB= (L, P):

» finite set of logical constraints L
» finite set of conditional constraints P



Example

Probabilistic knowledge base KB = (L, P):
» L = {bird < eagle}:
“Eagles are birds”
» P = {(have_legs| bird)[1,1], (fly | bird)[0.95,1]}:
“Birds have legs”
“Birds fly with a probability of at least 0.95”



World /: truth assignment to all basic events in ¢
Ts: all worlds for ¢
Probabilistic interpretation Pr: probability distribution on Zg
Pr(¢) : sumof all Pr(/) such that | € Ze and I =
Pr(e)=">_Pr(])
I=e
Pr(i|p): if Pr(y) >0, then

Pr(vlo) =" "

Truth under Pr:
> Pri=y <o iff Pr(vAe)=Pr(y)
(iff Pr(vp<=p)=1)
> Pri= (o)l u] iff Pr(v Ap)ell,u]- Pr(e)
(iff either Pr(v)=0 or Pr(+¢|e) €I, u])



Example

> Set of basic propositions ¢ = {bird, fly}.
» T4 contains exactly the worlds /i, b, ks, and Iy over ¢:

Some probabilistic interpretations:

] [ fy | -fly]
bird I1 /2
—bird /3 Iy

| Pri | fly [ —fly | | Pro | fy [ fly]
bird 19/40 | 1/40 bird 0 1/3
-bird || 10/40 | 10/40 -bird || 1/3 | 1/3

Pry(fly A bird)=19/40 and Prq(bird)=20/40.
Pro(fly A bird) =0 and Pra(bird)=1/3.

—fly< bird is false in Pry, but true in Pr».
(fly | bird)[.95, 1] is true in Pry, but false in Prs.



Satisfiability and Logical Entailment

» Prisamodel of KB = (L, P)iff Pri=Fforall FeLUP
» KB is satisfiable iff a model of KB exists

> KB|=(v]p)[l, ul: (¥]e)[l, u] is a logical consequence of KB
iff every model of KB is also a model of (¢|¢)[/, u]

> KB = ight (12)[, ul: (][I, u] is a tight logical
consequence of KB iff | (resp., u) is the infimum (resp.,
supremum) of Pr(v|¢) subject to all models Pr of KB with
Pr(¢) >0



Example

» Probabilistic knowledge base:

KB = ({bird < eagle} ,
{(have_legs | bird)[1,1], (fly | bird)[0.95,1]})

» KB is satisfiable, since

Pr with Pr(bird A eagle A have_legs A fly) = 1 is a model

» Some conclusions under logical entailment:
KB |[= (have_legs | bird)[0.3,1]KB |= (fly | bird)[0.6, 1]

» Tight conclusions under logical entailment:

KB “:tight (have_legs | bird)[1,1]
KB |tight (fly | bird)[0.95,1]

KB |=tight (have_legs| eagle)[1,1]
KB |=tignt (fly | eagle)[0.1]



Deciding Model Existence / Satisfiability

Theorem: The probabilistic knowledge base KB= (L, P) has a
model Pr iff the following system of linear constraints LC over
the variables y, (r€ R), where R={l<Zs | | |= L}, is solvable:

> e+ X (=Dy =20 (V) uleP),1>0
reR, r=e—-vyAp reR, r=yAg

> uyr+ > U=y =20 (V@lo)lluleP,u<)
reR, re—vne reR, reyAe
>y =1

reR
yr > 0 (forallreR)



Explanation

> A probability distribution Pr is a model of (v |¢)[/, u] iff

Pr(v | @) € ll,ul it Pr(v A )/Pr(v) € I, d]
ittt Pr(y A ) €[+ Pr(v),u- Pr(e)]
ift  Pr(y Aw)>1-Pr(p)and, Pr(v A ) < u- Pr(y)
Pr( A ) > 1- Pr(p) iff Pr(ww)—/»Pr(so)zo

ift  Pr(Myny) —1-Pr(My) >
ifft  Pr(Myny) =1 Pr(Myap U Mﬂw,\q,) >0
it Pr(Myny) —1- P’(Mwmp) — - Pr(M—yyny) 20

it (1= 1) Pr(Mpag) = Pr(M_ynp) >0
=0 S wn-1 S wn=o0
rEYAe /’): YA
it S (—hun+ S (—hu(n =0
rEvAe ==Y Ae

> As we are looking for the values of j.(r), by setting y» = w(r), any solution to the variables y, under

ST =hye+ > (=hy = 0

rEyAe IE-YAe
Z yr
rew
Yr

\Y

Oforallr e W

is a probabilistic model of (1|¢)[/, 1]. The equations for the upper bound are derived similarly.



Computing Tight Logical Consequences

Theorem: Suppose KB = (L, P) has a model Pr such that
Pr(a) > 0. Then, / (resp., u) such that KB [=qignt (B|a)[l, u] is
given by the optimal value of the following linear program over
the variables y, (r€ R), where R={l€Zy | | = L}:

minimize (resp., maximize) > y, subjectto

reR,r = BAa
> =lye+ > (A=-NHyr >0 (VI ueP),I>0
reR, re—yYAp reR, reyAe
> uyr+ > (u=1)y >0 (Mlp)l,uleP),u<1
reR, r=—yAp reR, r=ypAp
Yoy =1
reR

yr > 0 (forallreR)



Bayesian Networks

Bayesian network (BN): compact specification of a joint distribution, based on
a graphical notation for conditional independencies:

» a set of nodes; each node represents a random variable

» a directed, acyclic graph (link = “directly influences”)

» a conditional distribution for each node given its parents:

P(Xi|Parents(X;))
>
Pr(Xi,...,Xa) = ML Pr(X; | parents(X;)) .

Any joint distribution can be represented as a BN.



SPRINKLER

RAIN| T F
SPRINKLER
F

GRASS WET
SPRINKLER RAIN| T F
F F 00 1.0
F T 08 0.2
T F 0.8 0.1
T T 099 001
Joint probability function is
Pr(GrassWet, Sprinkler,Rain) =  Pr(GrassWet | Sprinkler,Rain) 2)

-Pr(sprinkler | Rain) - Pr(Rain)

The model can answer questions like “What is the probability that it is raining, given the grass is wet?”

Pr(Rain = T, GrassWet = T)

Pr(Rain = T | GrassWet =T) = Pr( 7
r(GrassWet =

ZYe{T F} Pr(Rain = T, Grassilet = T, Sprinkler = Y)

ZY1 Yoe{T,F} Pr(GrassWet = T, (Rain = Yy, Sprinkler = Y2))
0.99-0.01-0.2+0.8-0.99-0.2

0.99-0.01-02+09-04-08+0.8-099-02+0-0.6-0.8
~ 0.3577




Encoding of Bayesian Network in Probabilistic
Propositional Logic

For every node a, we use a propositional letters a(T) (ais true), a(F) (ais false)
We also need (a(T) +» —a(F)) = 1)
If a node a has no parents: a(T) = p, where p is its associated probability

vvyyvyy

If a node has parents, we encode its associated conditional probability table using conditional probability
formulae

(Sprinkler(T) | Rain(F)) = 0.4

(sprinkler(T) | Rain(T)) = 0.01
(GrassWet(T) | Sprinkler(F) ARain(F)) = 0.0
(GrasswWet(T) | Sprinkler(F) ARain(T)) = 0.8
(GrasswWet(T) | sprinkler(T) ARain(F)) = 0.9
(GrassWet(T) | Sprinkler(T) ARain(T)) = 0.99.



Independent Choice Logic: Propositional Case

> A knowledge base KB = (P, C) is a set of propositional formulae P together with a choice space C

> A choice space C is a set C of choices of the form {(A; : a1), ..., (An : an)}, where A, is an atom and
the «j sum-up to 1

» Atotal choice T is a set of atoms such that from each choice C,- € C there is exactly one atom A{ € C/- inT

> The probability of a total choice T is Pr(T) = Pr(/\AjeTAfl.) = HAIET all:
i i

» A query is a propositional formula g. The probability of g w.r.t. KB is

Pr(q | KB) = > Pr(T)
{TIPUT=q}

»> Example:
c,b—c}

P={a s
Cc={C;={a:0.7,-a:0.3},Co={b:0.6,-b:0.4}}

Total Choice  Pr(T)
7 {a, b} 0.42
To {a, b} 0.28
T3 {—a, b} 0.18
Ty {—a, -b} 0.12

Pr(c | KB) = Pr(Ty) + Pr(Ta) + Pr(Ts) = 1 — Pr(Ty) = 0.88



Fuzzyness & Logic (Basics)

» Statements involve concepts for which there is no exact
definition, such as

> tall, small, close, far, cheap, expensive, “is about”, “similar
to”.
> A statements is true to some degree, which is taken from a
truth space

» E.g., “Hotel Verdi is close to the train station to degree
0.83”

> E.g., “The image is about a sun set to degree 0.75”

» Truth space: set of truth values L and an partial order <

» Many-valued Interpretation: a function / mapping formulae
into L, i.e. I(p) € L

> Mathematical Fuzzy Logic: L = [0,1], butalso {2, 1 ... 1}
for an integer n> 1



Problem: what is the interpretation of e.g. ¢ A ¥?

> E.g. if I(¢) = 0.83 and /(y)) = 0.2, what is the result of 0.83 A 0.2?
More generally, what is the result of n A m, for n,m € [0, 1]?
The choice cannot be any arbitrary computable function,
but has to reflect some basic properties that one expects to
hold for a “conjunction”

Norms: functions that are used to interpret connectives
such as A, Vv, -, —

» t-norm: interprets conjunction

> s-norm: interprets disjunction

Norms are compatible with classical two-valued logic



From Crisp Sets to Fuzzy Sets

» Let X be a universal set of objects

» The power set, denoted 24, of a set A C X, is the set of
subsets of A, i.e.,

2A={B|BC A}
» Often sets are defined as
A={x|P(x)}

> P(x) is a statement “x has property P”
> P(x) is either true or false for any x € X



» Examples of universe X and subsets A, B € 2X may be

X = {x|xisaday}
A = {x|xisarainy day}
B = {x| xis aday with precipitation rate R > 7.5mm/h}

» Inthe above case: BC AC X
» The (crisp) membership function of a set A C X:

xa: X —{0,1}

where xa(x) =1iff x € A
» Note that for sets A, B € 2%

AC Biff ¥x € X. xa(x) < x5(X)



» Fuzzy set A: xa: X — [0, 1], or simply
A: X —[0,1]

» Fuzzy power set over X, is denoted 2%, i.e. the set of all
fuzzy sets over X

» Example: the fuzzy set
C = {x|«xisaday with heavy precipitation rate R}

is defined via the membership function

1 fR>75
xe(x)=<¢ (x—5)/25 ifRe€[5,7.5)
0 otherwise

» Cardinality of a fuzzy set A: e.g. using sigma-count

Al =" xax)

xeX



Fuzzy Sets Construction

» The usefulness of fuzzy sets depends critically on
appropriate membership functions

» Methods for fuzzy membership functions construction is
largely addressed in literature



» Fuzzy membership functions may depend on the context and
may be subjective

» Shape may be quite different

» Usually, it is sufficient to consider functions

() (d)

(a) Trapezoidal trz(a, b, c, d); (b) Triangular tri(a, b, c¢); (c) left-shoulder Is(a, b); (d) right-shoulder rs(a, b)



» Simple and typically satisfactory method (numerical domain):
> uniform partitioning into 5 fuzzy sets

Fuzzy sets construction using trapezoidal functions

Fuzzy sets construction using triangular functions



» Another popular method is based on clustering
» Use Fuzzy C-Means to cluster data into 5 clusters

» Fuzzy C-Means extends K-Means to accommodates
graded membership

» From the clusters ¢y, ..., c5 take the centroids m1,..., 75

» Build the fuzzy sets from the centroids
VeryLow Low Medium High VeryHigh

Fuzzy sets construction using clustering



Norm-Based Fuzzy Set Operations

» Standard fuzzy set operations are not the only ones
» Most notable ones are triangular norms

» t-norm @ for set intersection

» t-conorm @ (also called s-norm) for set union

> negation © for set complementation

» implication — for set inclusion

» These functions satisfy some properties that one expects
to hold



Properties for t-norms and s-norms

Axiom Name T-norm S-norm
Taututology/Contradiction a®0=20 adi1=1

Identity aRl=a ap0=a

Commutativity apb=b®a adb=boda
Associativity (a®b)®c=a® (b®c) (adob)ydc=ad(bdc)

Monotonicity

ifb<cthenawb<a®c

ifb<c,thenagb<adc




Properties for implication and negation functions

Axiom Name Implication Function Negation Function
Tautology / Contradiction 0—b=1,a—1=1,1—-0=0 60=1,61=0
Antitonicity ifa<b,thena—c>b—c ifa<b,thenca>ocb

Monotonicity ifb<cthena—b<a—c




By commutativity, ® and & are monotone also in the first
argument

® is indempotent if a® a = g, for all a € [0, 1]
Megation function & is involutive iff © © a = a, for all
ac[0,1].

Salient negation functions are:

Standard or tukasiewicz negation: c,a=1— g;
Godel negation: ©gais 1ifa=0, else is 0.

tukasiewicz negation is involutive, G6del negation is not.



» Salient t-norm functions are:
Godel t-norm: a®g b = min(a, b);
Bounded difference or tukasiewicz t-norm:
a® b=max(0,a+b—-1);
Algebraic product or product t-norm: a®p b= a- b;
Drastic product: a®qy b =
0 when (a, b) € [0, 1[x[0, 1]
{ min(a, b) otherwise



» Salient s-norm functions are:

Godel s-norm: a®g b = max(a, b);
Bounded sum or Lukasiewicz s-norm:

a®; b=min(1,a+ b);
Algebraic sum or product s-norm: a®p b= a+ b — ab;
Drastic sum: a®q4 b =

1 when (a, b) €]0, 1]x]0, 1]
{ max(a, b) otherwise



Salient properties of norms:
» Ordering among t-norms (® is any t-norm):

®d§®§®g
®d§®l§®p§®g-

» The only idempotent t-norm is ®g.
» The only t-norm satisfying a® a=0for all a € [0, 1] is ®g.
» Ordering among s-norms (& is any s-norm):

@gg@f@d
@gﬁ@pg@lg@d-



v

The only idempotent s-norm is ©y.
The only s-norm satisfying a® a = 1 for all a €]0, 1] is @©g4.
The dual s-norm of ® is defined as

asb=1-(1-a(1->b).

Kleene-Dienes implication: x — y = max(1 — x, y) is called
Fuzzy modus ponens: leta>nanda— b>m
» Under Kleene-Dienes implication, we infer thatif n > 1 —m
thenb>m
» Under r-implication relative to a t-norm ®, we infer that
b>n®m
Composition of two fuzzy relations Ry : X x X — [0, 1] and
Ro: X x X —[0,1]: forall x,ze X
» (R10Rz)(x,2) =supycx Ri(X,y) ® Ra(y, 2)
A fuzzy relation R is transitive iff for all x,z € X
R(x,z)>(Ro R)(x,2)



tukasiewicz, Gddel, Product logic and Standard Fuzzy
logic

» One distinguishes three different sets of fuzzy set
operations (called fuzzy logics)
» tukasiewicz, Gddel, and Product logic
» Standard Fuzzy Logic (SFL) is a sublogic of Lukasiewicz
> min(a, b) = a®;(a — b), max(a,b) =1 —min(1 — a,1 — b)

tukasiewicz Logic Godel Logic Product Logic SFL
a®b max(a+ b —1,0) min(a, b) a-b min(a, b)
adb min(a+ b, 1) max(a, b) atb—a-b max(a, b)
a—b min(1 —a+ b, 1) 1 Ifag,b min(1, b/a) max(1 — a, b)
b otherwise
1 ifa=0 1 ifa=0
©a 1-a {O otherwise {O otherwise 1-a

» Mostert—Shields theorem: any continuous t-norm can be
obtained as an ordinal sum of these three



Some additional properties

Property kukasiewicz Logic ~ Gddel Logic

Product Logic

SFL

XO0x=0 .

xXoox=1 °

X®X=X .

X®X=X .

OOX =X

X—=y=0x0y

e(x—y)=x®0y
Ox®y)=6x®0y
Oxdy)=6xQ0y

» Note: If all conditions in the upper part of a column have to
be satisfied then we collapse to classical two-valued logic



Fuzzy Modifiers

» Fuzzy modifiers: interesting feature of fuzzy set theory

> A fuzzy modifier apply to fuzzy sets to change their
membership function
» Examples: very, more_or_less, and slightly

» A fuzzy modifier m represents a function
fm:[0,1] — [0, 1]

Example: fvery(x) :XZ, fmoreioriless(x) - tfi(O,X, 1 )7 fsliqhtly(x) - \/}



» Modelling the fuzzy set of very heavy rain:

Xvery heavy rain(X) = fvery(Xheavyrain(X))
- (Xheavyrain(x))2
= (rs(5,7.5)(x))?

> A typical shape of modifiers: linear modifiers Im(a, b)

1

b

0 a 1 X

» Note: linear modifiers require one parameter ¢ only
Im(a, b) = Im(c)

where a=c/(c+1), b=1/(c+1)



Fuzzy Quantifiers

» Classical logic has two quantifiers:
> the universal V

> the existential 3

» These are extremal ones among several other linguistic quantifiers, such as
> all, most, many, about half, few, some

» A quantifier, such as most, can be represented as a fuzzy subset (r € [0, 1])

Q:[0,1] — [0, 1]

with Q(0) = 0, Q(1) =1
> the membership grade Q(r) indicates the degree to which the proportion r satisfies the linguistic

quantifier that Q represents

» Degree of truth of “Most birds fly” is
|Bird A Fly|

ost(
[Fly|



Mathematical Fuzzy Logics Basics

» Classical Logics for KR are grounded on Mathematical
Logic

» Fuzzy Logics for KR are grounded on Mathematical Fuzzy
Logic

> A statement has a degree of truth

» Truth space: set of truth values L
» Given a statement ¢
» Fuzzy Interpretation: a function Z mapping ¢ into L, i.e.

I(p) e L
» Usually
L = [0,1]
L, = {0,—,...,




» Fuzzy statement: for r € [0, 1]

(9,r)

The degree of truth of ¢ is equal or greater than r

» Examples:

Fuzzy FOL: (RainyDay(d),0.75)

Fuzzy LPs: (RainyDay(d) +,0.75)
Fuzzy RDFS: ((d, type, RainyDay),0.75)
Fuzzy DLs: (d:RainyDay,0.75)

vVvyyvyy



» Fuzzy interpretation Z:

» Maps each basic statement p; into [0, 1]
» Extended inductively to all statements

(e Ay) = Z(¢) ®L(¥)
Z(oVvy) = Z(¢) ®Z(y)
Lo =) = I(¢) = Z(¥)
Lp<v) = Lo—=v)L(Y—9)
Z(—-¢) = ©1(9)
I(3x.¢) = supaeaz I{(9)
I(vx.¢) = infacar T¥(9) ,

where
» A7 is the domain of T
> ®, d, —, and © are the t-norms, t-conorms, implication
functions, a negation functions
» The function Z¢ is as Z except that x is interpreted as a



Example

In Propositional Lukasiewicz logic:
¢ = Cold N Cloudy

T | Cold | Cloudy Z(y)

74 0 0.1 max(0,0+0.1—-1)=0.0
>, | 0.3 0.4 | max(0,03+04-1)=0.0
I3 | 0.7 0.8 | max(0,0.74+08—-1)=05
Iy | 1 1 max(0,1+1—-1)=1.0




» One may also consider the following abbreviations:

def

dAgh = GA (D)
PVgh = (¢ 1) = d) Ag (¥ = ¢) = 1)
09 = =0

def

(p<n = (o, 1-1)
» In case — is the r-implication based on ®, then
> g is Godel t-norm

> Vg is Godel s-norm
> —g is interpreted as the negation function related to ®



7 satisfies (¢, r), or Z is a model of (¢, r)

= (p,niff Z(¢) > r

Z is a model of ¢ if Z(¢) = 1
Fuzzy knowledge base K: finite set of fuzzy statements

7 satisfies (is a model of) K: Z = K iff it satisfies each
element in it

Best entailment degree of ¢ w.r.t. K:
bed(K, ¢) = sup {r|K|=(¢,r)}
Best satisfiability degree of ¢ w.r.t. K:

bsd(K,¢) = sup {Z(9) |7 = K}



» Fuzzy Modus Ponens: for r-implication —, for r, s € [0, 1]:

(@,0), (¢ =1,8) = (P, ras)

Informally,

frome >rand (p — ) > sinfery >rAs

» Salient equivalences:

-=¢
PN
(¢ A —9)
¢V ¢

(£, SFL)
(G, SFL)
(£, G,M)
(

¢
¢
1
1 (v)



» Salient equivalences:

t+G
t+n
G+

Boolean Logic
Boolean Logic
Boolean Logic



Example
In Lukasiewicz logic:

sp:

Read: Cold A Cloudy > 0.4

(Cold A Cloudy, 0.4)

T | Cold | Cloudy ()

T, | 0 01 |04 500=min(1,1-04100)=06

T, | 03 | 04 [04-00=min(1,1-04+00)=06

T3] 07 | 08 |04—05=min(1,1-04+05)=1.0
1 1 O.4—>1.0:m|n(1,1—04—|—10) 1.0

14

4

13
14

ST TR
"6 €66



On Witnessed Models

» Witnessed interpretation Z:

I(3x.¢) = T2(¢), forsome ac A"
I(¥x.¢) = T(¢), forsome ac AT

AA
NI
KR

The supremum (resp. infimum) are attained at some point

>

» Classical interpretations are witnessed

» Fuzzy interpretations may not be witnessed
>

E.g., Z is not witnessed as Eq. (3) not satisfied:

AT = N
TJ(A(x)) = 1-1/n<1, foralln
TEXA(X) = supZl(A(X))

= supl—1/n=1
n



Proposition (Witnessed model property)

In tukasiewicz logic and SFL over L = [0, 1], or for all cases in
which the truth space L is finite, a fuzzy KB has a witnessed
fuzzy model iff it has a fuzzy model.

» Not true for Gédel and product logic over L = [0, 1]
> —Vx p(x) A =3x -p(x) has no classical model
> In Gdédel logic it has no finite model, but has an infinite
model: for integer n > 1, let Z such that Z(p(n)) = 1/n
Z(vYx p(x)) = irl17f1/n =0
Z(3Ix —p(x)) = sup—1/n=sup0=0
n

» IMHO: non-witnessed models make little sense in KR
» We will always assume that interpretations are witnessed



Fuzzy Propositional Logic: Reasoning

» We need to distinguish if truth space is L = [0, 1] or
L,,_{O,n,...,n 7,1}

» Case L, easier: given m propositional letters, there are m"
possible interpretations

» We may use

» Operational Research
> Analytic Tableaux, Non-Deterministic Analytic Tableaux
» Reduction into Classical Propositional Logic



Operational Research: Case tukasiewicz Logic & SFL

» Basic idea: translate formulae into equational constraints
about truth degrees
» For a formula ¢ consider a variable x

» Intuition: x, will hold the degree of truth of statement ¢
» Example: constraints under Lukasiewicz for (—¢, 0.6)

m

[0,1]
[0,1]
X-p = 1—X¢

X=¢
Xo

m



» We may use Mixed Integer Linear Programming for the encodings of
constraints
For Lukasiewicz:
> X1 QiXe=2
H{xt+x—-1<zx+x—-1>z-y,z<1-y,ye{0,1}},
where y is a new variable.
> i@ =z={X1+x<z+y,y<z,xi+x >2zyec{0,1}}
where y is a new variable.
> xi = Xo =z {(1—x1) ®r X2 = z}.
For SFL:
> X1 RgXe =2
—{z<x,z< % <z+y,x<z+(1-y),yec{0,1}},
where y is a new variable.
> Xy BgXe =2
—{z>x,z>%x+y>zx+(1-y)>zye{0,1}},
where y is a new variable.
> X1 =g Xe =2 (1—X1)Dg X = Z.



Negation Normal Form, nnf(¢)

-1

=T

~¢

~(6 A1)
~(6V 1)
~(6 — )

11 1

Al
N )
dNA—Y .



1. Transform K into NNF

2. Initialize the fuzzy theory Tjc and the initial set of constraints Cx- by

Te = Aol (¢, €K}
{xy 2 n|{¢,n) € K}

Ck

3. Apply the following inference rules until no more rules can be applied

(var).
(var).
(L)-
()

(M-

(V)

For variable x4 occurring in Cxc add x4 € [0, 1]to Cxc

For variable x_, 4 occurring in Cxc add x4 =1 — x_ 4 t0 Cxc
If Le Ti thenCyxc := Cxc U {x, =0}

If T € T then Cic := Cxc U {xT =1}

If ¢ A € Ty, then
3.1 add ¢ and ¢ to Txc

32 Cx =Cx U{Xy ® Xy = Xpnep}

If ¢ V¢ € Tic, then
3.1 add ¢ and ¢ to T

32 Ci =Crc U{Xy ® Xy = Xpaep}

If ¢ — ¢ € Ty, then
3.1 add nnf(—¢) and 1 to Txc

32 Cx:=CU{(1— xnn,(ﬁqs)) — Xy = X¢4,,¢,}



sat(K): K is satisfiable iff the final set of constraints Cx has
a solution

bed(K, ¢):

bsd(K, ):

>
»
>
>

vvyyvyy

Add —¢ to T

Add x4, > 1 —x,x €[0,1] to Cx, X new
Compute final set of constraints Cx
Then, solve the optimisation problem

bed(KC, ) = min x. such that Cx. has a solution

Add ¢ to Tk

Add x, > x,x € [0,1] to Cx, x new
Compute final set of constraints Cx
Then, solve the optimisation problem

bsd(K, ) = max x. such that Cx. has a solution



Analytical Fuzzy Tableau: Case SFL

» Main property the method is based on:
> if Z is model of (¢ A 1, n) then Z is a model of both (¢, n)
and (v, ny;
» if Z is model of (¢ V 1, n) then 7 is a model of either (¢, n)
or (¢, n).
» 7 cannot be a model of both (p,n) and (-p, m) if n > 1 —m.
» A clash is either
> a fuzzy statement (L, n) with n > 0; or
> a pair of fuzzy statements (p, n) and (—-p,m) withn>1—-m

» Clash-free: does not contain a clash



H W N =

. Transform KC into NNF
. Initialize the completion Sxc = K
. Apply the following inference rules to Sx until no more rules can be applied

We call a set of fuzzy statements Sx. complete iff none of the rules below can be
applied to S

Note that rule (V) is non-deterministic
(N). I {pAp,n) €Sk and {(¢,n), (v,n)} Z Sk , then add both
(¢, ) and (), n) to Sc
(V). If{pV,n)y €Sk and {{(¢, n), (x,n)} NS = B, then add
either (¢, n) or (¢, n) to Sk
(—). If (¢ = ¢, n) € Sk and (nnf(—¢) V ¢, n) & Sk, then add
(nnf(=¢) V 9, n) to Sk

sat(K): K is satisfiable iff we find a complete and
clash-free completion Sx of X



» For BED and BSD we need some more work
» Given K, define
NK = {0,051} U {n]|{(¢,n) € K}

N* = NCU{1-n|neN}
e = min{d/2|nme N n#m,d=|n—m|}

Proposition
Under SFL, given K, then forn > 0
K E {(¢,n) iff CU{(=¢,1 —n+e¢)} is not satisfiable .

Moreover, K is satisfiable iff it has a model over N.



bed(KC, $): Find greatest n € N* such that K = (¢, n)

bsd(K, ¢): Find greatest n € N* such that X U {(¢, n)}
satisfiable



Non Deterministic Analytic Fuzzy Tableau

» Works for finitely-valued fuzzy propositional logic over L,
> Works also for SFL (as in place of [0, 1], we may use N*)

» Basic idea is as for fuzzy tableau, but now we guess the truth degrees
(N). I {p AN1p,n)y €Sk, ny, N € Ly such that ny ® n, = nand
{<¢7 n1>1 <¢7 n2>} Z S’C ) then add both <¢7 n1> and <¢7 n2> to
Sk
(V). lf{pVp,n)y €Sk, ny,ne € Ly such that ny & n, = nand
{{¢,m), (¥, m2)} Z Sk, then add both (¢, n1) and (3, nz) to
Sk
(—=). If (¢ = ,ny €Sxc, N1,z € Lpsuchthat ny — n; = nand
{{¢,m), (¥, m2)} Z Sk , then add both (¢, ny) and (), np) to
Sk
» A clash is either
> a fuzzy statement (L, n) with n > 0; or

> a pair of fuzzy statements (p, n) and (—p, m) such that

Xp >N, ©Xp>MXp € Lp

has no solution



Reduction to Classical Propositional Logic: Case SFL
over [0, 1]

» Given K, we know that we can use

Lo=N*={v,....%}

with 7 < 7941, 1 <P <n—1
> Basic idea: use atom A, to represent
The truth degree of A has to be equal or greater than r

» Similarly for As.,, A<, and A,



» To start with, build Crisp,,,
> Forallatoms A, forall1 <i<n-—-1,2<j<n-1

Azry = Asy,
Asqy = Asy
» Build Crispy:

Crisp}C = {p(¢7 n) ‘ <¢7 n> € ’C} U
Crispy, ,

p(x,¥)

£

-

Life>0

A

_‘A>1fc

p(¢;¢) A p(y, €)
p(9,¢) V p(¥, c)

O(O|O|0|0 © o<




Proposition
Given KC under SFL over Ly, then K |= (¢, ¢) iff

K U{(—¢,1—c7)} is not satisfiable, where ¢~ is the next
smaller value than c in L,

sat(K): K is satisfiable iff Crispy satisfiable

bed(IKC, ¢): Find greatest ¢ € L, such that K = (¢, ¢)

bsd(KC, ¢): Find greatest ¢ € L, such that L U {(¢,¢c)}
satisfiable



Fuzzy Concrete Domains

> Allows us to deal with concepts such as young, cheap,
cold, etc.

» We allow also crisp constraints such as
AlarmSystem A (price > 26,000),
AlarmSystem — (deliverytime > 30)

» Fuzzy membership functions: usually of the form

(a) (b) (©) (d)

Figure: (a) Trapezoidal function trz(a, b, ¢, d), (b) triangular function tri(a, b, ¢), (c) left shoulder
function /s(a, b), and (d) right shoulder function rs(a, b).

» For instance, AlarmSystem A (price /s(18000,22000))



Definition (The language P(N))
Let A be a set of propositional atoms, and F a set of pairs (f, Dy) each made of a feature name and an associated
concrete domain Dy, and let k be a value in Dy. Then the following formulae are in P(N):

1. everyatom A € Ais aformula

2. if(f,Df) € F,k € D,andc € {>, <, =} then (f c k) is a formula

3. if (f, Df) € F and cis of the form Is(a, b), rs(a, b), tri(a, b, ¢), trz(a, b, ¢, d) then (f c) is a formula

4. if ¢ and ¢ are formulae and n € [0, 1] then so are =, ¥ A ¢, 9 V ¢, 1 — . We use ¢ <> ¢ in place

of (¥ = ©) A (@ — ),
if 41, ...,n are formulae, then wy - ¥4 + ... + Wy - 9 is a formula, where w; € [0,1]and >°; w; < 1
if 1 is a formula and n € [0, 1] then (+, n) is a formula in P(N). If nis omitted, then (+, 1) is assumed

o o

Definition (Interpretation and models)

An interpretation Z for P(N) is a function (denoted as a superscript Zonits argument) that maps each atom in A

into a truth value AZ € [0, 1], each feature name f into a value fZ € Dy, and assigns truth values in [0, 1] to
formulas as follows:

> for hard constraints, (f ¢ k)Z = 1 iff the relation fZ ¢ k is true in Dy, (f ¢ k)Z = 0 otherwise

> for soft constraints, (f ¢) = ¢(fZ) , i.e., the result of evaluating the fuzzy membership function ¢ on the
value ¥

> ()T =T (WA )T =T AT, (0 Vo) = 9T vl (= 0)T =T = o7 and
(W1‘w1+~<-+Wn‘wn)I:ZiWi‘¢iz
> T (w,n)ifty? >n

Proposition (Reasoning)

Reasoning problems in P(N') can be solved via MILF, as rs, Is, tri are MILP representable.



Example: Matchmaking

» Suppose we have a buyer and a seller (agents)

> A car seller sells a sedan car

»> A buyer is looking for a second hand passenger car

» Both the buyer as well as the seller have preferences
(restrictions)

» There is some background knowledge

» The objective is determine “an optimal” (Pareto optimal)
agreement among the two



Matchmaking Example: the Background Knowledge

1. A sedan is a passenger car
2. A satellite alarm system is an alarm system

3. The navigator pack is a satellite alarm system with a GPS
system

4. The Insurance Plus package is a driver insurance together with
a theft insurance

5. The car colours are black or grey



Matchmaking Example: Buyer’s preferences

1. He does not want to pay more than 26000 euro (buyer
reservation value)

2. He wants an alarm system in the car and he is completely
satisfied with paying no more than 23000 euro, but he can go up
to 26000 euro to a lesser degree of satisfaction

3. He wants a driver insurance and either a theft insurance or a fire
insurance

4. He wants air conditioning and the external colour should be
either black or grey

5. Preferably the price is no more than 22000 euro, but he can go
up to 24000 euro to a lesser degree of satisfaction

6. The kilometer warranty is preferrably at least 140000, but he
may go down to 160000 to a lesser degree of satisfaction

7. The weights of the preferences 2-6 are, (0.1, 0.2, 0.1, 0.2, 0.4).
The higher the value the more important is the preference



Matchmaking Example: Seller’'s preferences

1. He wants to sell no less than 24000 euro (seller reservation
value)

2. If there is an navigator pack system in the car then he is
completely satisfied with selling no less than 26000 euro, but he
can go down to 24000 euro to a lesser degree of satisfaction

3. Preferably the seller sells the Insurance Plus package

4. The kilometer warranty is preferrably at most 150000, but he
may go up to 170000 to a lesser degree of satisfaction

5. If the color is black then the car has air conditioning

6. The weights of the preferences 2-5 are, (0.3, 0.1, 0.4, 0.2). The
higher the value the more important is the preference



Matchmaking Example: Encoding

Sedan — PassengerCar

ExternalColorBlack — —ExternalColorGray
SatelliteAlarm — AlarmSystem

InsurancePlus <> Driverlnsurance A Theftinsurance
NavigatorPack <+ SatelliteAlarm A GPS_system

Buyer’s request:
B = PassengerCar A (price < 26000)
1 = AlarmSystem =- (price , Is(23000, 26000))
B2 = Driverinsurance A (Theftinsurance Vv Firelnsurance)
B3 = AirConditioning A (ExternalColorBlack \ ExternalColorGray)
B4 = (price , 1s(22000, 24000))
Bs = (km_warranty , rs(140000, 160000))
B=01-81+02 -8,+01:-83+0.2:54+0.2: 5
Let

Seller’s request:

o =Sedan A (price > 24000)

o4 = NavigatorPack A (price , rs(24000, 26000))
oy = InsurancePlus

o3 = (km_warranty , Is(150000, 170000))

o4 = ExternalColorBlack A AirConditioning
§=083:-01+01:-00+04:-03+0.2:0y4

KB=T U{B,0} U {buy ++ B,sell ++ S}

Pareto optimal solution:
bsd(KB, buy Ap sell) = 0.651

In particular, the final agreement is:

Sedan® = 1.0, PassengerCar” = 1.0, InsurancePlus” = 1.0, AlarmSystem” = 1.0,
Driverinsurance” = 1.0, AirConditioning” = 1.0, NavigatorPack” = 1.0,

(km_warranty Is(150000, 170000))Z = 0.5, i.e. km_warranty” = 160000,

(price, Is(23000, 26000)) = 0.33, i.e. price” = 24000, ) )
Theftinsurance” = 1.0, Firelnsurance” = 1.0, ExternalColorBlackZ = 1.0, ExternalCoIorGrayI =0.0.



Uncertainity & Fuzzyness in Semantic Web Languages



RDFS



A Probabilistic RDF

v

Probabilistic generalization of RDF

Terminological probabilistic knowledge about classes
Assertional probabilistic knowledge about properties of
individuals

Assertional probabilistic inference for acyclic probabilistic
RDF theories, which is based on logical entailment in
probabilistic logic, coupled with a local probabilistic
semantics



Example of probabilistic RDF schema tuples



Probabilistic RDF schema tuples

» Non-probabilistic triples:

(i, type, ¢)
(p1,8p, p2)
(p, range, c)
(p,dom, ¢)

» j € UB individual (URI reference or blank node)
> p, p; properties
> cclass

» Probabilistic schema quadruples: (c,sc, C, u)

» cclass
» (C set of classes
> 4 C—[0,1] with
> > cecm(c) =1
> If (c,sc, Ci, 1) and (c, sc, Co, u2) with Cy # Co then
CinGC, =10



Example of probabilistic RDF instance tuples



Probabilistic RDF instance tuples

» Probabilistic instance quadruples:

(i7 p? V? /’L)
(i,type, C,0)

» jindividual, p property
» V C UBL, set of individuals or literals
» 4 distribution over V, i : V — [0, 1] with
> Zvevl‘l’(v) S 1
> |f (I7 P, V1,/,L1), (I7 P, Vg,ug), with V1 75 V2 then V1 n V2 =0
C set of classes
§:C —[0,1] with
> > cecd(c) <1
> If (i, type, Cy, 1), (i,type, Cz,02), then V4 = Vo and 61 = &2
» pRDF theory: a pair (S, R), where S is a set of pPRDF schema tuples
and R is a set of pRDF instance tuples

vy



Semantics (excerpt)

» p-path P: for property p, P is a sequence of ntuples (s;, pi, Vi, i),
where
> foralli,3 (s, pi, V,pu) st. vie V, u(vi) =i
» for all i, (p;, sp*, p) (sp* is transitive closure of sp)
> foralli<n—1,vi=Ssj4
> A pRDF instance is acyclic if for all properties p, there are no cyclic
p-paths in it
» World: A world w is a set of triples (s, p, v) such that either
» sis an individual, p is a property and v is an individual or
literal, or
» sis an individual, p is type and v is a class

> pRDF interpretation: Z: W — [0, 1] with >, Z(w) =1



v

v

vy

Satisfaction:

> 7 ': (Sa P, V; ,U') iff vv € V,,LL(V) < Z(s,py)ewz((sv P; V))
> 7T E (S, R) iff
> 7 satisfies all tuples in R
> for all p-paths (s;, pi, Vi, Vi)icpt...n in (S, R),
Qivi < Z(shphvi)ewz((shpi, vi))
> ®isa t-norm
Entailment: (S, R) = (s, p, V, ) iff any model of (S, R) is a model of
(s,p, V, )
Atomic queries: (?s,p, v,v), (s,?p, v,v), (5,p, V, ?7)
Conjunctive queries: g1 A @2 A ... A gn, Q; atomic queries



Fuzzy RDF

> Statement (triples) may have attached a degree in [0, 1]:
forne [0,1]

((subject, predicate, object), n)

» Meaning: the degree of truth of the statement is at least n
» For instance,

((o1, IsAbout, snoopy), 0.8)



Fuzzy RDF Syntax

» Fuzzy RDF triple (or Fuzzy RDF atom):
(r,ny € (UBL x U x UBL) x [0, 1]

» s e UBL is the subject
» p € Uis the predicate
» 0 € UBL is the object
> ne (0, 1] is the degree of truth
» Example:
((audiTT, type, SportCar), 0.8)



Fuzzy RDF Semantics

» Fuzzy RDF interpretation Z over a vocabulary V is a tuple
I = (DR, Ap,Ac, AL, P, CLL )

where

> Apg,Ap,Ag, A are the interpretations domains of 7
> P[], C[], T are the interpretation functions of Z



7= <AF1’7AP7ACaAL7 PII]]? Cl[]]’ 'I>

1. Agis a nonempty set of resources, called the domain or universe of Z;

2. Apis a set of property names (not necessarily disjoint from Ag);

3. A¢ C Agis adistinguished subset of Ag identifying if a resource

denotes a class of resources;

4. A; C Ag, the set of literal values, A, contains all plain literals in L N V;

. P[] maps each property name p € Ap into a partial function

Plp] : Ar x Ag — [0, 1], i.e. assigns a degree to each pair of
resources, denoting the degree of being the pair an instance of the
property p;

. C[-] maps each class ¢ € A¢ into a partial function C[c] : Ag — [0, 1],
i.e. assigns a degree to every resource, denoting the degree of being
the resource an instance of the class c;

. -“Tmaps eacht c ULN Vinto avalue t* € AgU Ap, i.e. assigns a
resource or a property name to each element of UL in V, and such that
T is the identity for plain literals and assigns an element in Ag to
elements in L;

. - maps each variable x € B into a value x% € Ag, i.e. assigns a
resource to each variable in B.



Models

Let G be a graph over pdf.

» An interpretation Z is a model of G under pdf, denoted
T EG,iff

> T is an interpretation over the vocabulary pdf U universe(G)
» 7 satisfies the following conditions:

Simple:

1. for each ((s, p,0),n) € G, p* € Ap and
PIp"](s”,0%) = n;

Subproperty:

—_

. P[sp?] is transitive over Ap;
2. if P[sp’](p, q) is defined then p, g € Ap and

Plsp”l(p,q) = inf  Plpl(x,y) = Plql(x,y);

(x,y)EARXAR



Models (cont.)

Subclass:

Typing I:

Typing IlI:

1.

P[sc?] is transitive over Ag;

2. if P[sc’](c, d) is defined then ¢, d € Ag and

PlscZ](c, d) = XiEnAfR Clel(x) = Cldl(x) ;

Clcl(x) = Pltype”](x, c);

2. if P[domZ](p, c) is defined then

PO~

Pldom™](p, ) = L PIpI(x,y) = Clel(x);

if P[range”](p, c) is defined then

Plrange”}(p.c)= | inf  Plel(x.y) = Cle);

For each e € pdf, e € Ap

if P[domZ](p, c) is defined then p € Ap and c € Ag
if P[range’](p, c) is defined then p € Ap and ¢ € Ag
if P[typeZ](x, c) is defined then ¢ € A¢



Models (cont.)

Note:
> In the crisp case, if ¢ is a sub-class of d then we impose that C[[c] C C[d]
» This may be seen as the formula

vx.c(x) = d(x),
> The fuzzyfication is

P[sct](c,d) = Xieng Clel(x) = C[d](x) ;

> Similarly, e.g., “property p has domain ¢” may be seen as the formula
vxvy.p(x,y) = c(x),
» The fuzzyfication is

Pldom™)(p.c)=  inf . Plpl(x.y) = Clcl(x).

> G entails H under pdf, denoted G |= H, iff
> every model under pdf of G is also a model under pdf of H



Example & Model

G = {((audiTT, type, SportsCar), 0.8), ((SportsCar, sc, PassengerCar), 0.9) } t-norm: Product

I = (AR, Ap,Ac, AL P CLL-T)

AR {audiTT, SportsCar, PassengerCar}

Ap {type, sc}

Ac {SportsCar, PassengerCar}

Pltype] {((audiTT, SportsCar}), 0.8), ({(audiTT, PassengerCar),0.72) }
Plsc] {((SportsCar, PassengerCar),0.9) }
C[SportsCar] {(audiTT,0.8)}
C[PassengerCar] {(audiTT,0.72) }

I tforall t € UL
T G T is a model of G



Example (Entailment)

G = {((audiTT, type, SportsCar), 0.8), ((SportsCar, sc, PassengerCar), 0.9) } t-norm: Product

I = (AR, Ap,Ag, A, PLT, CLL, )

Ap = {audiTT, SportsCar, PassengerCar}
Ap = {type,sc}
Ac = {SportsCar, PassengerCar}
Pltype] =  {({audiTT, SportsCar),0.8), ({audiTT, PassengerCar),0.72) }
P[sc] = {((SportsCar, PassengerCar),0.9)}
ClSportsCar] = {(audiTT,0.8)}
Cl[PassengerCar] = {(audiTT,0.72)}
£ = tforalteUL

G = ((audiTT, type, PassengerCar), 0.72) In all models Z of G, P[type](audiTT, PassengerCar) = 0.72



Deduction System for fuzzy RDF

1. Simple:
(a) gforamapu:G’aG (b) gforG’gG
2. Subproperty:

(@ {Asp.B)n)(B.sp, C).m) (y  ((Asp, B), n) (X, A, Y), m)
((A,sp, C),n® m) {(X,B,Y),n® m)

3. Subclass:
(a) ((A,sc, B), n),{(B, s¢, C), m) (b) ((A,sc, B), n) (X, type, A), m)
((A,sc,C),n® m) ((X, type, B), n ®@ m)
4. Typing:
(@) {Adom.B).n) (XA Y),m) ,  ((Arange,B). n).((X,A, Y), m)

((X, type, B), n® m) ((Y,type, B), n® m)

5. Implicit Typing:

(a {(Adom,B) ) ((C.sp. A), m) (X, C. Y).r)
((X,type,B),n@m®r)

() {(A.range.B). n).((C.sp, A). m) (X, C.Y). 1)
((Y,type, B),n@m®r)




Deduction System for Fuzzy RDF (cont.)

» Notion of proof (as for crisp RDF)):

» Let G and H be graphs
» Then G+ H iff there is a sequence of graphs Py, ..., P
with Py = G and Px = H, and for each j (2 < j < k) one of
the following holds:
1. there existsamap p : P, — P;—4 (rule (1a));
2. P;C P (rule (1b));
3. there is an instantiation g of one of the rules (2)—(5), such
that RC P _yand P,=P;_yUR'
» The sequence of rules used at each step (plus its
instantiation or map), is called a proof of H from G.

Proposition (Soundness and completeness)
The fuzzy RDF proof system + is sound and complete for =,
thatis, G+ H iff G = H.



Example (Proof)

G = {((audiTT, type, SportsCar), 0.8), ((SportsCar, sc, PassengerCar), 0.9) } t-norm: Product

Let us proof that
G |= ((audiTT, type, PassengerCar), 0.72)

G F+ ((audiTT, type, SportsCar), 0.8), (1)  Rule Simple (b)
G +  ((SportsCar, sc, PassengerCar),0.9)  (2)  Rule Simple (b)
G +  ((audiTT,type, PassengerCar),0.72)  (3) Rule SubClass (b) applied to (1) + (2) using product t-norm



Fuzzy RDFS Query Answering

» Conjunctive query: extends a crisp RDF query and is of
the form

(q(x),s) <« 3y.(11,81),...,(Tn, Sn),
S =1f(81,...,8n,P1(21), ..., Pn(Zn))

where
» 7; triples involving literals and variables in x,y
> z; are tuples of literals or variables in x ory
> pi(t) € [0,1]
> fis a scoring function f: ([0, 1])™*" — [0,1]
» Example:
(q(x), s) < ((x,type, SportCar), s1), (x, hasPrice, y), s = si-cheap(y)

where e.g. cheap(y) = Is(0, 10000, 12000)(y), has
intended meaning to “retrieve all cheap sports car"



Fuzzy RDF Query Answering (cont.)

> We will also write a query as
(q(x), s) < 3y-(e(x,y),8) ,

where
> (X, ¥)is (T1,81), -, (Tn, Sn), 5§ = f(S,p1(21), - - -, Pn(zn))
> s=(s{,...,8n)

> Furthermore, q(x) is called the head of the query, while 3y.¢(x, y) is is called the body of the query

> Finally, a disjunctive query (or, union of conjunctive queries) q is, as usual, a finite set of conjunctive queries
in which all the rules have the same head

> For instance, the disjunctive query

(q(x),s) < ((x,type, SportCar), s1), (x, hasPrice, y), s = s; - cheap(y)
(q(x),s) <« ((x,type, PassengerCar), s1), s = sy

has intended meaning to retrieve all sports cars or passenger cars



Fuzzy RDF Query Answering (cont.)

>

v

Consider a fuzzy graph G, a query (g(x), s) <+ 3y.{p(X,Y),s), and a vector t of
terms in UL and s € [0, 1]
We say that (q(t), s) is entailed by G, denoted G |= (q(t), s), iff
> inany model Z of G, there is a vector t’ of terms in UL, a vector s of scores
in [0, 1] such that Z is a model of (x(t,t'), s) (the scoring atom is satisfied
iff s is the value of the evaluation of the score combination function)

For a disjunctive query q = {qi, - . ., gm}, we say that (q(t), s) is entailed by G,
denoted G = (q(t), s), iff G |= (qi(t), s) for some g; € q

We say that s is tight iff s = sup{s’ | G = (q(t), ')}
If G = (q(t), s) and s is tight then (t, s) is called an answerto q
The answer set of q w.r.t. G is defined as

ans(G,q) = {{t,s) | G = (q(t), s), sis tight}

Top-k Retrieval: Given a fuzzy graph G, and a disjunctive query q, retrieve k answers

(t, s) with maximal scores and rank them in decreasing order relative
to the score s, denoted

ansi(G,q) = Top, ans(G,q) .



Fuzzy RDF Query Answering (cont.)

> A simple query answering procedure is the following:

» Compute the closure of a graph off-line

» Store the fuzzy RDF triples into a relational database
supporting Top-k retrieval (e.g., RankSQL, Postgres)

» Translate the fuzzy query into a top-k SQL statement

» Execute the SQL statement over the relational database

» |n practice, some care should be in place due to the large
size of data: > 10° triples

» To date, no systems exists



Example

((o1, IsAbout, snoopy), 0.8) ((02, IsAbout, woodstock), 0.9)

(snoopy, type, dog) (woodstock, type, bird)
G= ((Bird, sc, SmallAnimal),0.7)  ((Dog, sc, SmallAnimal), 0.4)
(dog, sc, Animal) (bird, sc, Animal)

(SmallAnimal, sc, Animal)

Consider the query
(q(x),s) <« {((x,IsAbout,y),s1), {(y,type, SmallAnimal), sp), s = 81 - Sp
Then (under any t-norm)

ans(G,q) = {(01,0.32),(02,0.63)}, ansi(G,q) = {(02,0.63)}



Description Logics



Probabilistic DLs

» Terminological probabilistic knowledge about concepts and roles

» Assertional probabilistic knowledge about instances of concepts
and roles (for combining assertional and terminological
probabilistic knowledge)

» Terminological and assertional probabilistic inference problems
reduced to sequences of linear optimization problems



» Directly extends probabilistic propositional logic
> In place of atoms we have now concepts as basic events
> Finite nonempty set of basic events ®={Cy, ..., Cy},
where C; concept
» Event ¢: Boolean combination of basic events

» Logical constraint ¢ C i “p is subsumed by )"

» Conditional constraints:
> (¢]p)[l, u]: informally encodes that
“generally, if an individual is an instance of ¢, then it is an
instance of ¢ with a probability in [/, u]”
> a: (U|p)[l, u]: informally encodes that
“if individual a is an instance of ¢, then a is an instance of ¢
with a probability in [/, u]”



Example

Eagle C Bird
(Fly | Bird)[0.95, 1]
KB|=tight(Fly | Bird)[0.95, 1]

KB|=tight(Fly | Eagle)[0,1.0]



Reasoning in Probabilistic DLs

>
>

Similar to probabilistic propositional logic via MILP

A world [ is a finite set of basic events C € ¢ such that

{C(a)| C e} U{~=C(a)| C e &\ I} is satisfiable, where ais a new
individual

Informally, every world / represents an individual a that is fully specified
on ain the sense that / belongs (resp., does not belong) to every basic
event C € I (resp., C € &\ )

We denote by Zs the set of all worlds relative to ¢

» Notice that Zy is finite, since ¢ is finite
A world / satisfies a classical knowledge base K , or | is a model of i,
denoted I E K, iff CU{C(a) | Cel}U{-C(a)| Cecd\I}is
satisfiable, where a is a new individual
A world / satisfies a basic event C € o, or / is a model of C, denoted
IECiffCel
The notion of a world / satisfies an event C, or I is a model of C,
denoted Z = C, is defined as follows:

> if C € disabasiceventthenZ = Ciff C e/
> |=-Ciff £ C
» |[ECnDiffI=Cand /=D



Proposition

Let KC be a classical knowledge base, and let P be a finite set of
conditional constraints. Let R={l € Zy | | = K}. Then, CUP is
satisfiable iff the system of linear constraints LC below over the
variables y,,r € R is solvable:

> v+ X (=Dyr =20 (V) ul€P), />0
reR, r=—yAp reR, r=yAe

> uyr+ > (u=1)y, =20 (V(@lp)ll,uleP)u<T
reR, rE—ne reR, r=yAe
oy =1

reR
yr > 0 (forallreR)

» In order to compute the tight bounds, just

minimize (resp., maximize) >  y, subjectto LC
reR, r=BAa



Fuzzy Descirption Logics

» In classical DLs, a concept C is interpreted by an
interpretation Z as a set of individuals

» In fuzzy DLs, a concept C is interpreted by 7 as a fuzzy set
of individuals

» Each individual is instance of a concept to a degree in [0, 1]

» Each pair of individuals is instance of a role to a degree in
[0,1]



For a degree nin Lor L,

» (a:C, n) states that ais an instance of concept/class C with
degree at least n

» (Cy C Gy, n) states that class Cy is ausbclass of Cs to
degree n



Fuzzy OWL 2

» Fuzzy OWL 2 added value:
» fuzzy concrete domains (e.g., young)
» modifiers (e.g., very young)

» other extensions:
» aggregation functions: weighted sum, OWA, fuzzy integrals

» fuzzy rough sets
» fuzzy spatial relations
>

fuzzy numbers, ...



Fuzzy Concrete Domains

» E.g., Small, Young, High, etc. with explicit membership
function

» Representation of Young Person:

Minor = Person 3hasAge. <ig
YoungPerson = Person dhasAge.ls(10,30)

» Representation of Heavy Rain:

HeavyRain = Rain 1 3hasPrecipitationRate.rs(5,7.5)



Fuzzy Modifiers

» Very, moreOrLess, slightly, etc.
» Representation of Sport Car

SportsCar = Car 1 3speed.very(rs(80,250))

» Representation of Very Heavy Rain

VeryHeavyRain = Rainf3hasPrecipitationRate.very(rs(5,7.5)) .



Aggregation Operators

» Aggregation operators: aggregate concepts, using functions
such as the mean, median, weighted sum operators, etc.

> Allows to express the concept

0.3 - ExpensiveHotel + 0.7 - LuxuriousHotel T GoodHotel

> a good hotel is the weighted sum of being an expensive
and luxurious hotel

» Aggregated concepts are popular in robotics:
> to recognise complex objects from atomic ones



Semantics

The semantics is an immediate consequence of the First-Order-Logic translation of DLs expressions

T _ AT ® = tnorm
o T T @ = s-norm
Interpretation: CI AI - [Oi 1] © = negation
R AT x AT —[0,1] — = implication
Syntax Semantics
c,D — T[] TZ(x) 1
Lo L% = 0
Al |l AZ(x) € [0,1]
Concepts: cnb ||| (et = I e LK)
cubn ||| (Guc)r) = e cr(x)
~C | || (=% )
3R.C | || BROT(x) = sup,az RT(x,9) © CT(y)
VR.C (VR.C)Z(x) = inf,az RT(x,y) = CT(y)}

Assertions: (a:C,r), T k= (a:C, r) iff CT(aT) > r (similarly for roles)

>

Inclusion axioms: (C C D, r),
> Ik (CLCDr)iffinf, ,z cT(x) = DT(x)>r

individual a is instance of concept C at least to degree r, r € [0, 1] N Q



Main Inference Problems

Graded entailment: Check if DL axiom « is entailed to degree at least r
> KBE (a,r?
BED: Best Entailment Degree problem
» bed(KB,a) =sup{r| KB = (a,r)}
BSD: Best Satisfiability Degree problem
> bsd(KB, C) = supz_xg{C”(a")}, for new individual a

Top-k retrieval: Retrieve the top-k individuals that instantiate C w.r.t. best
truth value bound

» ansx(KB, C) = Top,{(a,r) | r = bed(KB, a:C)}



Number Restrictions, Inverse and Transitive roles

> The semantics of the concept (> n R) is:

n
Iy, NROGYI A N\ vi#Y-

i=1 1<i<j<n
> The semantics of the concept (< n R) is:
I n+1
(R )=, Y- NRGY) =\ vi=y.
i=1 1<i<j<n+1

> Note: (>1R) =3R.T

For inverse roles we have for all x, y € AT
Z z
RT(x,y) = R7(y,x)
> For transitive roles R we impose: for all x, y € AT

RT(x,y) > sup_min(RT(x,2), R (z,y))
zenT



Fuzzy SHOZN (D)

Concepts:
Syntax Semantics
c,D — T T(x)
Loy L)
Al A
(€mD) | || Ci(x) A Ca(x)
(CuDb) | || Ci(x)V Ca(x)
(=0) | || 2CX)
(3R.C) | || 3xA(x,y) A C(y)
(VR.C) | vx R(x,y) = C(y)
{a} | || x=2a
EnR) | I, Y- ALy ROGYD) A Ni<icj<n¥i 7 Y
(KR ||| W15 Yot AT ROG YD = Vi<ici<nit i = Y
FCC | || mroc(x)
M(©) | || pm(C(x)
2w G || wy - Cy(x)+ - wn - Cn(x) (2w =1)
R — P | P(x,y)
P= ]I Py x)
Syntax Semantics
Assertions: o — (aC,r) | r — C(a)
{(a, b):R, r) r — R(a, b)
Syntax Semantics
Axioms: T (CC D,ry | Vxr — (C(x) — D(x)), where — is r-implication
’ fun(R) |

trans(R)

VXVyVz R(x,y) ANR(x,2) > y =z
(3z R(x,z) A R(z,y)) — R(x,y)



Example (Graded Entailment)

audi_tt mg ferrari_enzo
Car speed
audi_tt 243
mg <170
ferrari_enzo > 350
SportsCar =  Car M 3hasSpeed.very(High)

KB | (ferrari_enzo:SportsCar, 1)

KB | (audi_tt:SportsCar, 0.92)

KB |  (mg:—SportsCar,0.72)




Example (Graded Subsumption)

Minor = Personm 3hasAge. <is
YoungPerson = Person 3hasAge.Young

KB = (Minor C YoungPerson, 0.6)

Note: without an explicit membership function of Young, this inference cannot
be drawn



Example (simplified Negotiation)

v

1500

OSC a1250 22000,

a car seller sells an Audi TT for 31500 €, as from the catalog price.

a buyer is looking for a sports-car, but wants to to pay not more than around 30000 €
classical DLs: the problem relies on the crisp conditions on price

more fine grained approach: to consider prices as fuzzy sets (as usual in negotiation)

>
>

seller may consider optimal to sell above 31500€, but can go down to 30500 €
the buyer prefers to spend less than 30000 €, but can go up to 32000€
AudiTT = SportsCar M 3hasPrice.R(x; 30500, 31500)
Query = SportsCar M 3hasPrice.L(x; 30000, 32000)
highest degree to which the concept
C = AudiTT 1 Query
is satisfiable is 0.75 (the possibility that the Audi TT and the query matches is 0.75)

the car may be sold at 31250 €



Reasoning in Fuzzy ALC, under Zadeh Semantics

» Applies technique based on Mixed Integer Programming
(MILP) for fuzzy propositional logic to ALC calculus

» For each concept assertion « of the form a:C, we use
variable x,, which holds the degree of truth of «

» It can be shown that

bed(KB, (a, b):R)

( bed(KBU {(b:B, 1)}, a:3R.B)
bed(KB, C C D)

(

(

min x such that KBU {(b:CT1-D, 1 — x)} satisfiable
min x such that KBU {(a:—~C, 1 — x)} satisfiable
min —x such that KB U {(b:C, x)} satisfiable

bed(KB, a:C)
bsd(KB, C)

where b is a new individual and B is a new concept



Satisfiability Testing

» The notion of completion forest F is similar to the case of ALC

» F contains a root node a; for each individual a; occurring in
A

> F contains an edge (a, b) for each ((a,b):R,n) € A

» for each (a:C, n) € A, we add both Cto £(a) and x5., > n
toCr

» for each {(a, b):R, n) € A, we add both R to L({a, b)) and
X(a, b)R >ntoCr

» The notion of blocking is as for crisp ALC

> F is then expanded by repeatedly applying the rules described
below

» The completion-forest is complete when none of the rules are
applicable

» Then, the bMILP problem on Cx is solved



OR-based Fuzzy ALC Tableau rules with GCI’s
(Zadeh semantics)

Rule Description
(var) For variable x,. add x,,..c € [0, 1] to Cx. For variable X(v, w):R’ add X(v, w):R € [0,1]toCx
(A) if —AeL(v)thenaddx,.gq=1—x,._at0Cr
(L) If L € L(v)thenadd x,,. | =0toCxr
(T) If T € L(v)thenadd x,. =1toCxr
()] if Cy M Cp € L(v), vis not indirectly blocked
then L(v) = L(v) U {Cy, Co}, and add Xy:cy ® Xv:C, > Xy:cy 11 Gy 10 Cr
(W) if Cy U Gy € L(v), vis not indirectly blocked
then L(v) = L(v) U {Cy, Co}, and add Xy:cy © Xv:c, > Xy:cy LGy 1O Cr
(V) if VR.C € L(v), vis not indirectly blocked
then  L(w) — L(w)U {C},and add x,,..c > x,.vg.c ® Xv, wy:R 10 Cr
3 if 3R.C € L(v), vis not blocked
then  create new node w with £((v, w)) = {R} and £(w) = {C}, and add x,.c ® Xy w):R = Xy:3R.c 0 CF
(C) if (C C D,n) € T, vis not indirectly blocked
then L(v) = L(v) U {C, D}, andadd x,,.p > x,.c @ nto Cx



Analytical Fuzzy Tableaux: ALC under SFL over [0, 1]

» Works as for classical ALC on completion forests
> Node labels £(v) contain, rather than DL concept expressions,
expressions of the form (C, n)
“The truth degree of being v instance of C is > n"
> Blocking is as for classical ALC
» The completion forest is expanded by repeatedly applying
inference rules
»> The completion-forest is complete when none of the rules are
applicable
> Additionally, we adapt the notion of clash: a clash is either
> (L,n)withn>0;or
»> apair (C,n)and (-C,m)withn>1-m
» Eventually, the initial KB is satisfiable if there is a clash-free complete
completion forest



() (Ci 11 Cay ) € L£(v), (ii) {(Cr, ), (Ca, )} Z L(v), and

(iii) node v is not indirectly blocked, then add (C;, n) and
(Cs, Ny to L(v).

. 1f () (Cy U Ca, n) € L(V), (i) {(Cr, n), (Ca, M} N L(V) = 0,

and (iij) node v is not indirectly blocked, then add some
(C,n) € {{Cy,n),(Co,n)} to L(V).

. I (i) (YR.C, n) € L(v), (ii) (R,m) € L({v,w)) with m > 1 —n,

(iii) (C, n) ¢ L(w), and (iv) node v is not indirectly blocked,
then add (C, n) to L£(w).

. If () (3R.C, n) € L(Vv), (i) thereis no (R, ) € L({v,w)) with

(C, no) € L(w) such that min(ny, n2) > n, and (iii) node v is
not blocked, then create a new node w, add (R, n) to
L({v,w)) and add (C, n) to L(w).

@ (TCD,n €T, (i) (D,n) & L(v), and (iii) node v is not

indirectly blocked, then add (D, n) to L(v).



Non-Deterministic Analytic Fuzzy Tableaux

» It's a combination of the analogous method for fuzzy
propositional logic and analytical fuzzy tableau

» Works for finitely-valued fuzzy propositional logic over L,
» Works also for SFL (as in place of [0, 1], we may use NX)
» Rule examples:

IE @) (YR.C,my € L(v), (i)

. If (i) (Cy 1 Ca, my € L(v), (i) there are my, my € Lp such that my ® mp = mwith

{(Cy,mqy),(Ca, m)} Z L(v), and (iii) node v is not indirectly blocked, then add
(Cy, mq) and (Cp, mp) to L(v)

. (i) (Cy U Ca, my € L(v), (i) there are my, my € Lp such that my @ mp = mwith

{(Cy,m), (Co, my)} N L(v) = D, and (iii) node v is not indirectly blocked, then add
some (C, k) € {(Cy, my), (Ca, mp)} to L(V).

. @) (=C,m) € L(v)with (C, ©m) ¢ L(v) and (ii) node v is not indirectly blocked, then

add (C, ©m) to L(v).

R, my) € L({v, w)), (iii) there is mp € Lp such that
my — mp > mwith (C, me) &€ L(w), and (iv) node v is not indirectly blocked, then add
(C, mp) to L(w).

. @) (3R.C,m) € L(v), (ii) there are my, mo € Lp such that my ® my = m, (iii) there is

no (R, my) € L({v,w))with (C, mp) € L(w), and (iv) node v is not blocked, then create
anew node w, add (R, my) to L({v, w)) and add (C, my) to L(w).

. @) {(CC D,my € T, (i) there are my, my € Lp suchthat my — my > m, (iii)

{(C, my),(D,mp)} € L(v), and (iv) node v is not indirectly blocked, then add (C, m;)
and (D, mo) to L(v).



Reduction to Classical DLs

» Same principle as for the reduction for propositional fuzzy
logic

» Needs adaption to the DL constructs: e.g. 3,V and C

» Examples of reduction rules for SFL:

P(A,Z7)= Axy
p(CND,>v)= p(C,2~)Mp(D,> ")
p(CND,<v)= p(C,<v)Up(D,<7)
p(VR.C,>~) = Vp(R,>1—7).p(C,>~)
p(VR.C,<~v)= 3p(R,>1—7).p(C,<7)
p(3R.C,>~) = 3p(R,>7).p(C,> )
p(3R.C,<~v) = Vp(R,>7).p(C,<7)

p(R,>27)= R>y

p({a:C,v)) = {ap(C,> )}

P(CED. M) = Useir a<nlp(C; > a) Ep(D,> )}



Computational Complexity

The bad news...undecidability!

Proposition
Assume that fuzzy GCls are restricted to be classical, i.e. of the form («, 1) only. Then
for the following fuzzy DLs, the KB satisfiability problem is undecidable over [0, 1]:

1. ELC with classical axioms only under tukasiewicz logic and product logic;

2. ELC under any non Gédelt-norm ®;

3. ELC with concept assertions of the form (a = n) only under any non
Gédelt-norm ®;

4. AL with concept implication operator — and concept assertions of the form
(o = n) only under any non Gédelt-norm ®.

5. ELC under SFL with weighted sum constructor.



Some decidability results..

Proposition
The KB satisfiability problem is decidable for

>

>
| 4
| 4

v

SROZQ under SFL over [0,1] and Gédel logic over Lp
SROIN under tukasiewicz logic over Lp
SHZ under any continuous t-norm over L, without TBox

ALC with concept implication operator —, for any continuous t-norm over [0, 1]
with acyclicTBox

SHIF with concept implication operator —, for tukasiewicz logic over [0, 1] with
acyclicTBox

ST under any continuous t-norm over [0, 1] without TBox



Fuzzy DLs Query Answering

» Conjunctive query: similar to fuzzy RDFS CQs:

(q(x),s) < 3y.(11,81),...,(Tn, Sn),
s =1(s1,...,8n,P1(21),. .., Pn(zn))

where

> 7,...,7Tp are expressions A(z) or R(z,Z2'), where Ais a
concept name, R is a role name, z, Z’ are individuals or
variables in x ory

» Example:
(q(x), s) < (SportCar(x), s1), hasPrice(x, y), s = sy-cheap(y)

where e.g. cheap(y) = Is(10000, 12000)(y), has intended
meaning to retrieve all cheap sports car.



Top-k retrieval in tractable DLs: the case of
DL-Lite/DLR-Lite

vV v. vy

DL-Lite/DLR-Lite: a simple, but interesting DLs
Captures important subset of UML/ER diagrams
Computationally tractable DL to query large databases
Sub-linear, i.e. LOGSpace in data complexity

» (same cost as for SQL)

Good for very large database tables, with limited declarative
schema design

For a CQ query answering procedure,
see [Straccia, 2013, Straccia, 2012]

Can be obtained also by a reduction to fuzzy Datalog



Logic Programs



Probabilistic Logic Programs

v

There exists quite many different probabilistic LPs

We illustrate Probabilistic Datalog under ICL by example
Logic programs P under different “choices” (Independent
Choice Logic)

Each choice along with P produces a first-order model.

By placing a probability distribution over the different
choices, one then obtains a distribution over the set of
first-order models.

ICL also generalizes Bayesian networks, influence

diagrams, Markov decision processes, and normal form
games.



Example

> The probability of rain is 0.2

Rain(X)
Crain
pr(hrain(T))
pr(hrain(F))

< hgain(X)

= {hrain(T), Prain(F)}
0.2

0.8

> The probability of sprinkler on is 0.4

SprinklerOn(X) <~

CSprinklerOn =
pr(hsprinkieron(T))
pr(hSprlnklerOn(F))

hsprinkleron(X)

{hsprinkieron(T), Asprinkieron(F)}
0.4

0.6

> [fitis raining or the sprinkler is on then the grass is wet

Grassiet(x)
Grassiet(X)

< Rain(x)
< SprinklerOn(x)

» What is the probability that the grass is wet?



Example (cont.)

> We have to sum up the probabilities of each total choice that added to the program make the query true

Rain(x) <  hgrain(X)

Crain = {Mrain(T), Mrain(F)}
pr(heain(T)) = 0.2
pr(hzain(F)) = 0.8

SprinklerOn(X) <=  hgprinkleron(X)

Csprinkleron =  {hsprinkieron(T), Asprinkieron(F)}
Pr(hsprinkieron(T)) = 0.4
pr(hsprinkieron(F)) = 0.6

GrassWet(X) < Rain(x)

GrassWet(x)

4

SprinkleroOn(x)



Example (cont.)

> Total choice: select a ground atom from each choice

Rain(X) «  Braia(®)
Crain = {hRain(T)a hRain(F)}
Sprinkleron(X) 4  hsprinkieron(X)
CSprinklerOn = {hSprinklerOn(T)a hSprinklerOn(F)}
GrassWet(X) <  Rain(x)
GrassWet(X) <  SprinklerOn(x)
B Total choice
Bi | hgain(T), hsprinkieron(T)
By | hrain(T); hsprinkieron(F)
Bs | hrain(F), Asprinkieron(T)
By | hrain(F), Asprinkieron(F)




Example (cont.)

> Total choice B making query true: P U B |= GrassWet(T)

Rain(X) <  hgain(X)
Crain = {hrain(T), hrain(F)}
Sprinkleron(X) 4  hsprinkieron(X)
CSprinklerOn = {hSprinklerOn(T)a hSprinklerOn(F)}
GrassWet(X) <  Rain(x)
GrassWet(X) <  SprinklerOn(x)
B Total choice P U B |= Grassiet(T)
Bi | hrain(T), hSprlnklerOn(T) L
By | hrain(T), Asprinkieron(F) L]
By | Mrain(F), h§pr1nkler0n(T) hd
By | Prain(F), Poprinxicron(F)




Example (cont.)

> Probability of total choice B: pr(B) = My gpr(a)

> Condition on pr: 3= ¢ pr(a) = 1

Rain(x)
pr(hzain(T))
pr(hgain(F))

SprinklerOn(X)
p’(hSprinklerOn ( T))
Pr(hsprinkieron(F))

GrassWet(x)

Grassiiet(X)

hgrain(X)
= 02
= 08
< Nsprinkleron(X)
= 04
0.6
< Rain(x)
<  SprinklerOn(x)

B Total choice P U B = Grasswet(T) | pr(B)
By [ Prain(T), hgprlnklerOn(T) . 0.08
By | Prain(T), hsprinkieron(F) D 0.12
By | Mrain(F), h§pr1nkler0n(T) . 0.32
By | hzain(F), Asprinkieron(F) 0.48

1.0




Example (cont.)

> Probability of g: Pr(q) = g, pupiq Pr(B)

Rain(x) — hgain(X)
pr(hzasn(T)) = 0.2
pr(hgain(F)) = 0.8

SprinklerOn(X) 4=  hgprinkleron(X)
pr(hsprinkieron(T)) = 0.4
pr(hsprinkieron(F)) = 0.6

GrassWet(X) <«  Rain(x)
GrassWet(X) <  SprinklerOn(x)

B Total choice P U B = Grasswet(T) | pr(B) | Pr(Grasswet(T))
By [ Prain(T), Asprinkieron(T) D 0.08 T
By | Mrain(T), Asprinkieron(F) . 0.12 +
B3 | Mrain(F), Asprinkieron(T) hd 0.32 +
By | hrain(F), hsprinkieron(F) 0.48
L1 7.0 0.52




Fuzzy Logic Programs

» We consider fuzzy Datalog, which extends classical

Datalog, where
> Truth spaceis [0,1]or L, = {0,1,...,2=2 ... 1} (n>2)
> Interpretation is a mapping / : Bp — [0,1]
» Generalized LP rules are of the form

R(x) < 3y.f(R1(z1), ..., Rk(z), p1(2}), - . ., Pn(Z}))

> Meaning of rules: “take the truth-values of all R;(z;), p;(z}),
combine them using the truth combination function f, and
assign the result to R(x)”
> Facts: ground expressions of the form (R(c), n)
> Meaning of facts: “the degree of truth of R(c) is at least n”
» Fuzzy LP: a set of facts (extensional database) and a set of
rules (intentional database). No extensional relation may
occur in the head of a rule



> Rules:

El Sl

oo

R(x) < 3y.¢(x,y)

x are the distinguished variables;

s is the score variable, taking values in [0, 1];

y are existentially quantified variables, called non-distinguished variables;
o(x,y) is f(R(z),p(z’)), where R is a vector of predicates R; and p is a
vector of fuzzy predicates p;;

z,2’ are tuples of constants in KB or variables in x or y;

pj is an nj-ary fuzzy predicate assigning to each n;-ary tuple ¢; the score
pj(c;) € [0,1];

f is a monotone scoring function f: [0, 1]¥*" — [0, 1], which combines the
scores of the h fuzzy predicates p;(c;) with the k scores R;(c;)



Semantics of fuzzy Datalog

>

>

vVvyVvyVvyy

Like for classical Datalog

‘P* is constructed as follows (as for the classical case):

set P* to the set of all ground instantiations of rules in P;
replace a fact p(c) in P* with the rule p(c) < 1

if atom A is not head of any rule in P*, then add A + 0 to P*;
replace several rules in P* having same head

PO~

A+ o4
A+ g2
With A< @1 Vo V...V n.

A(—gDn

Note: in P* each atom A € Bp is head of exactly one rule

Herbrand Base of P is the set Bp of ground atoms

Interpretation is a function / : Bp — [0, 1].

Model | = P iffforallr € P* | |=r, where | |= A+ ¢ iff I(p) < I(A)
Note:

I(F(Ry(e1), - - -, Ri(Ck), P1(€1), - - - Pa(Ch))) = F(I(Ry (1)), - - -, I(Rk(ex)), p1(€7), - .-

» Pa(Ch)))



Fuzzy LP Query Answering

> Least model Mp of P exists and is least fixed-point of
Tp()(A) = I(p), forall A< p € P*

» M can be computed as the limit of

0
Tp(l) .

» Entailment: for a ground expression (g(c), s), s € [0, 1]

lo
li

P = (q(c), s) iff least model of P satisfies /(q(c)) > s

> We say that s is tight iff s = sup{s’ | P = (g(c),s’)}
If P = (q(c), s) and s is tight then {c, s) is called an answerto q
» The answer set of g w.r.t. P is defined as

v

ans(P,q) = {(c,s) | P = (q(c), s), sis tight}
Top-k Retrieval: Given a fuzzy LP P, and a query g, retrieve k answers (c, s) with
maximal scores and rank them in decreasing order relative to the

score s, denoted

ans(P, q) = Topy ans(P, q) .



» Fuzzy LPs may be tricky:

(p,0.1)
p « (p+1)/2

» In the minimal model the truth of Ais 1 (requires w Tp
iterations)!
» There are several ways to avoid this pathological behavior:

» We may consider L = {0, 1 o=1 1}, n natural
number, e.g. n =100
> In A<« f(By,...,By,), fisbounded, i.e. f(xy,...,Xn) < X;

’n’n



Example: Soft shopping agent

>

| may represent my preferences in Logic Programming with the rules

Prefy(x,p) <+  HasPrice(x, p) A LS(10000, 14000)(p)
Prefy(x) <+  HasKM(x, k) A LS(13000, 17000)(k)
Buy(x,p) <+ 0.7 - Pref{(x,p) + 0.3 - Prefy(x)
ID MODEL PRICE KM
455 MAZDA 3 12500 10000
34 ALFA 156 12000 15000
1812

FORD FOCUS 11000 16000

»  Problem: All tuples of the database have a score:

> We cannot compute the score of all tuples, then rank them. Brute force approach not feasible.
»  Top-k problem: Determine efficiently just the top-k ranked tuples, without evaluating the score of all tuples

E.g. top-3 tuples

ID PRICE SCORE

1812 11000 0.6

455 12500 0.56

34 12000 0.50




General top-down query procedure for Many-valued

LPs

v

Idea: use theory of fixed-point computation of equational systems over truth
space (complete lattice or complete partial order)

Assign a variable x; to an atom A; € Bp
Map arule A < f(Aq,...,An) € P* into the equation x4 = f(Xa,, ..., Xa,)
A LP P is thus mapped into the equational system

X4 A(xty, e X))

Xn = fn(Xn1 g ,Xnan)
f; is monotone and, thus, the system has least fixed-point, which is the limit of

0
fyi) -

where f = (fi,..., fr) and f(x) = (fi(x1), ..., fn(Xn))
The least-fixed point is the least model of P

Consequence: If top-down procedure exists for equational systems then it works
for fuzzy LPs too!

Yo
Vi1
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Procedure Solve(S, Q)
Input: monotonic system S = (£, V, ), where Q C V is the set of query variables;
Output: A set B C V, with Q C B such that the mapping v equals Ifp(f) on B.
A: =Q,dg: =Q,in: =0,forall x € Vdo v(x) =0, exp(x) =0
while A # () do
select x; € A, A: = A\ {x}, dg: = dgUs(x;)
r.- = fi(V(X/1 )sees V(Xiai))
if r = v(x;) then v(x;): =r, A: = AU (p(x;) N dg) fi
if not exp(x;) then exp(x;) =1, A: = AU (s(x;) \ in), in: = inUs(x) fi
od

For q(x) < ¢ € P, with s(q) we denote the set of sons of q w.r.t. r, i.e. the
set of intentional predicate symbols occurring in ¢. With p(q) we denote the
set of parents of g, i.e. the set p(q) = {pi: g € s(pi, r)} (the set of predicate
symbols directly depending on q).




Top-k retrieval in LPs

> |f the database contains a huge amount of facts, a brute
force approach fails:
» one cannot anymore compute the score of all tuples, rank
all of them and only then return the top-k
» Better solutions exists for restricted fuzzy LP languages:
Datalog + restriction on the score combination functions
appearing in the body



Basic ldea

» We do not compute all answers, but determine answers
incrementally

> At each step /, from the tuples seen so far in the database,
we compute a threshold §

» The threshold § has the property that any successively
retrieved answer will have a score s < ¢

» Therefore, we can stop as soon as we have gathered k
answers above §, because any successively computed
answer will have a score below §



Procedure TopAnswers(KC, Q, k)

Input: KB KC, intensional query relation symbol Q, k > 1;

Output: Mapping rankedList such that rankedList(Q) contains top-k answers of Q
Init: § = 1, forall rules r : P(x) < ¢ in P do

ISR

N

©

if P intensional then rankedList(P) = 0;
if P extensional then rankedList(P) = Tp endfor
loop
Active := {Q}, dg := {Q}, in := 0,
forallrules r : P(x) <— ¢ do exp(P, r) = false;
while (active # () do
select P € A wherer : P(X) < ¢, Active := Active \ {P}, dg := dg U s(P, r);
(t, s) := getNextTuple(P, r)
if (t, s) # NULL then insert (t, s) into rankedList(P),
Active := Active U (p(P) N dg);
if not exp(P, r) then exp(P, r) = true,
Active := Active U (s(P,r) \ in), in := in U s(p, r);
endwhile
Update threshold §;
until (rankedList(Q) does contain k top-ranked tuples with score above &)
or (rL/ = rankedList);
return top-k ranked tuples in rankedList(Q);




Procedure getNextTuple(P, r)
Input: intensional relation symbol P and rule r : P(x) < 3y.f(Ry(z1), ..., Rn(z))) € P;
Output: Next tuple satisfying the body of the r together with the score
Init:
loop
1. Generate next new instance tuple (t, s) of P, using tuples in rankedList(R;) and (RankSQL or Postgres)
2. if there is no (t, s’) € rankedList(P, r) with s < s’ then exit loop
until no new valid join tuple can be generated
3. return (t, s) if it exists else return NULL




Example

Logic Program P is

q(x) « p(x)
p(x) <= min(ri(x, ), r2(y, 2))
RecordID r o
1 a b 10 m h 095
2 c d 09| m j 085
3 e f 08| f k 075
4 I m 07| m n 0.65
5 o p 06| p g 055

What is

Top: (P, q) = Tops{(c,s) | P = q(c,s)} ?




q(x) < p(x)
P(x) = min(ry(x, y), r2(y 2))

RecordID n I
1 a b 1.0 m h 0.95
2 c d 09 m j 0.85
3 e f 0.8 f k 075 | «
— 4 I m 0.7 m n 0.65
5 o p 0.6 p g 0.55

Action: STOP, top-1 tuple score is equal or above threshold 0.75 = max(min(1.0, 0.75), min(0.7, 0.95))

Predicate  Answers
(e, 0.75)(1,0.7)
(e, 0.75), (1,0.7)

Queue | &
= 0.75 q
P

Top1 (P, q) = {{e,0.75)}

Note: no further answer will have score above threshold &



Threshold computation
For an intentional predicate p, head of a rule r : p(x) < f(py, P2, - - ., Pn)-
> consider a threshold variable 6
> with r.tpL,, (r.t;,ri) we denote the last tuple seen (the top ranked one) in rankedList(p, r)

> we define

P:‘T = max(s¥i, m;: .score)

pij‘ = SPi

» if p; is an extensional predicate, we define

p,-T = r.t;i.score
pf‘ = r.t;l‘,score
> for rule r we consider the equation §(r)
T T T T T
8 = max(f(pi", B3 -+ Py ) HPY P s sPn )i HP TP L P))

> consider the set of equations of all equations involving intentional predicates, i.e.

a=Js(n:-

repP
> for a query g(x), the threshold § of the TopAnswers algorithm is defined as to be
5 =149,

where §9 is the solution to §9 in the minimal solution A of the set of equations A.
> note that 59, can be computed iteratively as least fixed-point
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Outline

» Lecture 4:

»> Nonmonotonic reasoning
> Conditional reasoning - KLM framework (propositional logic)

> Lecture 5:

» Conditional reasoning - KLM framework (Description logics e RDFS)
> Belief Change - AGM framework (propositional logic)

> Lecture 6:

> Belief Change - AGM framework (other languages)
> Paraconsistent logics (brief introduction)
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Nonmonotonic and Conditional
Reasoning
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Monotonicity

» A logic is primarily defined by

> alanguage; and
> a consequence relation (o entailment relation).

» Language: propositional, first order, modal. ..

» Consequence Relation: A relation that determines what follows from
any set of premises. Generally defined rigorously on some formal
structures (semantics).
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Monotonicity

Given a language L:

> A Consequence Relation =:§7(£) x £ is a relation between (finite)
sets of formulas and a formulas (e.g. {a,a — b = b}).

> A Consequence Operation C:§2(£) x §2(£) is a function that
associate to any set of formulas KB another set of formulas C(KB) s.t.

C(KB) ={a| KB E a}
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Monotonicity
From Lecture 1:
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Monotonicity

Classical logics are characterised by consequence relations
that are Tarskian.

Definition (Tarskian Consequence Relation)

A consequence relation =: (L) x L is tarskian if it satisfies
the following properties:

> Reflexivity: A = o for every a € A.
Au{a} =B AEa

AEB
. AEB

» Monotonicity: AU{al =B

for any set of formulas A and any formulas «, .

» Cut:

Such properties are mirrored in the classical material implication ‘—’,
due to the deduction theorem (see lecture 1):

KBU {a} = Biff KB o — 8

7155



Monotonicity

The same properties can be formulated for consequence operations

Definition (Tarskian Consequence Operation)

A consequence operation C : §(£) x §(L) is tarskian if it
satisfies the following properties:

>
>
>

Reflexivity: A C C(A).
Cut: If AC B C C(A), then C(B) C C(A)
Monotonicity: C(B) C C(A) whenever BC A

Monotonicity tells us that augmenting the information in the premises,
whatever we had concluded before remains true.

It represents the necessity of the truth consequence given the truth of
the premises.

It is appropriate for modelling mathematical reasoning, bot not
necessarily for other domains.
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Monotonicity

“The concept of following logically belongs to the cate-
gory of those concepts whose introduction into the domain
of exact formal investigations was not only an act of arbitrary
decision on the side of this or that researcher: in making pre-
cise the content of this concept, efforts were made to con-
form to the everyday ‘pre-existing’ way it is used. [...] the
way it is used is unstable, the task of capturing and recon-
ciling all the murky, sometimes contradictory intuitions con-
nected with that concept has to be acknowledged a priori as
unrealizable, and one has to reconcile oneself in advance
to the fact that every precise definition of the concept un-
der consideration will to a greater or lesser degree bear the
mark of arbitrariness." [Tarski, 2002, p.176]
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Nonmonotonicity

While monotonic consequence relations are appropriate for
reasoning with certain and complete information, there are

domains in which we need to draw conclusions while facing
incomplete information.

The need to model logical systems appropriate for such
domains has become apparent quite early in the program of
Artificial Intelligence.

10/55



Nonmonotonicity - Frame Problem

» Frame Problem [McCarthy and Hayes, 1969]
It is a main problem in modelling actions. It deals with modelling what
remains unchanged after an event in a dynamic world:

> Inertia Assumption: by default, everything is presumed to remain in the
state in which it is.

> « holds. An event e happens. If it is not contradictory to assume that e
does not affect «, we assume that « still holds.
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Nonmonotonicity - Frame Problem

» Frame Problem - Nonmonotonicity

Scenario: a robot moves with its arm a small sphere. Our rules tell us
that such an action will change the sphere’s position. We assume that it
will not affect other properties, like the sphere’s colour and shape.

However, if the sphere is made of soft material, we could later discover
that the shape of the sphere is changed.
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Nonmonotonicity - Closed-World Assumption

» Closed-World Assumption (CWA) [Reiter, 1978]

In some contexts we assume that the information we have is complete:
if we cannot conclude that o holds, then we assume that o does not
hold.

> Example: Train timetable. We assume that all the trains departing from or
arriving at a certain station are only the trains listed in the station’s
timetable.
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Nonmonotonicity - Interested domains

» Some reasoning domains need nonmonotonicity:

> Presumptive reasoning
> You know that Tweety is a bird, and you conclude that presumably
Tweety flies. later you discover that Tweety is a penguin, and
consequently does not fly.
»> Counterfactual reasoning
> If Nazis had won WW-II, we would all be under a Nazi regime. But if
Nazis had won WW-II and in the 70’s there would have been a

WW:-IIl won by San Marino, we would not all be under a Nazi regime.

»> Causal Reasoning
> A big hearthquake would cause the collapse of this building. But if
we renovate this building, a big hearthquake would not cause its
collapse.
»> Normative Reasoning
> You should not kill. But if someone threatens your life, you are
allowed to kill.
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Nonmonotonicity - Default Reasoning

» Defaults.

In general, we refer to the notion of a default: a piece of information
that formalises some implicit background information that we assume to
hold, until we are forced to conclude that that is not the case.

» Many formalisms. Some examples:

Inheritance nets

Reiter’s Defaults
McCarthy’s Circumscription
Negation as Failure
Defeasible Conditionals

vVvYyVvyy
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Inheritance Nets

We have
» nodes (individuals or classes);
> positive links (defeasible subclass relations);
» negative links (defeasible disjointness relations).
Positive links can be treated as transitive, if no conflict with

negative links arises. In case, different decision strategies can
be applied to solve such conflicts.
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Reiter’s Default Rules

Rules of the form

a : Bi,...,0Bn

—
If o (the prerequisite) is satisfied, and g4, ..., 8, (the
justifications) are all consistent with our KB, then we can
conclude ~ (the consequent).
For example:

Bird : Fly Bird : —Penguin,—QOstrich, ~BrokenWing,
Fly Fly

Given a system of default rules, there can be conflicts among
different rules. Different ways or resolving such conflicts defines
different ways of reasoning.
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McCarthy’s Circumscription

Given a KB, we consider only the models that minimise the
extension of some propositions (or some predicate). In
particular, the extension of the predicate being abnormal is
minimised.

For example, consider a KB in which we have
» Bird(x) A =Abnorm(x) — Fly(x);
» Penguin(x) — Bird(x) A Abnorm(x);

Ostrich(x) — Bird(x) A Abnorm(x);

» Eagle(x) — Bird(x).

v

We consider only the models of the KB in which the extension
of the predicate Abnorm(x) is minimal. That is, it is applied only
to the individuals for which it is neccessary (here, penguins and
ostriches), while we considers the others as typical subcalsses
(here, eagles are treated as typical birds).
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Negation as Failure (NAF)

This approach is the most popular for implementing the CWA.

One of the most popular frameworks is Logic Programming
(see lecture 2), where we reason by using rules like:

Fly < Bird\ ~ BrokenWing

where ‘~ BrokenWing’ must be interpreted as ‘it cannot be
proved BrokenWing'.
In this way we can implement CWA.

It is nonmonotonic. For example, from the fact

Bird +
we can conclude Fly, but adding also the fact

BrokenWing «+

we are not able to activate the first rule anymore. s



Negation as Failure (NAF)

Also, there may be conflicting rules. For example:

> pe~g;
| 4 q <~ p.

Different formal ways of managing these kind of conflicts
defines different kind of nonmonotonic consequence relations.
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Deafeasible Conditionals

Here the information is modelled using monotonic conditionals
a— B
and defeasible conditionals

ap

It is a popular approach to model if-then reasoning in particular
domains (e.g., presumptive, counterfactuals, causal, and
normative reasoning).

Depending on the domain, « |~ /5 could be read as ‘If «, then

presumably 3, ‘If a were the case, then it would have been 3,
‘a causes 3, or ‘If o, then 5 is mandatory’. ..
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There are strong connections among the different formalisms
for nonmonotonic reasoning, that in part have already been
investigated.

The basic idea is kind of always the same: we conclude
something relying on what we consider the standard situation, if
we are not forced to conclude that we are in an exceptional one.

Makinson’s book [Makinson, 2005] is a good starting point for
gaining a general view and an idea of the basic connections
between the formalisms in this area.
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Deafeasible Conditionals

Today we focus on the conditional approach, in particular on
the framework by Kraus, Lehmann and Magidor (KLM)
[Kraus et al., 1990].

> Pros:
> A stronger formal analysis of the kind of reasoning it models
> A certain resemblance to the way we think

> |t is often possible to implement it on top of classical reasoners,
sometimes with computational costs in the same category as the
correspondent classical reasoning

» Cons:
> It may be hard to apply it to logics that are more expressive than PL

> It may be hard to apply it to logics that are computationally light, without
sensibly augmenting the computational costs

23/55



KLM framework
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KLM Framework

» With KLM approach we refer to the semantic approach to conditional
reasoning formalised by Kraus, Lehmann and Magidor
[Kraus et al., 1990].

> |t is a step-stone for conditional reasoning, since they give a complete
formal characterisation of an ample class of conditionals.
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KLM Framework

» |t has been developed for modelling presumptive reasoning:
If it is a bird, then presumably it should be able to fly.

But the same formal framework is appropriate for modelling also other
kinds of reasoning. E.g., normative or counterfactual reasoning.

» The consequence does not follow necessarily from the premises, but
only with plausibility.
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KLM Framework

Given a propositional language, with formulas «, 3,7, .. .,

» The conditional a |~ 3 is read “If « holds, then typically 5 holds”.
» A knowledge base (KB) consists of a (finite) sets of conditionals

KB = {at |~ B1,...,an |~ Bn}

» Reasoning with a conditional base: we define an entailment relation k=
that allows to derive new conditionals from a KB. E.g.,

{o1 v Br,cu b B} o b (B1 A B2)
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KLM Framework

Before considering reasoning with conditionals, let’s
characterise some reasoning patterns, or closure properties.

A is a preferential set of conditionals if it closed under the
following properties:

>

>

Reflexivity (Ref): o |~ «

Right Weakening (RW): apB EBoy
apy
Left Logical equivalence (LLE): Eae B apy
B
i i i « }’V ﬁv (&3 )’\’ Y
Right Conjunction (And);: ——————
’ ! A B A
Disjunction in the Premises (Or): a8y
aV By
apB apry

Cautious Monotonicity (CM):

anB vy
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KLM Framework

The most interesting property is Cautious Monotonicity
: - Lap B apy
» Cautious Monotonicity (CM): T TE
If birds typically fly (bird |~ fly) and birds typically have feathers
(bird |~ feather), we can conclude that birds with feathers
typically fly (bird A feather |~ fly).

It is a very constrained form of the classical Monotonicity:

> Monotonicity (Mon): EQ :
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KLM Framework

If a set of conditionals A is closed under all the preferential
properties, it is easy to prove that it is also closed under other
relevant properties.

For example:

> Cut (CT): &I 2} fff o

» Modus Ponens (MP):

ap B, apB—y
oy

Fa—p
o p

» Supraclassicality (Sup):

(Sup) tells us that every preferential consequence extends
classical reasoning.
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KLM Framework - Semantics

» Various ways to semantically characterise preferential sets of
conditionals.

> Preferential Interpretations: most popular semantics. Possible-worlds
semantics in the style of modal logics.

» Main idea:

We interpret “If «, then typically 5” as “In all the most typical situations
in which « is true, also 3 is true”.

Vs

Classical case (Tarskian): “If a, then 8” holds if “In all the situation in
which « is true, also 3 is true”
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KLM Framework - Semantics

Formalisation of the intuition:

we order the classical propositional interpretations (=
formalisation of possible situations) according to their relative
typicality.

Given two propositional interpretations Z, 7,
I=<J

is read as
7 is more typical than J
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KLM Framework - Semantics

Definition (Preferential interpretation - simplified version!)

Given a propositional language L, let W be the set of all the
interpretations defined over L.

P =(M,=p)
> M C Wis a set of interpretations;

> <p: M x M is a preference partial order over the propositional
interpretations.
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KLM Framework - Semantics

Example
Preferential model P:

» Each point represents a propositional interpretation.

> p, b, f represent, respectively, ‘being a penguin’, ‘being a bird’, and
‘being able to fly’.

» 7 — Jindicates Z <p J.

> We indicate with ||«||» the set of interpretations satisfying « in the
model P. 34/55



KLM Framework - Semantics

Example
Preferential model P:

» Each point represents a propositional interpretation.

> p, b, f represent, respectively, ‘being a penguin’, ‘being a bird’, and
‘being able to fly’.

» 7 — Jindicates Z <p J.

> We indicate with ||«||» the set of interpretations satisfying « in the
model P. 35/55



KLM Framework - Semantics

Definition (Preferential interpretation (correct definition!))

Given a propositional language L, let W be the set of all the
interpretations defined over L.

P = <S,/, -<7>>

> S is a set of objects (states);
> [ S W,

> <p: S x Sis a preference partial order over the propositional
interpretations that satisfies the smoothness condition:

> For every formula «, ||alp # @ implies min<, (||a||») # 0, where
min<, (A) ={x € A|Ay € Ast. y <p x}
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KLM Framework - Semantics

Regarding satisfaction, the idea is that a preferential model
satisfies the conditional « |~ $ if the most typical valuations
satisfying « satisfy also 5.

Definition (Preferential interpretation - Satisfaction)

Let P = (S, /, <p) be a preferential interpretation and o |~ g a
conditional.

P satisfies a v 8 (P Ik a |~ B) iff min_..(|la]]) € ||3]-

If P satisfies « |~ 3, then P is a preferential model of o |~ S.

Given a set of conditional KB = {aq |~ B1, a2 |~ B2,...}, Pisa
preferential model of KB if P is a model of every «; |~ 5; € KB.
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KLM Framework - Semantics

Example
Preferential model P:

> For example, the model P satisfies p |~ =f (P IF p |~ —f). That is,
typical penguins do not fly.
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KLM Framework - Semantics
Kraus, Lehmann and Magidor proved a representation result:
a full correspondence between preferential sets of
conditionals and preferential interpretations.

Theorem ([Kraus et al., 1990])

Let L ={a,p,...} be a propositional language, W be the set of
propositional interpretations generated by L, and

LM ={ap o, BB al B,...} the conditional language
generated from L.

A set of conditionals A (A C L) is preferential if and only if it
corresponds to the set of conditionals satisfied by some
preferential interpretation P = (S, 1, <p) (I : S+— W).

That is, A is preferential iff there is a’ P s.t.

A={akB|Plak B
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KLM Framework - Preferential Entailment

Now we can model a first form of reasoning, that is, an
entailment relation » [Lehmann and Magidor, 1992].

Definition (Preferential entailment p)

Let KB = {ay |~ (1,02 |~ B2, ...} be any set of conditionals and
v~ 6 any conditional.

KB p v 0
if and only if, for every preferential model P of KB,

Pl 0.

40/55



KLM Framework - Preferential Entailment

We have an entailment relation with its semantic
characterisation.

Moreover, it is possible to prove that we can reason using the
preferential properties as derivation rules.

That is, we have a proof system that uses the preferential

properties as derivation rules and is correct and complete w.r.t.
preferential entailment.
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KLM Framework - Preferential Entailment

Example

Let
KB={pp —f,bl~f,bl~ft,p— b,r— b},

where p, r, b, f, ft represent, respectively, ‘being a penguin’,
‘being a robin’, ‘being a bird’, and ‘being able to fly’, having
feathers.

Note: The classical implication o — 3 in our KB is an
abbreviation for the conditional o A =5 |~ L, that is satisfied in a
preferential model iff no state satisfies o A =, that is, every
state satisfies a — 3. No reason to go into further details here.
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KLM Framework - Preferential Entailment

Example
From

KB:{pl,\/_'ﬂbl’V f7bl'\' ftap—>b,f—>b,f—>—|P}a
we can conclude, for example, b |~ f A ft, since

bhf. b ft

Right Conjunction (And): — ~ A ft
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KLM Framework - Preferential Entailment

Example

On the other hand, we can prove that p |~ f is not derivable
from KB by creating a counter-model.

This is a desirable behaviour.
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KLM Framework - Preferential Entailment

Example

But we can prove that the preferential entailment is a very weak
enatilment relation, since there are a lot of desirable conditionals that
we cannot derive.

The model presented before is also a countermodel also for r |~ f.

Since in the KB there is no information saying that robins are atypical
birds in some way, we would like to reason about them assuming they
are typical birds.

For example, we would like to derive r |~ f.
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KLM Framework - Preferential Entailment

Preferential entailment is not able to model one of the main
desiderata of presumptive reasoning:

Presumption of Typicality [Lehmann, 1995]:

If we have no reason to conclude that a subclass (e.g. robins) is

atypical w.r.t. some super-class (e.g. birds) we have to assume
that it inherits all the typical characteristics of the super-class.
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KLM Framework - Rational Monotonicity

First, there is a closure property that is interesting from this
point of view:

apy,a -

> Rational Monotonicity (RM): == NI

This is a form of constrained monotonicity, stronger than (CM).
b f, by —r
rnbpf
A preferential set of conditionals that is closed also under (RM)
is a rational set of conditionals.

Note: since we have r — b in the KB, r A b can be substituted simply
with r.
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KLM Framework - Ranked interpretations
A particular kind of preferential interpretation is introduced.

Definition (Ranked interpretation)
A ranked interpretation R = (W, r) is s.t. W is the set of all the
propositional interpretations, and the function r is as follows

> r: W (NU {oo}) satisfying the following convexity condition: for
every n € N, if r(Z) = nthen, for every k s.t. 0 < k < n, there is a
J € W forwhich r(J) =k .

Definition (Ranked interpretation - Satisfaction)

Let R = (W, r) be a ranked interpretation and o |~ 5 a
conditional.

R satisfies a |~ 5 (R IF « |~ B) iff min/(||]|) € || 3], where
min,([le]]) = {Z € (||lel]) | r(Z) < o0 and
r(Z) € min{i | J € (||a||) and r(J) = i}}
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KLM Framework - Ranked interpretations

It corresponds exactly to preferential interpretations that are
organised in “layers”

A ranked model on the left, and the correspondent preferential model on the right.
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KLM Framework - Ranked interpretations

Rational sets of conditionals are characterised by ranked
models.
Theorem ([Lehmann and Magidor, 1992])

Let L ={a,p,...} be a propositional language, WV be the set of
propositional interpretations generated by L, and

LM ={apa,BpB,al B,...} the conditional language
generated from L.

A set of conditionals A (A C L) is rational if and only if it
corresponds to the set of conditionals satisfied by some ranked
interpretation R = (W, r).

That is, A is rational iff there is a R s.t.

A={apB|RIFalB).
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Rational Closure
Given a set of conditional KB, in order to define an entailment
relation kg modelling Presumption of Typicality we consider a
particular ranked model of KB.

1. Given all the ranked models of KB, we order them as follows. Let
R =(W,r),R" = (W, r') be models of KB, then

R <g R'iff forevery T € W, r(Z) < r'(Z).

2. For every consistent KB, we can prove that there is a unique

<gp-minimum among its models. That is, there is a single model Rz s.t.

Rks <gr R for any ranked model R of KB [Giordano et al., 2015].
3. We define the entailment relation k5 as follows:

KB FZH « kv [3iff 73KB IFa kv [3

It can be proved [Giordano et al., 2015] that this construction
corresponds to a well-known consequence relation in non-monotonic
logics, that is known as Rational Closure

[Lehmann and Magidor, 1992] or System Z [Pearl, 1990].
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KLM Framework - Rational Closure

This is the minimal model of the KB

KB={p— b,r—b,p— -r,b~f,pp —f}.

We have KB = r |~ f, respecting the presumption of typicality.
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KLM Framework - Rational Closure

There is another principle that we would like to formalise.

Presumption of Independence [Lehmann, 1995]:

A class a (e.g., birds) typically satisfies the properties b (e.g.,
flying) and ¢ (e.g., having feathers). A subclass & (e.g.,
penguins) of a is atypical, since it does not satisfy b. If we have
no reason to conclude that the satisfaction of b has some
connection with the satisfaction of ¢, we should still allow & to
inherit the property c (that is, typical penguins have feathers).
Rational closure does not satisfy the presumption of
independence.

53/55



KLM Framework - Rational Closure

This is the minimal model of the KB

KB=1{p—b,bhf,bl~ftp ~f}.

The minimal model of KB does not satisfy p |~ ft.
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KLM Framework - Rational Closure

» There is the possibility of modelling = relying only on classical
propositional decision procedures.

» There are various proposals built on top of rational closure, extending it,
and satisfying the presumption of independence.

» Can all this be adapted to other formalisms, like description logics?

We will consider these issues in the next lecture.
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Recap

In the last lecture:
» The role of nonmonotonicity in Knowledge Representation
» A quick overview of some of the main logical formalisms
» KLM framework:

> Preferential sets

> Preferential interpretations and preferential entailment
> Rational Monotonicity and ranked interpretations

> Rational Closure
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Recap - Preferential sets

A is a preferential set of conditionals if it closed under the
following properties:

> Reflexivity (Ref): a |~ «
ap B, EB—Y
oy
Fac B aly
By
ap oy
ap BAy
apy, By
aV oy
ap B, apy
anBy

» Right Weakening (RW):

» Left Logical equivalence (LLE):

» Right Conjunction (And):

» Disjunction in the Premises (Or):

» Cautious Monotonicity (CM):
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Recap - Preferential intepretations
Definition (Preferential interpretation - simplified version!)

Given a propositional language L, let W be the set of all the
interpretations defined over L.

P = <./\/l, <73>
> M C Wis a set of interpretations;

> <p: M x M is a preference partial order over the propositional
interpretations.
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Recap - Preferential satisfaction and entailment

Definition (Preferential interpretation - Satisfaction)

Let P = (S, 1, <p) be a preferential interpretation and o |~ 5 a
conditional.

P satisfies o |~ 8 (P IF a j~ B) iff min.. (]} < [18]I-

Definition (Preferential entailment p)

Let KB = {1 |~ 51, a2 |~ B2, ...} be any set of conditionals and
v~ ¢ any conditional.

KB kp v
if and only if, for every preferential model P of KB,

Pl po.
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Recap - Rational Monotonicity

Presumption of Typicality [Lehmann, 1995]:
If we have no reason to conclude that a subclass (e.g. robins) is

atypical w.r.t. some super-class (e.g. birds) we have to assume
that it inherits all the typical characteristics of the super-class.

» Rational Monotonicity (RM): %
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Recap - Rational Closure

A ranked model on the left, and the correspondent preferential model on the right.
» For every consistent KB, we can prove that there is a unique

<g-minimum among its models. That is, there is a single model Rz s.1.
Rks <r R for any ranked model R of KB [Giordano et al., 2015].

> We define the entailment relation =g as follows:

KB kg o b Biff Rig - a v B
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Rational Closure and Description Logics

From lecture 2, the language of the Description Logic ALC:

(a,b): R R(a, b) (John, Mary) : Father_of

» TBox (7): a finite set of inclusion axioms (C C D);
> ABox (A): a finite set of assertions about individuals (a: C | (a,b) : R);

» Knowledge base KB: a pair composed of a Tbox 7 and an ABox A
(KB =(T,A)).
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Rational Closure and Description Logics

From lecture 2, the semantics of the Description Logic ALC:
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Defeasible Subsumption

> In the last years there has been a lot of work for introducing defeasible
reasoning in formal ontologies.

» Some possible application areas: biomedicine, security, privacy, legal
informatics. . .

» Many proposals:

Circumscription [Bonatti et al., 2009];

Reiter’'s default [Baader and Hollunder, 1995];
Answer Set Programming [Eiter et al., 2008];
Novel approaches [Bonatti et al., 2015];

vV V.V v Y

Preferential approach [Casini and Straccia, 2010, Giordano et al., 2015,
Bonatti, 2019, Britz et al., 2020].

Today we briefly introduce the latter.
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Defeasible Subsumption

We can add a new kind of inclusion axioms:
» Defeasible concept subsumption

CLD
Intuition

» Typical elements of C are in D (exceptional Cs need not)

Example
» EmpStud = Student M Employee
» Student T —Jpays.Tax
» EmpStud C Jpays.Tax

» EmpStud N Parent T —3pays. Tax

where ‘EmpStud’ represents ‘employed student’.
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Defeasible Subsumption

We can formulate the properties for preferential and rational
sets of subsumption axioms corresponding to the propositional

ones:
C=D, CCE cCD CCE
E 2 ~ ~ ’ ~
(Refyct c (LLE) —DbEE (And) “CEDNE
- c C C C -
(Or)CNE, DCE (RW)CND, DCE (RM)CND, C U-E

CUDCE CCE CHnECD

(Cons) T G L
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Defeasible subsumption - Semantics

Definition (Modular Order)

Given a set X, < C X x X is modular if there is a ranking
function rk: X — N s.t. forevery x,y € X, x < y fiff
rk(x) < rk(y)

Definition (Modular Interpretation)

A modular interpretation is a ternary tuple R = (AR, % <R)
where (AR .R) is a DL interpretation and < is a modular

order

Intuition
» The domain of interpretation is partitioned into ranks

» All objects are comparable (except if they are in the same rank)
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Defeasible subsumption - Semantics

T ) Parent®
Xo X1 xp(mary) X3
Company”
Xs(ibm)
worksFor
X7 Xg X9 mpBy X10
Student® Employee™ '

R I CEDiff min(|Cllz) € 1D]x
i
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Defeasible subsumption - Semantics

Preferring maximal typicality [Giordano et al., 2015]

Example
Let Ry = (AR, .1 <R1) and Ro = (AR2,.R2 <R2) pe such that

> AR = AR2 = {x; |1 < i< 5} (same domain!), -®t = .R2, <1 and
<R2 g5 below

R R;
Ry : A Ro: ATz
X4 X5 X X

M 0 LA B

i N N :
: RS '
3 S ’ X3 ’ ~ 3
. RS N
' Il e o

v \ N W Ny
X4 X3 X2 X1 X2
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Defeasible subsumption - minimal model

> Let us fix an infinite countable domain A" (simplification!) and fix an
interpretation function -7,

> Given a TBox 7T, the <-minimal model of 7 among those having A” as
domain and -7 as interpretation function (min4([KB]Ar)) is unique
[Giordano et al., 2015].

Definition (Minimal ranked entailment/Rational Closure
[Giordano et al., 2015, Britz et al., 2020])
Let 7 be a defeasible TBox.

KB g CL D iff m<i]n([7']AR) FCLD

» There is an algorithm for computing minimal ranked entailment.
> Input: KB and «; Output: Yes iff T kg CE D
» |t can be implemented on top of any classical ALC reasoner.
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Defeasible subsumption - minimal model
If we have also an ABox, then it is possible that the minimal
model is not unique.
Example

T:{TEAHVr.ﬂA,} A={(ab):r}

The models for this KB have two minimal configurations:
1. ais atrank 0, and b is exceptional. Hence a: Aand b : —A.
2. bis atrank 0, and a is exceptional. Hence b : A.

Different possible approaches:

» Skeptical: we take only the conclusions that are common to all the
possible options.

» Credulous: we take all the conclusions that are satisfied in at least one
possible options.

» Choice: we choose one specfic option and we take all the conclusions
that satisfied in it.
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RDFS

» RDFS: W3C standard and popular formalism for KR

» Statements

» Triples of the form (s, p, 0)
> Informally, binary predicate p(s, 0)

» (fever,hasTreatment,paracetamol)
> Special predicates: typing and specialisations, etc.

» (paracetamol,type,antipyretic)
»> (antipyretic,sc,drug)
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Main Steps

» We start from the logic pdf

»> A minimal, but significant RDFS fragment
> Covers all essential features of RDFS

» We extend pdf into pdf. = pdf + disjointness statements
> disjointness relationships:

(opioid, L¢,antipyretic)
(hasDrugAddiction, Lp,usesDrugControlled)

» We extend pdf, into defeasible pdf, adding defeasible information
> defeasible triples:

(DrugUser, SC, Young)
(usesDrug, sp, hasDrugAddiction)
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Preliminaries: pdf

> pdf: defined on subset of the RDFS vocabulary:
pdf = {sp, sc, type, dom, range}

Informally,

> (p,sp,q)
> pis a sub property of property g
> (c,sc,d)
> cis asubclass of class d
(a,type, b)
> aisoftype b
> (p,dom,c)
» domain of property pis ¢
»> (p, range,c)
> range of property pis ¢

v
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pdf

Example
G = {(vP,sc,hP)

(du, sc, uhP)
(du,sc, yP)
(cDU, sc, hP)
(cDu, sc,dU)}

Read:

> yP — ‘Young People’;

>
>
>
>

hp — ‘Happy People’;

du — ‘Drug Users’;

uhP — ‘Unhappy People’;
cDU — ‘Controlled Drug User’;
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pdfSemantics

pdf interpretation:

N o g bk~ ooDd -

©

T = (AR, Apr, Ag, AL, P[], CLL, %)

Ag are the resources

Apr are property names

Ac C Ag are the classes

A| C Ag are the literal values and contains all the literalsin LN V
P[-]is a function P[-]: Ape — 22R*4R

C[-] is a function C[]: Ac — 2°r

T maps each t € UL N V into a value t* € Ag U App, where - is the
identity for literals; and

T maps each variable x € B into a value x* € Ag
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pdf model/entailment

T ‘: Gifand only if Z satisfies conditions

Simple:
1
Subproperty:
1
2.
Subclass:
1
2.
Typing I:
1
2.
3.
Typing II:
1.
2.
3.
4.

. foreach (s, p,0) € G, p* € A and (s%, 0%) € P[p*]

. P[sp”] is transitive over App

if (p, q) € P[sp™] then p,q € Apr and P[p] C P[q]

. P[sc™] is transitive over A

if (¢, d) € P[sc”] then ¢,d € A¢ and C[[c] C C[d]

. x € C[c] if and only if (x, ¢) € P[type™];

if (p, ¢) € P[dom®] and (x, y) € P[p] then x € C[c]
if (p, ¢) € P[range’] and (x, y) € P[p] then y € C[c]

for each e € pdf, ¥ € Ape;

if (p, ¢) € P[dom*] then p € Apr and ¢ € Ag
if (p, ¢) € P[range”] then p € Ape and ¢ € Ac
if (x, ¢) € P[type’] then ¢ € Ac.

G |= H if and only if every model of G is also a model of H
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Deductive System for pdf

GHH
1. Simple:
(@ Gforamapp:G —=G (b) GforG CG

2. Subproperty:
(a) (A,sp,B),(B,sp,C) (b) (D,sp,E),(X,D,Y)

(A;sp,C) (X,E\Y)
3. Subclass:
(A,sc,B),(B,sc,C) (A,sc,B),(X,type,A)
(a) (A5c,0) (b) (X, type,B)
4. Typing
(a) (D,dom,B),(X,D,Y) b (D,range,B),(X,D,Y)
(X,type, B) (b) (Y,type,B)

5. Implicit Typing:
(A,dom, B),(D,sp,A),(X,D,Y)
(@) (X, ype,B)

(A;range,B),(D,sp,A),(X,D,Y)
(b) (Y,type,B)
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Extending pdfinto pdf,

pdf; Syntax:
» Disjointness predicates: 1. and 1,

> (c, Lc,d): classes ¢ and d are disjoint
> (p,Lp, q): properties p and q are disjoint

Example G = {(yP, s, hP)

(

(du, sc, uhP)
(du, sc, yP)
(cDU, sC, hP)
(cDU, sC, dU)}

G = GU{(unp, L¢,hP)}

(uhP, L¢, hP):
the class Unhappy People and the class Happy People are disjoint.
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pdf,

» Obijectives of pdf, semantics:

1. Deductive system = pdf + some additional rules

» any RDFS reasoner/store may handle the new triples as ordinary
triples if it does not want to take account of the extra inference
capabilities

2. Any pdf, graph is satisfiable.
3. Computational complexity stays in the same class as pdf.

For a detailed semantics, see [Casini and Straccia, 2023].
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pdf, Deductive system

From an inference system point of view, new derivation rules are
added to the pdf derivation system. For example:

» Conceptual Disjointness:

(A, L¢,B) (A, L¢,B),(C,s¢,A) (A, Lg,A
(a) (B, 1c.A) (b) (C,Lc.B) (c) (A,LC,B;

We define an entailment relation )fand a derivation relation }T

that extend the pdf ones and }T is correct and complete w.r.t.

=
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pdf,

Example (Cont.)
From (uhP, L¢, hP), (cDU sc, hP), (cDU, sc, dU) and (dU, sc, uhP) we
conclude

(uhP, L, hP)
(hP, L, uhP) (cDU, sc, hP) (eDU, sc, dU) (dU, sc, uhP)
(eDU, L¢, uhP) (DU, sc, uhP)
(eDU, L¢, cDU)

Hence, being a controlled drug user is incompatible with being a controlled
drug user (that is, cDU should be an empty class).

Analogously, from (uhP, L¢, hP), (dU, sc, yP), (yP, sc, hP) and (dU, sc, uhP)
we conclude
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Defeasible pdf,

Triples and indicate an , a in
our graph.

Such conflicts can be solved introducing defeasible reasoning.

We introduce in our language triples:

> (A, sc, B): “The instances of the class A are usually also instances of
the class B".

» (A, sp, B): “The instances of the property A are usually also instances
of the property B”.
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Defeasible pdf, - Minimal Entailment

Ranked pdf, Interpretations.

A ranked interpretation is a pair R = (M, r), where M is the
set of all pdf, interpretations defined on a fixed set of domains
Ag,Ap, Ac, A, and ris a ranking function over M

r: M~ NU{oo}

satisfying a convexity property:
» there is an interpretation Z € M s.t. r(Z) = 0;

» for each i > 0, if there is an interpretation Z € M s.t. r(Z) =i, then
there is an interpretation ' € M s.t. r(Z') = (i — 1).
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Defeasible pdf, - Minimal Entailment

rank oo | MF\ (rank 0 U rank 1 U rank 2)
rank 2 I(s,sc, b)||\ (rank O U rank 1)
rank 1 Il(b,sc, f) U (s,sc, b)||\ rank 0
rank 0 (b, L, b) U (s,sc, b)||

{Z e My | I|7: (t, L¢, t) and thereisno 7' € My s.t.

c_min(t,R) =
T (t, Lo, t) and 1(T') < r(Z)} .

p_min(t,R) =
7' B (1, Lp, t) and r(Z') < r(T)} .

where My ={Z € M | r(Z) € N}.
E.g., in the above ranked interpretation R, the interpretations in

¢_min(b, R) will be in rank 1.

{Z e My | II;t (t,Lp,t) and thereis no 7' € My s.t.
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Defeasible pdf, - Minimal Entailment

Given a graph G and a fixed set of pdf, -interpretations in our
ranked models (see reference for the details), we take under
consideration the minimal ranked model for G, that is, the
ranked model in which every pdf, -interpretations is ranked as
low as possible.

» For every G, the minimal ranked model R, ¢ exists and it is unique!
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Defeasible pdf, - Minimal Entailment

Minimal Entailment =, is defined by the minimal ranked
model of a graph G.

G l:min [S, p; O]! iff RminG ): [37 p; O]'
with [s, p, 0] € {(s,p, 0),(s,p,0)}.

We now present (via an example) the decision procedure that is
correct and complete w.r.t. =min.
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Defeasible pdf,- Example

G' = {(yP,sc,hP)
du, s¢, uhP)
du, sc, yP)
cDU, SC, hP)
cDU, s¢, dU)
uhP, 1o, hP)}

(
(
(
(
(
(
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Defeasible pdf,- Example

G' = {(yP,sc,hpP)
(du, sc, uhp)
(du, sc, yP)
(cDU, sC, hP)
(cDU, sc, dU)
(uhP, L, hP)}

(yP,SsC,hP):
Young People are usually Happy People.
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Defeasible pdf, - Ranking

Informally:

1. Create a ranking of the defeasible triples in G.

> Check the presence of potential conflicts in a graph:
> translate all the defeasible triples into pdf, triples.
(A,sc, B) = (A,sc, B)
> Once atriple (A, L¢, A) (resp. (A, Lp, A)) is derived, all the triples
(A, sc, B) (resp. (A, sp, B)) are associated to a higher rank.
> We iterate the procedure.

36/53



Defeasible pdf,- Example

G' = {(yP,sc,hP)
(du, sc, uhP)
(du, sc, yP)
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}
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Defeasible pdf,- Example

G' = {(yP,sc,hP)
(du, sc, uhP)
(du, sc, yP)
(cDU, sc, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» We derive (dU, L¢, dU) and (¢DU, L¢, cDU).
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Defeasible pdf,- Example

G = {tyersehey
(du, sc, uhP)
(du, sc, yP)
(cDU, sC, hP)
(cDU, sc, dU)
(uhP, L¢,hP)}

» All the defeasible triples with dU and ¢DU as first members move to the
first rank.
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Defeasible pdf,- Example

1 = {(dU, sc, uhp)
(du, sc, yP)
(cDU, sC, hP)
(cDU, sc, dU)
(uhP, L¢,hP)}

» Now we consider the information at the first rank.
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Defeasible pdf,- Example

Gi = {(du, sc,uhp)
(du, sc, yP)
(cDU, sc, hP)
(cDU, sc, dU)
(uhP, L¢, hP)}

» We can still derive (¢DU, L¢, cDU).
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Defeasible pdf,- Example

G| = {{avrserutey
{doseyEy
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

> All the defeasible triples with cDU as first member move to the second
rank.
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Defeasible pdf,- Example

G, = {(cDU, sc, hP)
(cDU, sc, dU)
(uhp7iﬁahp)}

» Now we consider the information at the second rank.
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Defeasible pdf,- Example

G, = {(cDU, sc, hP)
(cDU, sc, dU)
(uhPaiﬁahP)}

» We cannot derive any more conflicts. The ranking is done.
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Defeasible pdf, - Ranking

2 Decision procedure for a query (s, sc, 0):

> Given a query (s, sc, o) (resp., (s, sp, 0)), check the rank of s:
> check which is the lowest rank in which we do not derive (s, L¢, s)
(resp., (s, Lp, s)).
> Given the rank, check whether we can derive (s, sc, 0) (resp., (s, sp, 0)).

» Deciding whether a graph G defeasibly implies (s, p, 0) can be done in
polynomial time (ground case).
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Defeasible pdf,- Example

Query: (cDU, sc, uhP).

G' = {(yP,sc, hP)
(du, sc, uhpP)
(du, sc, yP)
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» We check at which rank (¢DU, L¢, cDU) does not hold.
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Defeasible pdf,- Example

Query: (cDU, sc, uhP).

G' = {(yPp,sc,hP)
(du, sc, uhP)
(du,sc, yP)
(cDU, sc, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» Considering the entire graph (rank 0), we derive (cDU, L, cDU).
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Defeasible pdf,- Example

Query: (cDU, sc, uhP).

i = {tyPrsertey
(du, sc, uhp)
(du, sc, yP)
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» Considering the graph at rank 1, we still derive (cDU, L, cDU).
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Defeasible pdf,- Example

Query: (cDU, sc, uhP).

{arse ey
{derse ey
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» Considering the graph at rank 2, we do not derive (cDU, L, cDU).
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Defeasible pdf,- Example

Query: (cDU, sc, uhP).

{arse ey
{derse ey
(cDU, sC, hP)
(cDu, sc, du)
(uhP, L¢,hP)}

» We have to check entailment of (cDU, sc, uhP) w.r.t. this graph.
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Defeasible pdf,- Example
Query: (cDU, sc, uhP).

(derseruhey
doTsevey

(cDU, sC, hP)
(cDU, sc, dU)
(uhPaiﬁahP)}

» From this graph we cannot derive (cDU, sc, uhP).

Hence (cDU, sc, uhP) is not entailed.
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BELIEF CHANGE
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The following slides are from a course held at ESSLLI 2018
and prepared with Richard Booth (University of Cardiff)
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AGM Theory



Example

SU&?POSC ouy’ \q\owleol e Ease C«OI\QQ‘(V\S H\C 'Esuow‘(r\j '{'\qcés :

Sweoler\ 18 a @a\’[f oF E’U\\’ope
A,H E/Uu’oeea(\ SwWans are »\/L\\(:e
Tl\e L)‘\ro( ccmjl\é n H\e l:&’af 1S a gwan

T‘\@ l:)‘\\’oQ Cauak& o U\e (:VaP 1S —FTGM S\'\/@ae/\

F\'c(\'\ we ComcluOle <u$'|v\j ?VOVOS\EIQI\Ql \ci?]c>
T[\c k)krc{ chf#\(: ‘" U\e (:ra\) S v_\/bl_:g.
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Example

BT
Suppose we see Ehak bhe swan is black (ie 7E)

- \/\/a/& Eo qu ’lE/ EO our olqea‘oose, lf)uxe u\el\ ola(quaSe

1 ‘tr\cot\s‘uséer\é '

- Mus(i c[\QAfSe O(Q(:C«.(;)QSC , EU\E HO\/\/?

» Thie s (:'r\e Qr’cuem cnc BRELIEF KEVIS\ON

- L\{:orﬂ\cxt]or\ [T Voluaue,, Don‘l: \A/o\r\é Ec U\r’cw mj
UNNCcessar i\ j .
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2 Main Types of
Belief Change

» K¥ ol s khe result 0'? c[\cu\j‘mj K ks
‘l!\c(u(le ol \Jf\ile, m‘\f\(:q'u\"mj cons‘ls(:enc\cj,

- K=« g (:l\e VQSQ\E C’%: T’QMQV‘\r\j X '(I’om
(u\e conseq ueaces c‘;) K



Formal Setting

QUES‘TIONI HOV\/ oQo we -Fo*’rv\quj r’epreser\LT \Cr\owleclje LJas‘es

SU\Cl\ as H\e ohe N H\Q GXC\MF\Q [
Use a (Lan)/ where :
- \~ = S?_k o‘c 'FQ\’V\L«\QS w.\U\ ‘JV\ICL we erScr‘\ioe ’Facés

© Cn: ZL%ZL 1S u\e cor\se?/qer\ce re{alf'\or\ S?ec}":j'lnj

w\r\\C‘v\ J%crmu\cxs '\:c\\ow {"rom cmj j\veﬂ \U\ou/lecﬂcje kO«Sﬁ



Formal Setting

Same ossum?l:‘\ons t"\qooe o\lxuk <L/C/\) n AGM:

-

L \S C.lOSCO( b\f\OlE’x’ ?rq‘)os]l:ionq\ COM\QC(:;VQ’S

-
K:_F A< (3 H\C(\ CACA) = CI\QB) (Monot’of\ (Q(E\j) Ch is
Cr\ QA\ C—"\QC!’\ <A>) (I cle"\ pe l:anQ) Ta FS‘k}c\r\
A< C’\(A> (If\:l us(o I\>



Formal Setting

-
g e Cn(A ufx) ff x- g e Ca(d (Dea‘m&im)
TF xc Cl@) then xe Ca(A (Su?rqckqssicql ié\ﬂ)
QW‘\ere cl is classteal \oi‘lcql cor\secbuence>
¢ xe Ca(A) thea e Ca(A") Tor Same ‘g‘mike A< A
(COM ‘DO«Q[:r\ess>
CnA ufd) 0 CLAVIRY) € Ca(A ufre )

<D.\S'\1w\ck]on In @W“\\SSQS >
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Formal Setting

® L= seb of formalas bult from some sk of
Pt’opdsiE’\dno\[ O\kOMS {(—’qu/ (93""§ GJ\Ol COM\QCQ(\IGS

/\./\/} —\/ ‘ﬁ/ <—) :

- Se_(: 0{: quuO\E'\o(\S /'mker@retqbcr\s over H’\e Seé G'F
Pv’o\). o\ltor"\S .

- Eac!\ vc\kuc\k\cr\ v oss\Sf\s one G{: T,F ks eac}\ P
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Notation

- G"(ven &€ L/ \/f;o(. & v QVQ[Ua[:es X Eo T
- Moc&(&) = {V \VPO(g

® Guen BEL, @) = TxelL| Mod(8) = Med()S

(G\Q C\OKSS']CG( \03‘\&1( COf\Seq/U\QI\CQS O-F 6) X C C'\<f5> a(Sq
wf‘.ll':('—-ﬁr\ B (—“— ™ .

- If\ QXGUY\P\GS ; Vq\qql:idhs w°l“ o‘%ev\ \De wr]err\ aS « Se(T c"l\'

l"(L'erq\s, with presence oje r\ejc«(?ion 1p ]r\ol'\co\(fmj V@Z E
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Notation

BELIEF SETS /THESRIES

® TE 62Cn@) ben ve call 8 o belief scb or

Som(:imes (:L\ecs\’ 3 ,
- ge\‘le"(: SQ%S U\S(kq\l 3 Qle\OkEOl &3 j K/ Kl/ Qllc:

- Sinee we're ‘\I\EZTQS"EECJ " CGI\SQCI/U\QI\CQS o¥ know Qdae IDQSQ ,

Qs e v ko GSSUNE, \<r\OW\ecl<3e \aases are lja\{e{: 52{’-3'.
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Belief revision:
The question formalised

Gven a \DQ(\\Q{: sk K—Q«L, and qﬁrmla 4
Y:'\f\ch K % 0(/ H‘E r@u“: o‘% rQ\/‘us‘lr\j K & “|'\c(ucﬂe ol
SU\c\f\ Hr\qk the rew\% 'S consiakent
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Revision =
contraction + expansion

® Cald Ex’ﬂ Kxol = Ca(K U{‘XD) but this W\\jl\k be
incons| skenk

- Skro&e_cﬁ? F\rslg m\<e c‘v\anﬁes ko K loe'?ore aoU] g 4
“moke some toom for oo by come in

- _H\'IS Can l)e ac\\‘lcveco Eﬂ c.or\l:rac@\'\j Bﬂ X (S\II\CQ CA(KU{“D
Cor\s}ske_l\li = /é K)

© S we b KHu = Cv\(Ké—w ugfx})

< Levi Ioler\lf &3)

17



Belief contraction

So we O_L‘ch_\( H\Q COnlji‘O\Qk\o(\ ?r’obem 'F\FSE

Ghen  a \')Q\'\GSK\ sek KelL , oLr\o\ o {:or M(,\\Ou .y
Fn\d \(%b(/ H\e FQSU\\E ojf\ chAj'(Aj K s(;\cL\ El’\ae

® 1S o \OV\SCT Q C.OV\SC’.(VAC'\CQ
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Partial meet contraction

Or\e oj\: H\e b@ska‘(r\om\ qepf'oof_[\GS (/A\\Ql‘ourt’o/n/ G’&"c{enﬁ\’s&

Ma\(‘\hSo(\ \C(%§—>

3 sl:e_?s ko o‘)kofm K’()( g

@ Focus on maximal subseks oF K thak donk QI\QO\‘\I X
De(\o&e b‘j Kl

@ S@,{eok "‘DQSE\\ e\emq_r\(fs o’F K_L X mg]g\j se(e.c \on
fuackion y y (K1)

@ FQW"\ ')i\ke\’SQQl:ior\ . K-‘(X = (\ X<K.LO<>
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Partial meet contraction
® Wilke K ':—‘Yo( Eo Siaf\'\'Fj o[eper\ooe_nce on X

Xe KL« \‘\:(\ () Xs K Q'l) (Xﬁ/ Cr(%))
(i\l') Yor any Y= K/ + xX=7 bhen e ()
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Partial meet contraction

J < a Selecl:ior\ ‘Fw\cl:ior\ {:or’ K ]1{:\0) 'Esr q” X< L,,
T Kla#g ten £ y(Kle) s Kl
T klx=g ben YKL =3



Characterisation theorem for
partial meet contraction

THEOREM <Alcl\our'ron G’orclen{:ors Makinsan \°(8$’> — = ~y

1[0( 3eme Se\eck“\or\ qu\cl:\or\ Y ﬂ: — SQL |S'(€ IeS (:L\G %o \owu\j
qﬁ’QP@.TLleS (l&nowr\ Qs H\Q Eosrc FOSEU\\QLQS {Qr’ Cor&"o\q a:/\>
@ Kows= C_y\Q( OQ (C, cSU\\"Q)

@ T xg ) then g K% (Success)
@ KixsK (Tnclusion)

® It & K then Ko =K Q\/am‘&i)

@ TT «=«, then Kax, =Ko,

® K= Clk=x u{w) (Recoery)
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Partial meet revision

Y\ oleg:'mz P'm' ViG. Q Em_ CGI\EF’QCE\OV\

oqbem&os’ cu\o\ H\e Lev: Ic!enelkj

KY),% = Cn <K+Y1°<U '{x§>
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Characterisation theorem for
partial meet revision

THEOREIV\J <Alclxour’r<§v\/6’dr¢len{:org Mq\(‘((\_g@{\ \ﬂ&g) * - ’Y}/
1[0( 36M e Se\eck“\cr\ {:qr\cl:'\or\ Y ‘.ﬂ: X sch'l':Q‘leS (:L\G %ouow]l\j

?Y’GPQTL‘,"\QS (lir\ow'\ as H\Q l)qs}c Eos(:u\\c&ey ‘qu revis\an >;
- ¥ w = Ch Q(’l{ 04) (C\osur@

@ xc Ktet (Success)

@ Kxxge G(Ku) C:l:r\c\us\on)

@ If 1MZ K bhea CuKUI®) & Wk ¢ (Vocuiby)
® Tt X =, khen Kok & = K¥(, (Exker\slonaliky
@ Tf ot is comsistent bhen s0 16 KA (Cansiskency)
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Plausibility orderings

T Wz st OJ(: a[( ‘mljer’prel:al:\ons over sek o‘c prop. aéoms
- Eo.cL\ ‘\'\Ee(?re(:of:]or\ a_Ss‘\jr\S onC o% T/ F E" mCL\ Fi

~ ﬂ\r\k o(: UI\CM oS @oss'\\ole wcrug



Plausibility orderings

\/

Opne o{: U\ese s H\e
true skalbe , bak agedk
o\oesn'\: know w[\iclr\ one .




Plausibility orderings

\/

ﬁ(,& oﬂgr\(f l:‘fr'\ks some

WQAJS move q)‘qusiue

E‘V\Qn oU\C'S

Move
P’aus]He




Plausibility orderings

Most g\qus](a\e are  those
qu‘,]s'%ir\ﬂ K.

\/

Mool Q()

Move
P’aus]He



Plausibility orderings

Aﬁef\(i uses Ehis or’oler"w_\j
as Suicle ko ?e\"’\orm

\De\ 1 e'? c\\cmge .

\/

Mool Q()

Move
Plaus]He



Contracting a

\/

svep (D

Lcol( Q.E Mocl(‘l OQ -

Move
P,a\UtS]H e

Mad Q()




Contracting a

\/

L ocoke Ur\e
1o - wor\O\g ,

Move
P,a\LAS]H e

Mad Q()
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Contracting a

STEPQR) -

Add Chese ko the

\/

Mad (K)

Move
P,a\LAS]H e



Contracting a

FINAL STEP:

Take
K-'T‘K:{ﬂét\ vg\s kme n
Al

j

Mad QQ
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Formal detalls

Assume a ?lQuS'\BH‘][?j orolel"lr\j L over \/\// Sqé':S%'unj
(;[\e {:o[(cw'mg ?(G\Def&'lesf

S kraf\s'\k\ve (_\/,S\/L ; WiV = v, \<V3>

N IN

-
- S CGMP\eLQ <€.\(7L\€" V|\<V)_ QT VLS\/\ / ‘E)r al\ VI/VZ.>

kot;‘\( ﬁreor’Jcr
@ Md®) = minls,w)
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Formal detalls

F\’c("\ 6/ ch{:‘me mntffac[:ion oeera(.‘or’ ,/'\c ‘For |< bﬂ Szé(finj/
'qu’ a.u xe L:

{Be LM v min €, M) = Mal(8)f
K';'SD( = "F 0(¢ CA@
K TF xe Cn)

NoTE: Med(K¢ ) = Mad(K) 0 min (€, Mod@r )
(in case o€ Cal#))
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Characterisation result

THEGREM <G—r’ove/ Kaksuno & MenJQlZon)
- = %g %r Some f)‘ac&si‘ﬂi[ikj cr’olef’ < rﬂ: ~ Scc(iis"Fie?
H«e \306 \C ?osh,\\o\(:eg 'For er\l.’F'C\CE‘\GV\j PLus -

. (K"JDQ N q<’f ﬁ) = K”@Ap) (Con\"]ur\ck']ve Qv?r‘(qf>

@ T} X KCp) khen K@@ = K
(CO ’\\‘)unct\\'t IV\C\USiO r\)
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Revising by a

We can use Levi Tdeabiby bo define % Trom < .
Kxex = Cn ((C50) 0{x)
Then :
{pel] mn(s, Modw) © Mod(p)f

K*Stx = ,-F ’VXﬁ:’CI\@)
L ]{WKQ C,(\@)
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The picture

\/

Mad Q()

Move
P,a\UtS]H e




Characterisation result

THEGREM <G—r’ove/ Kaksuno & MmJelZon)
X = >|fs jf;r Same f)‘ausi[ai[i(fj cr’olef’ \< |‘H: ) 4 SQ(:iS"FiQ?
the bosie ()oleu\\o&eS \Cor revisiof, PLUS -

- QK* °<> N <K* ﬁ) < K*(IX Vﬁ) (D'\S\‘]w\clﬂve Overqu>

@ Tf g Kxp then Ca(kxp vi?) = Kx(kap)
<3qbequr\s]on>
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The Harper ldentity

- Tke Lev, Iolef\(f'lkj (‘c“s us L\ow ko cQQ’F Ine revision

From contrackion.
- \//t\ok C!.‘DOQE 30'\«\3 ko conkrc\ck'(on from TRVISTON 0

- Tl\e \"\quer Ioler\(i‘&j :

Ko = (Kkae)n K




The Harper ldentity

- TL\e Hq(per’ Ioler\l?i&j oloes ‘mcleeo[ hald J\:cn’ X< , {—\<
o\eg\:'me(& {'\mm H\e same <

e Hou’ ?QV CU\ol [,-CV‘\ e o'? QQQL\ ou’\eo/
A/LW]\
*¢ T<



Other approaches

- 66]‘\Q'€ revision In <A,M3(:er’olam)
- Have e,xP(icil: Bel‘nejt: (*\OJQI\'EJ B x
- S&rangc U\'\njs kaf’ pen (:c AGM POS&,\‘QE&/

6.3, revise k:s f /\'16 P (Mocre Sczr\l:('\c9_
T‘\Q'\ cqm\ol: t\ou\

- @e_\\e%\ revision <\< r\eeJ nol: LQ oleciucé'we\\j c\asecg
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Recap

In the last lecture:
> Rational closure for Description Logic ALC
> Rational closure for pdf
> Belief Change - the AGM aopporoach:

> Contraction
» Revision
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Partial meet contraction

Or\e oj\: H\e b@ska‘(r\om\ qepf'oof_[\GS (/A\\Ql‘ourt’o/n/ G’&"c{enﬁ\’s&
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Characterisation theorem for
partial meet contraction

THEOREM <Alcl\our'ron G’orclen{:ors Makinsan \°(8$’> — = ~y

1[0( 3eme Se\eck“\or\ qu\cl:\or\ Y ﬂ: — SQL |S'(€ IeS (:L\G %o \owu\j
qﬁ’QP@.TLleS (l&nowr\ Qs H\Q Eosrc FOSEU\\QLQS {Qr’ Cor&"o\q a:/\>
@ Kows= C_y\Q( OQ (C, cSU\\"Q)

@ T xg ) then g K% (Success)
@ KixsK (Tnclusion)

® It & K then Ko =K Q\/am‘&i)

@ TT «=«, then Kax, =Ko,

® K= Clk=x u{w) (Recoery)
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Partial meet revision
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Characterisation theorem for
partial meet revision

THEOREIV\J <Alclxour’r<§v\/6’dr¢len{:org Mq\(‘((\_g@{\ \ﬂ&g) * - ’Y}/
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Contracting a
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The picture
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BR and Non-monotonicity
Today’s topic

In the we assume that the underlying
consequence operator satisfies some properties. In particular, it
Is assumed that it is Tarskian and Compact.

* Are these constraints essential for developing and AGM-
style analysis?

e Today we consider dropping one of the property that a
consequence operator needs to satisfy to be Tarskian:

Monotonicity.



AGM Assumptions

AGM made some assumptions about the underlying logic (L, Cn):
o : closed under propositional operators.
e Consequence operator:
1. Tarskian
e Monotonicity: if A ¢ B then Cn(A) C Cn(B)
* |dempotence: Cn(A) = Cn(Cn(A))

e Inclusion: A c cn(a)



AGM Assumptions

2.AGM Assumptions:
e Deduction: ge crn@u {a)iff (@ - p) € Cn(A)
e Supraclassicality: if a € Ci(A) then a € Cn(A)

e Compactness: if a € Cn(A) , then a € Cn(A’) for
some finite A’'C A

e Disjunction in the premises; ¥ € ¢(rdUtal) v € CndU{f})
y € Cn(AU {aVf})




AGM Assumptions

We may need an analysis of belief change for logics that do not
satisfy the above prerequisites.

= \What happens if we drop some of them?
Can we still develop an AGM-style analysis of belief change?

Today we consider dropping one of the Tarskian properties:

Monotonicity



Non-monotonicity

Recent work in revision of non-monotonic theories:
= Answer Set Programming
= Conditional Reasoning

Today we will focus on conditional reasoning:

= |ts relation with belief revision
= Known issues
= Recent characterisations of BR for conditional reasoning

And at the end also have a look at ASE.



Non-monotonicity

Example

Remember the KB we saw in the first lecture?

*Sweden is a part of Europe

* All European swans are white

* The bird caught in the trap is a swan

* The bird caught in the trap is from Sweden

From this we can derive
* The bird caught in the trap is white

If we are informed that the caught bird is a black swan, we need to
revise our KB in order to preserve consistency.



Non-monotonicity

Example

Consider the following slightly modified KB:

e Sweden is a part of Europe

 Typically, European swans are white

* The bird caught in the trap is a swan

* The bird caught in the trap is from Sweden

From such a KB we can conclude that
* Presumably, the bird caught in the trap is white

Such a conclusion is just tentative.

We are informed that the swan is black

We drop the presumptive conclusion, we do not need to make changes to the KB,
since it admits exceptions to the second statement.



Non-monotonicity

There is a connection between Belief Revision and Non-monotonic Reasoning
e Both are aimed at managing potential conflicts among pieces of information

¢Non-monotonic reasoning can manage conflicting information
¢ Still, it is possible to have inconsistencies also in non-monotonic KBs

Example
Consider again the KB:

*Sweden is a part of Europe

e Typically, European swans are white

*The bird caught in the trap is a swan

*The bird caught in the trap is from Sweden

We are informed that
e Typically, European swans are blue

This is a conflict that is problematic also for non-monotonic systems.

10



Non-monotonicity

= Assume we are facing conflicting pieces of information:
should such a conflict be managed by the non-
monotonic machinery or by some belief change
operator?

- such for
non-monotonic reasoning?

11



Conditional Reasoning

For non-monotonic conditionals, the following does not hold:
a=>f
any=p

Monotonicity

Conditionals like bird = fly and penguin A bird = —fly can coexist
consistently.

Note:
non-monotonicity conditional ;é non-monotonicity entailment operator

Monotonic entailment operator Cn:
=» |fa=> e CnK)thena= e Cn(KU{y=>5d})

It is compatible with non-monotonic conditionals.

17



Conditional Reasoning

A popular semantics for non-monotonic conditionals @ = f# :preferential semantics.

Interpretations M = (W, <)

« Wis a (multi)set of possible worlds (propositional valuations)

« <is a preference relation defined over W : v

* transitive, asymmetric, and smooth

Smoothness: for every @, if Mod(a) # @ then min(Mod(a)) # @ , where
<

min(Mod(a)) = {w € Mod(a) | v € w s.t. v € Mod(a) and v < w}
<

w < Vis read as ‘the situation described by w is preferred to the situation described
by v’

18



Conditional Reasoning

A conditional @ = [ is satisfied by an interpretation » = (W, <)
(M I+ a = p) if the preferred worlds satisfying a satisfy also . That is,

min(Mod(a)) C Mod(p)

Depending on the interpretation we give to the relation <, the conditionals
a = [} have been interpreted in various ways. For example:

« Expectations: “Typically, if a then g *.
- Obligations: “If a, then it ought to be 7.

- Counterfactual/subjunctive conditionals: “If a were the case, then g would
have been the case too”.

19



Conditional Reasoning

Theorem [Kraus et Al. (1990)]
A conditional entailment operator Cn(.) is closed under the preferential properties iff,
for every conditional KB K, Cn(K) can be defined using a preferential model. That is,

Cn(K)y={a=>p|MIF-a=>p}

for some preferential model M.

Special case - Preferential Closure Pr(.):

Pr(K)={a=>p|MI-a= pforall M s.t. M I+ K}

Pr(K) is the smallest preferential closure containing K.

a = B € Pr(K) iff a = Bis derivable from K using the preferential properties

Pr(.) is Tarskian!
(and hence monotonic)

21



Conditional Reasoning

Let’s consider another property:

necessary for the satisfaction of important reasoning patterns, as

Presumption of typicality:
Given the information at our disposal, we assume we are in the most
expected situation.

bird = fly bird & —sparrow

bird A sparrow = fly

22



Conditional Reasoning

The entailment operators aimed at modelling some kind of presumptive reasoning are usually
non-monotonic (and satisfy (RM)).

» | know that typically birds fly ( bird = fly)

* | hear about some ‘Dodo’ bird, but | know nothing about it. So, | am not aware whether it is
an atypical bird (bird & —dodo )

« With this information, | presume that dodos behave like normal birds
(bird A dodo = fly)

- Later | am informed that dodos are extinct, and that actually they were very strange birds.
Not really a typical bird (bird = —dodo)

« With this new piece of information, | can to drop the previous conclusion, still satisfying (RM)
(bird A dodo # fly)

dodo A bird = fly € Cn({bird = fly})
dodo A bird = fly & Cn({bird = fly, bird = —dodo})

23



Conditional Reasoning

Ranked interpretation R = (W, <):

R Is a preferential interpretation and <
satisfies modularity:

If x<y then eitherz<y orx<z v

Theorem [Lehmann and Magidor (1992)]
A conditional entailment operator Cn(.) is closed under the preferential properties +
(RM) iff, for every conditional KB K, Cn(K) can be defined using a ranked model. That is,

Cn(K)y={a=>p|MIF-a=p}

for some ranked model R.

24



Two sides of the same coin

\/

Remember the semantic
characterisation of AGM
revision?

It was built using a
specific class of v
preferential models, the

ones in which < is
modular.

The worlds in the yellow
part define K x a

25



Two sides of the same coin

\/

The yellow part
corresponds to

min(Mod(a))

S0, there is a strong v
correspondence:

In the same ranked

model, ¢ =  holds iff
peEK*xa

26



Two sides of the same coin

There is the possibility of representing revision policies via
subjunctive conditionals:

peKxaiffa = p

That is, the revision policies can be represented via
conditionals interpreted as “if @ were the case, then f would
hold”.

Question: Can we extend the revision operators to a language
containing the correspondent conditionals?

Implementing such a step would allow also to revise the
revision policies.

27



Two sides of the same coin

Answer: No!
Or at least not easily.

Gardenfors’ Impossibility result [Gardenfors (1988)],
here in Rott’s version [Rott (1989)]:

Assume a logic (L, Cn) where:

e Language L: Propositional language + conditionals @ = ,B
e Operator Cn(.): operator for L s.t. it corresponds to propositional logic for the
propositional fragment (and it is monotonic over the entire L)

Belief Revision Model (K, x ): K is a set of Cn-theories (closed under propositional
expansion) and > is a revision operation on the theories K in K satisfying :

(x 2) If a & Cn(@), then a € K % a (Success)

(x 4) If ma & K, then Cn(K U {a}) C K x a (Vacuity)
(x 6) If ma & Cn(@),then L & K x a (Consistency)
(GRT) pe Kx aiffa = p € K (Ramsey Test)

28



Two sides of the same coin

Let B be a theory in K, and let a, f# be two contingent propositions, that is, s.t.
a & Cn(@); ~a & Cn(@); p & Cn(D); ~f & Cn(D)

and such that {aV f,maV f,aVv-f,maVv-fiNnB=9o

It turns out that 1L € Cn(BU {a}) x ~a

In contradiction with
(x 6) If ma & Cn(@), then L & K x a (Consistency)

A lot has been discussed about the implications of Gardenfors’ result, and its hidden assumptions.

There have been some interesting proposals about the revision of conditionals respecting the
Ramsey test, but avoiding the impossibility result.

All the discussion was focused on the Ramsey test and the subjunctive interpretation of conditionals

29



BR of non-monotonic KBs

Does Gardenfors’ result prevent the application of an AGM approach to non-
monotonic preferential reasoning?

Preferential conditionals have also other interpretations beyond the subjunctive one.
Belief change is interesting also in a non-monotonic conditional framework.

Example
We have a knowledge base B containing the following information:
e vertebrate red blood cells have a nucleus (v — n);

e avian red blood cells are vertebrate red blood cells (a — v);

e mammalian red blood cells are vertebrate red blood cells (7 — V);
e mammalian red blood cells don't have a nucleus (. — —n).

We must conclude that mammalian red blood cells do no exist (m — L).

30



BR of non-monotonic KBs

Case 1.

We know that mammalian red blood cells exist, and we want to enforce such
information ( m — 1 should be contracted).

¢ In classical monotonic belief change: the contraction of m — L results into
the elimination of some piece of information, for example v — n ;

e It could be preferable to weaken v — n into its defeasible version v = n
(vertebrate red blood cells usually have nucleus).

* The non-monotonic inference machinery will take care of treating 771 as an
exceptional subclass of v.

B ={v=>na->v,m->v,m-— n}

31



BR of non-monotonic KBs

Case 2.

Assuming our non-monotonic machinery is well-behaved,

e from B’ we can conclude that avian red blood cells presumably have a
nucleus (a = n)

B ={v=>na—-v,m->v,m- -n}
e But we are informed that avian red blood cells usually do not have a nucleus
( a = —n).Since a = n was a presumptive conclusion, the non-monotonic

entailment relation should take care of eliminating such a conclusion once
faced with conflicting evidence (a = —n).

e The introduction of a = —n should correspond to a simple addition:

B'={v=>na=-na->v,m->v,m- n}

32



BR of non-monotonic KBs

Case 3.

B'={v=>na=>-na->v,m->v,m- n}
We are then informed that a = »n.
But, even in the most trivial non-monotonic reasoning, B” F a = —n

We have now a choice:

e If we are interested only in preserving logical consistency (avoid T = 1 ),
then we can simply add a = n to B”, and conclude ¢ = 1.

e If we want to preserve coherence, then we have to “readjust'' the KB to
avoid g = 1.

As it is intended in the field of logic-based ontologies, a KB is coherent if every
class (i.e., atomic proposition) a that has been introduced in the language can
in principle be populated (we cannot conclude a = 1).

33



BR of non-monotonic KBs

There are two critical points in modelling belief change for
conditional non-monotonic reasoning:

1. Revising, are we
- We want to add to our KB a conditional @ = f. Do we
consider a potential conflict if the addition of a = f

enforces the derivation of T = 1 (logical inconsistency) or
it is sufficient the derivation of @ = L (incoherence)?

This is a contextual issue, associated to the domain we are
modelling.

34



BR of non-monotonic KBs

2. Management of the potential conflicts.

- We have a non-monotonic consequence operator Cn and a
conditional base K. Let a = —f € Cn(K).
We receive the information a = £, that is in conflict with
Cn(K).
We need to know whether a = =/ is a necessary or a
defeasible consequence of K.
In the former case, we have a conflict and we need to
revise the base (Case 3 of the example), in the latter there
IS no need of actual revision, since the non-monotonic
machinery will eliminate the conflict (Case 2 of the
example).

35



BR for preferential conditionals

This second point is a formal question: given a non-monotonic closure Cn
and a conditional base K, which conditionals in Cn(K) are a necessary
consequence of Cn. Monotonicity gives us the answer.

A closure operator CI is called the monotonic core of a non-monotonic
closure Cn if, for every conditional base B,B’,

() B C B' implies CI(B) C CI(B);
(i) CI(B) C Cn(B);
(iii) for every closure operator C!I’ satisfying (i) and (ii), CI'(B) € CI(B).

Given a non-monotonic entailment relation, the existence of a monotonic
core needs to be proved.

36



BR for preferential conditionals

We consider the class of supra-preferential cumulative operators Cn:
» Supra-preferential:
= Cnis

= |f a set of conditionals Khas a model (T = 1L &€ Pr(K)),then T = 1 & Cn(K)
( )

 Cumulative:

= if B C B’ C Cn(B), then Cn(B’) = Cn(B)

This covers an ample class of non-monotonic operator Cn that are definable using
preferential semantics.

37



BR for preferential conditionals

Given a supra-preferential closure operator Cn, its monotonic core is
the preferential closure Pr.

Characterising belief revision for supra-preferential
operators:

1. Model it for the monotonic core (preferential closure Pr).

2. Then model it for the non-monotonic operator Cn.

38



Contraction and preferential closure

Translation of the basic AGM contraction postulates in the conditional framework:

(1) K+a=Cn(K+a)
(+2) K+aCK
(+3) fFag Cn(K), thenK+-a =K
(+4) faé& Cn(@),thena & K+a
(+5 HfaepelCn@),thenK+-a=K=+p
(+6) KCCn((K+a)U{a})
F

(=) Kpup=Pr(Kzp)

(-2) Ky CK

(=3) fa=p¢&Pr(K), thenK,_ ;=K
(—4) fa=>p&Pr(@),thena= & oy
(=5) Wa=>p=p.a=>p,thenK ;=K .z
(=6) K CPr(K,zU{a=p})
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Contraction and preferential closure

Remember the partial meet contraction in AGM belief revision?

The remainder set K L a contains all the maximal subtheories of K that do not contain
Kta= ﬂ v(K L a)

Working with preferential theories K, we can define the equivalent notion in the
conditional framework:

« K L (e = pis the set of the maximal (preferential) subtheories of K that do not containa = S
- - is a partial meet contraction operator if it can be defined as K,_ ; = ﬂ y(K L (a=f))
where y behaves as in the propositional case:
+IfKl(a=>p#3,then g#y(KL(a=>p) CKL(a=p)

+IfK1l(a=>p) =0,then y(K L (a = p)) ={K}

40



Contraction and preferential closure

The postulates for contraction are as follows (where =p refers to
preferential equivalence):

o(—1) K a=p = = Pr(Ky=p) (— closure)
o(-2) KinyCK (— inclusion)

o(—3) fa= & Pr(K), thenk_ ;=K (— vacuity)

o(—4) fa=>p & Pr(@),thena= &K, 4 (— success)

o (=5 Wa=>p=pa=>p,thenk ;=K .z (— extensionality)

o (—6) KCPr(K,.sU{a=p}) (— recovery)

Theorem [Casini & Meyer (2017)]

A contraction operator —for preferential entailment Pr satisfies(—1) — (—6) iff it is a partial
meet contraction operator.
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Preferential revision

The postulates for revision for consistency preservation are as follows:

o(¢ 1) K,up=Pr(K,.p
o(*2) K,up CPr(Ku{a=p}) (e inclusion)
o(e3) If T L& PrKU{a= p}), then Pr(KU {a = f}) C K,—p (s vacuity)

(e closure)

o(¢4) a=>pfEK, 4 (e success)
o(¢5 fa=>p=pa=>p,thenk; ;=K ., (e extensionality)
0o(¢6) If T L&Pr(a=p),then T=> 1L & Pr(K;z) (e consistency)

o (¢+) Konpy=Pr(Kys,pUia=f}) (+ extra)
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Preferential revision

Levi-style Identity for consistency preservation:

Kyep = Pr(Kroghs YU {a=>pH (1)

Theorem [Casini & Meyer (2017)]

A revision operator e for preferential entailment Pr satisfies(e 1) — (¢ 6)and (e« +)

iff it can be defined, via (1), from a contraction operator satisfying the
postulates (- 1) — (- 6)
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Preferential revision

o

The postulates for revision for coherence preservation are as follows:

o(c 1) K ;5= Pr(K,.p
o(°2) K,.3CPr(KU{a= f}) (o inclusion)
o(c3) Ifa=> L1 &Pr(KU{a= p}), then Pr(Ku {a = f}) CK,_; (e vacuity)
o(c4) a=>pEK,

(5 fa=>p=p.a=p,thenkK;_ ;=K,_ 5 (o extensionality)
0(c6) Ifa=> L &Pr(a= p),thena= L & Pr(K;_ ) (e coherence)

(e closure)

(e success)
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Preferential revision

Levi-style Identity for consistency preservation:

Konp=PrK, sU{a=>p})  (2)

Theorem [Casini et Al. (2018)]

A revision operator o for preferential entailment Pr satisfies(c 1) — (o 6)

iff it can be defined, via (2), from a contraction operator satisfying the
postulates (- 1) — (- 6)
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BR for preferential conditionals

Classical Belief
Change Operation

K K’

Non-monotonic Belief
Change Operation

K=Cn(Ko) K’=Cn(K’s)
Ko K’

We have characterised contraction and revision for the monotonic core.

In order to characterise revision w.r.t. a Cn-theory K, we need to keep track and refer to it’s
monotonic core (Ky):

« We want to add A = B to K. An actual revision needs to be done only if there is a conflict with
the monotonic core Kp.

Revision of a non-monotonic theory would always keep track of the theory and its monotonic
core.
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BR for preferential conditionals

Given Cn-theory K, we need to keep track and refer to it’'s monotonic core
(K»)

©

The postulates for revision for consistency preservation are as follows:

°(®1) Kc?:}ﬂ = Cn(KO?;\,ﬁ) (® closure)
e (®2) dK's.t. Cn(K') = Cn(Ka@:ﬁ) and K’ C Pr(K,U {a = f}) (®© generator inclusion)
e(©3) If T= L ¢Pr(kK,u{a= p}),then Cn(K,U {a = f}) C K(?:}/), (® vacuity)

*©4) a=>pe Ka@;\,ﬂ (® success)
*(©5) fa= f=p a' = pf,then K(Elﬂ = K(?:ﬂ, (© extensionality)

e (©6) f T=>L1L&Pra=>f),then T=> L & Pr(K(S):}ﬁ) (® consistency)
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BR for preferential conditionals

X

The postulates for revision for consistency preservation are as follows:

*(® 1) Kf’:}ﬁ = C”(Kf:ﬂ) (® closure)
e (®2) IK's.t. Cn(K') = Cn(KO‘iﬂ) and K’ C Pr(K,U {a = f}) (® generator inclusion)
*(®3) Ifa=> L & Pr(K,uU{a= p}), then Cn(K,U {a = p}) C K(X@:w (® vacuity)

*®4) a=>peK® 5 (® success)
*(®5) lfa= p=p a = p,then Ko‘iﬂ = K(S?:}ﬂ, (® extensionality)

*(®6) fa=> L &Pr(a= p),thena= L & Pr(K(?:ﬂ) (® coherence)
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BR for preferential conditionals

Theorem [Casini & Meyer (2017)]

A revision operator o for suprapreferential entailment Cn satisfies(® 1) — (© 6)
iff there is a preferential revision operator e satisfying the postulates

(e 1) — (o 6) s.t. .
KD, ;= Cn(K,; )

Theorem [Casini & Meyer (2017)]

A revision operator ® for suprapreferential entailment Cn satisfies (® 1) - (® 6)
iff there is a preferential revision operator o satisfying the postulates

o 1) = (o 6) it o
(1) = (6s K2 = Cnik; )

a=p

The semantic characterisation of the above operations will be presented in [Casini et Al. (2018)]
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Example

We have the following KB B, that is closed by a supra-preferential closure
operator Cn:

horse = tall, horse = black;
horse = live .in.farm

Let’s consider some new pieces of information:

* horse = —(tall A live .in . farm)

. horse A black = —tall

« horse A\ brown = —tall

50



Example

We have the following KB B, that is closed by a supra-preferential closure
operator Cn:

horse = tall, horse = black;
horse = live .in.farm

Let’s consider some new pieces of information:

* horse = —(tall A live .in . farm)

. horse A black = —tall

« horse A\ brown = —tall

How do we manage the introduction of each of these pieces of information,
starting from B?
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Example

Knowledge base B horse = tall,;

horse = black;

horse = live . in .farm

Preferential Properties (defining the
monotonic core):

New conditionals.

® horse = —(tall A live . in . farm)

® horse A black = —tall

® horse A brown = —tall
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ASP

The investigation of non-monotonic contraction in the
conditional framework has to be done.

It is instead at the base of the approach to revision for logic
programs in [Zhuang et Al. (2016)].

Disjunctive logic programs are based on rules of the form:

a...,a, < by, ....b,notcy,....,not ¢,

58



ASP

Consider the following program:

* Teach(John) < Prof(John), not Admin(John)

* Prof(John) «
From this we conclude {Prof(John), Teach(John)}
We are informed that

o « Teach(John)
that is in conflict with the previous program (no answer set).

59



ASP

Consider the following program:

* Teach(John) < Prof(John), not Admin(John)
* Prof(John) «

From this we conclude {Prof(John), Teach(John)}
We are informed that

o « Teach(John)
that is in conflict with the previous program (no answer set).

We can fix the situation in two ways:
« We eliminate some rule in the program, or

« We add Admin(John) < to the program.
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ASP

[Zhuang et Al. (2016)] characterise belief change in the

framework of grounded disjunctive logic programs defining
an operator P x Q s.t.:

P and Q are two programs, and P x O gives back a
consistent program containing Q.

In case of conflict, either P is weakened, or more rules are
added.

If the latter solution is impossible, it means that the conflict
between P and O is a monotonic inconsistency.
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* H. Rott (1989), Conditionals and Theory Change: Revisions, Expansions and Additions. Synthese, 81, pp. 91-113
Revision of Conditional KBs:

+ G. Casini, T. Meyer (2017), Belief Change in a Preferential Non-monotonic Framework. Proc. of [JCAI 2017, pp. 929-935

* G. Casini, E. Fermé, T. Meyer, |. Varzinczak (2018), A Semantic Perspective on Belief Change in a Preferential Non-
Monotonic Framework. Proceedings of KR 2018.

Revision in ASP:

« Z. Zhuang, J. Delgrande, A. Nayak, A. Sattar (2016), Reconsidering AGM-Style Belief Revision in the Context of Logic
Programs. Proc. of ECAI 2016, pp. 671-679
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BR and Description Logics
Today’s topic

Can we use the as a basis to model belief
change in the area of Formal Ontologies?

* We take under consideration the family of Description

Logics, the logical counterpart of the most popular
formalism in the area, the OWL family.

e |tis an area in which it is important to properly manage
the dynamics of information.
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Preliminaries - Description Logics

DLs represent the logical foundation for the OWL family of
languages, providing them with a formal semantics and
allowing the development of reasoners.

DLs allow the definition of two components of a KB,
corresponding to two kinds of information.

- The TBox, capturing information on a general, conceptual
level.

* The ABox, capturing information about individuals.
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Preliminaries - Description Logics

The statements contained in the TBox are general concept inclusions (GCls):

CCD

Read as “the concept C is subsumed by the concept D” (equivalently, the
class C is a subclass of the class D).

C and D are concepts (classes, sets of individuals), that are built from two sets:
- Concept Names  Ng :={A,A,, ...}

* Role Names  Ng, := {r,rp, ...}
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Preliminaries - Description Logics

The concepts can be built from n,and N, using various
operators. For example:

* Propositional Connectives: M, u, -
 Logical Constants: 7,1
« Quantifiers: v,3,>,,<,,...

In the DL ALC, for example, concepts can be constructed in
the following way

C=A|(C1I_IC2)|(C1LIC2)|ﬂC|E|I’C|V}’C
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Preliminaries - Description Logics

The Semantics is given by means of interpretations % = (A7, -7 ) where:
- A”is a nonempty set (domain);

- .7 is a mapping (interpretation function) defined as follows (in ALC):

NAMES:
concept A Vehicle A7 C A7
role r hasPart r’ CAT x AT
tautology T T7 = A7
contradiction 1 17 =@
CONNECTIVES:
conjunction cnbD Vehicle M Red c’nD”
disjunction cCub Vehicle U Red Cc”uD”’
negation -C = Vehicle Aj\Cj
RESTRICTIONS:
existential dr.C dhasPart. Wheel {x|3ys.t. (x,y) € rs
andy e C”}
universal Vr.C VhasPart.Metal —{x | ¥y, if (x,y) € r”

then y € ¢’}



Preliminaries - Description Logics

For example, the expression

Vehicle M 3 hasPart. Wheel

indicates the class of the vehicles that have at one wheels. While the
concept inclusion

Sparrow C Bird
indicates that Sparrows are Birds.
- An interpretation satisfies a GCl (. e cC D) if ¢ € D7
- A TBoxisafinite set of GCls: T={C,C D, | 1 <i < n}

- Sisamodelof aTBox Tif FECLCD forallthe CEDeT

70



Preliminaries - Description Logics

The ABox captures knowledge on an individual level.
We add to the vocabulary:

* Individual Names N, := {a,b,c,...}
The interpretation function . is extended with:
* IfaeN,, then a” € A7

The ABox can contain:
- Concept Assertions: C(a), where 7 E C(a)if a” € C7
* Role Assertions: r(a,b), where .7 E r(a,b)if a”,b7) € r”

* An ontology 0 = (T,A) Is composed by a TBox T and an
ABox A

By o. /. ... we indicate either a GCI or an ABox assertion.



Preliminaries - Description Logics

e 7isamodel of 0 =(T,A)if Fisa model of bothT and A
* (0 is consistent if it has a model.

(0 is coherent if each concept name A in O is satisfiable w.r.t. ©
(there isamodel Fof Os.t. ¥ FAC L

e A statement ¢ is entailed by an ontology O(0O E a) if every
model of (0 satisfies a.

> [f@ is inconsistent, we willhave 6 E TC L

» If@ is incoherent, we will have ©® E A C 1 for someA
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Preliminaries - Description Logics

Exercise:

Let’s try to create a model for the following TBox T :

T Rat C Mammal Python C Reptile
Mammal U Reptile C Animal

Animal C Mammal U Reptile

dhasPet . Python C JhasPet . Rat

Python C 3 eating . Rat

Let’s add also an ABox A :

A | Python(Jimmy)  Rat(Bob) Rat(Karl)
hasPet(Peter, Jimmy)

Try also to find a counter-model



BR and Description Logics

Semantic Web and Formal Ontologies are areas in which
managing the dynamics of information is particularly important.

The possibility of occurrence of conflicts is high, due, for
example, to:

« Frequent updating of the information;
« Merging of ontologies;

* Pieces of information from different sources.
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BR and Description Logics

Main questions:

e Can we apply the AGM approach to Description Logics
(DLs)?

> DLs have different expressivity w.r.t. Propositional Logic

> We need to take under consideration not only the
preservation of Consistency, but also the preservation of
Coherence.
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BR and Description Logics

A lot of work has been dedicated to define and implement
procedures for debugging ontologies, that is, modifying
ontologies that result inconsistent or incoherent.

Most of the work has been dedicated to the definition of
specific procedures for debugging.

Some of the proposed procedures are often in line with a
Base Revision approach [see, e.g., Horridge et Al. (2009)].
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BR and Description Logics

However, the works in ontology debugging usually lack
the kind of analysis in line with the Belief Revision
approach, defining the desired properties that a change
procedure should satisfy and characterising the classes of
procedures satisfying them.

First step to develop such an analysis in the DL
framework: check whether the AGM operations can be
modelled inside the DL framework.
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AGM Compliance

As we saw yesterday, AGM made some assumptions about the
underlying logic (L, Cn):

: closed under propositional operators.

e Consequence operator:
1. Tarskian
e Monotonicity: if A ¢ B then cn(A) C Cn(B)
* |dempotence: Cn(A) = Cn(Cn(A))
* Inclusion: A C Cn(A)

/8



AGM Compliance

2.AGM Assumptions:
e Deduction: ge crn@u {a)iff (@ - p) € Cn(A)
e Supraclassicality: if a € ciA) then a € Cn(4)

e Compactness: ifa € Cn(A), then a € cn(A) for some
finite A'cA

e Disjunction in the premises:; ¥ € ¢rdUtal) v € CndU{f})
y € Cn(AU {aVf})
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AGM Compliance

Are all the above conditions necessary to define a

contraction operator satisfying the six basic AGM
postulates, or just sufficient?

Once we assume a Tarskian consequence operator, what
are the necessary conditions for AGM contraction?

= Notion of AGM Compliance [Flouris et Al. (2005)]
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AGM Compliance

Remember the basic AGM postulates?

(+1) K+xa=Cn(K+a) (Closure)
(+2) K+aCK (Inclusion)
(+3) faé&CnlK), thenK+-a=K (Vacuity)

(+4) fag Cn(@),thena & K+ a (Success)

(+5 faepelCn@),thenK+-a=K=+p (Extensionality)
(+6) KCCn((K+a)U {a})

(Recovery)
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AGM Compliance

Note:

Once we assume a Tarskian consequence operator Cn, defining a contraction operator that
satisfies (+ 1) - (= 5) is not problematic:

Let K be a Cn-theory. Let = be a contraction operator s.t., for every non-tautological «, K; is s.t.:
“lfag K, then K, =K
+ Otherwise

‘K, CK

‘K = Cn(K)

a & K

It is easy to prove that any contraction satisfying these properties satisfies (= 1) — (+ 5), and that a
contraction operator like that is always definable if Cn is Tarskian.

The potential problems rise if we consider also(+ 6)
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AGM Compliance

A logic(L, Cn)is AGM-compliant if it is possible to define for it a contraction
operation satisfying the six AGM postulates.

Let A, K be two sets of formulas in the logic (L, Cn) s.t. K = Cn(K)
and Cn(@) Cc Cn(A) C K

Given a set of formulas A, let K~ (A)be defined as
K (A):={K'| Cn(K") c Cn(K)and Cn(K'UA) = Cn(K)}

(L, Cn) is decomposable if, forevery A, K , K~(A) # @ .
Theorem [Flouris et Al. (2006)]

A logic (L, Cn)is AGM-compliant iff it is decomposable.
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AGM Compliance

A logic(L, Cn)is AGM-compliant if it is possible to define for it a contraction
operation satisfying the six AGM postulates.

Let A, K be two sets of formulas in the logic (L, Cn) s.t. K = Cn(K)

and Cn(@) C Cn(A) C K <+ Note: These are proper

ions!
Given a set of formulas A, let K~ (A)be defined as subset relations!

K (A):={K'| Cn(K") C Cn(K) and Cn(K'UA) = Cn(K)}

(L, Cn) is decomposable if, forevery A, K , K~ (A) # @.
Theorem [Flouris et Al. (2006)]

A logic (L, Cn)is AGM-compliant iff it is decomposable.
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AGM Compliance

Most of the DLs are not AGM-compliant!

= Another problem is the relation between Contraction and
Revision: the expressivity of the language not always

allows to re-formulate Levi’s Identity.
We cannot express the negation of a GCI (we had an

analogous problem with the conditionals yesterday).

This limits should not prevent from applying an AGM-like
approach in the DL framework.

85



BR in Description Logics

Not a lot of work has been done in analysing belief change in DLs from the point of
view of the AGM approach.

Two relevant exceptions:

+ Ribeiro, Wassermann (2008), Base Revision for Ontology Debugging, Journal of
Logic and Computation, 19 (5), pp. 721-743.

This paper analyses belief change for expressive DLs like SHIF and SHOIN, in the
framework of Base Revision.

« Zhuang, Wang, Wang, Qi (2016), DL-Lite Contraction and Revision, JAIR, 56, pp.
329-378.

This paper deals with theory change for the DL-Lite family, a family of low-
complexity DLs.
We will focus on this paper, as a representative example of the problem.
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DL-Lite

The DL-Lite family is a family of DLs with constrained expressivity and in which the decision
problems are computationally feasible.

We introduce DL — Lite the simplest logic in the family.

core’
The vocabulary is composed by:

- A finite set of Atomic Concepts, that we indicate using A, A,, ...

* A finite set of Atomic Roles, that we indicate using Py, P,, ...

* The negation operator —1

* The role inversion function -

« The logical constants T | 1

« The quantifier 4

87



DL-Lite

We can build:

* Basic Concepts: B— A | 3R

* General Concepts: C - B | -B

* Basic Roles: R - P | P~

88

The TBox can contain the
following kinds of Inclusions:

BEC TEC BLCL

The ABox can contain the
following kinds of statements:

A(a) P(a,b)




Preliminaries - Description Logics

Exercise:

The ontology specified before is a DL - Lite,,,, ONtology?

T Rat C Mammal Python C Reptile
Mammal U Reptile C Animal

Animal C Mammal U Reptile

dhasPet . Python C JhasPet . Rat

Python C 3 eating . Rat

A | Python(Jimmy)  Rat(Bob) Rat(Karl)
hasPet(Peter, Jimmy)




AGM Compliance

The DL-Lite family not AGM-compliant!

Example

Consider a DL-Lite TBox T={ T C —-A,}.
Let T'={A,C-A,}. T isaTBoxs.t. Cn(T") c Cn(T).

Is there a DL-Lite TBox T* s.t. Cn(T*) ¢ Cn(T) and Cn(T' U T*) = Cn(T) ?

Let’s try to find one!
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DL-Lite

Issues that need to be taken under consideration:

* Not AGM-compliant: how do we deal with the impossibility of satisfying
the six basic AGM postulates?

« No proper negation: we cannot use Levi’s |dentity

. : we need to consider the satisfaction of both
these constraints.

 Implementability: Each consistent DL ontology has infinite models; that is a
problem in order to have implementable semantic-based procedures.

« Multiple revision tasks: revision of the TBox, of the ABox alone (keeping a
background TBox fixed), or of the TBox+ABox?

91



ct-type semantics

The first issue that Zhuang and others address is the
semantics.

We want the semantics to be succinct, that is, the models
should be finite and avoid the redundancy of information,
In order to help w.r.t. computational efficiency.

* ct-type semantics (Core TBox type semantics).
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ct-type semantics

The ct-types are a kind of finite, succinct interpretations
appropriate for the DL — Lite.,,, TBoXxes.

- Let % be the (finite) set of basic concepts:
:% = {Al’ ...,An, HPI’ ceeo HPm, le_, cees HPI”I_”l}
+ Let Q! be the power set of %

Q! can be interpreted like a set of propositional
valuations

93



ct-type semantics

Let T be abL-Lite,, TBOX.
An element v of QZ is a propositional model of Tif vECV D
forevery CCDeT

Let || TII. be the set of propositional models of T
(NTIC Q).

| T |lZ accounts for most of the inclusions enforced by T in
DL — Lite, ., apart from

core’

dRC 1 iR C 1
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ct-type semantics

A ct-type 7T is a ct-model of a TBox T if

1.7€[| T
2.f TE3rC 1L thendré&r

Let | TI! be set of ct-models of a TBox T
Te.BEC if tk-BvC foreveryr e |T|..

ct-types semantics is succinct, every TBox has a finite number of models, and it gives the
correct characterisation of DL-entailment.

Theorem [Zhuang et Al.(2016)]

Let T bea DL — Lite. ., TBox,andB C Ca DL — Lite. . inclusion

core core

TE BCCiffTEBC C
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ct-type semantics

ct-types give us an alternative semantics for TBox reasoning in
the simplestDL — Lite: DL - Lite,,,,

Slightly more complex semantical structures are defined for a
more expressive DL — Lite( DL — Lite, ), and to characterise ABox
reasoning, but we will not introduce them.

Since we consider only ct-types we will describe only the
operators for TBox changes in DL — Lite

core "

Belief change for the ABox or for the entire ontology can be
defined analogously, referring to the dedicated semantic
constructions.
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ct-type semantics

Problem:
Under ct-type semantics, we lose the bijection between
sets of interpretations and TBoxes

Let M be a set of ct-types. T is a corresponding TBox for M iff

e MC|T|
e thereisno TBox T's.t. M C |T'|' C|T|’
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ct-type semantics

If M is coherent (for every atomic A,v FA C 1 for some
v € M), then the corresponding TBox for M is unique.

An operator g is introduced, s.t. it takes as input a set of
ct-types M

I (M) = - the closure of the corresponding TBox
T (Cn(T)), if M is coherent;

. T, otherwise
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Contraction

The authors define a contraction operator A using ct-interpretations and a choice
function.

Let ¢ be a set of inclusion statements B C C.

+ | ¢ | indicates the ct-models of A

gl = QNI

Let ¥ be a choice function over the ct-interpretations s.t.
cfM+#*Q,then Cy(M)C M

where M C QL.
Y is faithful w.rt. T iff

- FIT.NM#@,then y(M)=|T|.nM
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Contraction

A contraction operation A is defined using ct-models. LetT
be a TBox and ¢ be a set of inclusion statements

A is T-contraction operator if it can be defined as
TR =TT, ur(|=¢]))

where ¥ is faithful w.r.t.T

What about the postulates?
DL — Lite. 1S hot AGM compliant, recovery cannot be saved

core

(R 6) TC CnTFRPIU{p})
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Contraction

(A 1) = (x 5) are just translated in the intuitive way:

(A1) TAp=Cn(TRA ¢)

A2) TRoCT

(A3 T Fgp,thenTAA=T

(A4) If@ E¢pforsomeBC Cep,thenTAp E ¢
AR5 Hop=y,thenTAPp=TAy
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Contraction

The postulate of Disjunctive Elimination is added
(A—de) FTEyand TR Clopl.Uulyl,thenTRPEy
That in the propositional version was

fyeKandgpvy e K+¢,theny e K+ ¢

Theorem [Zhuang et Al. (2016)]

A is a T-contraction operator for a TBox T iff A satisfies (A 1) — (A 5) and
(A —de)

The authors also specify a computationally tractable procedure
implementing T-contractions.
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Revision

We will skip the characterisation of the T-revision operators
k. We just mention two important points:

- Since there is not the possibility of using Levi’s Identity, the
revision operators are defined independently, using another
kind of semantic choice function.

* The operators are defined with the goal of preserving
coherence, instead of consistency.

Also for revision the authors propose a procedure implementing
T-revision operators and working in polynomial time.
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Ex Falso Quodlibet

A principle of classical logic:

a  a

B

Ex Falso Quodlibet (EFQ):

From a contradiction we can conclude any formula.
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Ex Falso Quodlibet
The classical notion of consequence relation enforces this
principles also for modern logic.

From Lecture 1:
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Ex Falso Quodlibet

Such a condition is equivalent to:

‘The set of the models of the premises (||KBJ|) is a subset of the
set of models of the consequence (||«|)’, that is:

IKBJ| < [l

Assume there is a contradiction in our premises, and we want
to check whether

AU{O"_'O‘} ):6

for some formula 3.
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Ex Falso Quodlibet

AU {a,—a} = B holds if and only if

AU {e, ma}]| < [B]]- (1)

The contradiction in the premises implies that AU {«, —a} has
no model, that is [|[AU {«, —a}| = 0.

Condition (1) is trivially satisfied, since ) C || || for any set ||3]|.

AU {aa "a} ): B
holds for any £.
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Ex Falso Quodlibet

We need to avoid this “explosion”.
Two possible strategies:

> Avoiding contradictions =- Belief Change.
» Avoiding the EFQ rule = Paraconsistent Logics.

When we have to deal with huge knowledge bases, with pieces
of information coming from different sources, the presence of
contradiction is highly probable, and repairing the KB could be
impossible.

Paraconsistent reasoning can then be a possible solution.
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Paraconsistent Logics

Many proposals. Some are very close to belief change:

» Systems that allow conjunction only if consistent
[Rescher and Manor, 1970].

Given a knowledge base KB, let KB* be the set of all the maximal
consistent subsets of KB. That is

KB* ={AC KB |forevery Bst. ACBC KB, BE 1}

KB = aif and only if A = «, for every A C KB™.
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Paraconsistent Logics

Particularly relevant is the many-valued (MV) approach:

» Connection with the MV approach that has developed into the fuzzy
logics.

» The most popular in computer science.

Originally proposed by Asenjo [Asenjo, 1966], who introduced a
propositional logic with 3 possible truth values: True (f), False (f), and
Both (b).

Very close to the Kleene and tukasiewicz’s original systems with 3
truth values.
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Paraconsistent Logics

The notion of consequence relation can be reformulated as KB  « if
and only if, for every interpretation Z,

If every formula in KB is either t or b, then « is either f or b.

We can avoid EXQ. For example, the contradiction is a consequence
of the KB:

aA-a,fEaN -«

but we do not have explosion, since

aA-a, B -8
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Paraconsistent Logics

» Various proposals in this line, using 3 (true, false, both) or 4 (true, false,
both, neither) true value.

» From the semantical side, for example we can use a two interpretation
functions, one to determine truth, and one falsehood.

> we have already seen an example last week with pdf’
[Straccia and Casini, 2022].

pdf " interpretation:
T = (8r, Apr, Ac, AL, PH[LPT[1.C*[1.C [ 1,

Some constraints:

for domain element t, there is unique complement —t (——t is t)
C*[-] and C~[-] are functions A¢ — 247 with CT[-c] = C ™ [¢]
P[] and P~[-] are functions Ape — 228*4R with P*[-p] = P~ [p]

- maps each t € UL N V, that is not of the form xc, into a value
t* € Ar U Ape, such that (—t)” = =7

vvyyvyy
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4-Valued Intentional Semantics for pdf’

We will have:

> P[] and C*[]

> Positive extensions of P[] and C[]J
P~ [land C7[]

> Negative extensions of P[] and C[]

v

v

C*[c] denotes the set of resources known to be instances of class ¢

v

C~ [c] denotes the set of resources known not to be instances of class
c

Positive and negative extensions need not to be the complement of
each other

> r ¢ C*[c] does not imply necessarily that r € C~[c]

» C~[c] is not enforced to be Ag \ CT[c]

v
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